On the reconstruction of multivariate exponential sums

Dissertation
zur Erlangung des Doktorgrades (Dr. rer. nat.)

vorgelegt dem
Fachbereich Mathematik /Informatik
der Universitat Osnabriick

von

Ulrich von der Ohe

2017

C=






Acknowledgements

First of all, I deeply thank my advisors, Stefan Kunis and Tim Roémer, for accepting me
as their student, suggesting the subject of my thesis, and for their invaluable guidance
and advice throughout the years. I owe them much.

Hans Michael Moller, through numerous discussions, also had a deep impact on my
work. In particular, two key theorems in Chapter 2 are based on his arguments. I thank
him for his continual interest in my work and for openly sharing his ideas. I also thank
my coauthor Thomas Peter, from whom I learned a lot about Prony’s method.

I thank Hans Munthe-Kaas, whom I met at a summer school in Italy, for inviting
me to Bergen, for his interest and support, and for sharing his time and insights with
me. My thanks go to John Abbott, for inviting me to my first stay in Genova, useful
discussions, and keeping in touch ever since, and I thank Aldo Conca and Matteo Varbaro
for their warm hospitality during my second stay in Genova, and for their kind interest
in my work. I am very grateful towards Annie Cuyt, for invitations to several wonderful
workshops and for generously sharing her wisdom.

It is a pleasure to thank Ragnar-Olaf Buchweitz for the good suggestion to move to
Osnabriick, and I also wish to thank Julio José Moyano Fernandez, for the immediate
strengthening of that suggestion. I am grateful for the help I received from Thomas Haar-
mann and his crew at virtUOS to get settled in Osnabriick.

I thank everyone at the institute of mathematics at Osnabriick University for providing
an outstandingly friendly and productive working environment. Particularly, I thank
Maria Anna Gausmann and Sabine Schroder for always being helpful and supportive
far beyond the call of duty, Lé Xuadn Thanh, for sharing many happy moments, and
Markus Wageringel, for several fruitful discussions during the last year.

It is clear that I could not have written this thesis without my family and friends.
I am glad to have them.

I gratefully acknowledge the support I got during the preparation of this thesis from
the DFG Graduate School GRK-1916 “Combinatorial Structures in Geometry”.

Ulrich v. d. Ohe
September 2017

iii






Contents

0. Introduction 1
1. Preliminaries 3
1.1. General preliminaries . . . . . . . . .. L L Lo o 3
1.2. Preliminaries for Chapter 2 . . . . . . . ... .. ... L L. 6
1.2.1. Preliminaries for Section 2.5 . . . . . . . . ... ... ... ... 6

1.2.2. Preliminaries for Section 2.6 . . . . . . .. ... ... 8

1.3. Preliminaries for Chapter 3 . . . . . . . .. ... .. ... ......... 9

2. Reconstruction of multivariate exponential sums over an arbitrary field 11
2.1. Multivariate exponential sums . . . . . . . . . . ... ... ... ..., 12
2.2. A generalization of Prony’s reconstruction theory . . . . . .. ... .. .. 16
2.3. Computational examples . . . . . . . ... L L0 o o 33
2.4. A Toeplitz variation . . . . . . . . . . ... ... 38
2.5. Exponential sums supported on algebraic varieties . . . . .. ... .. .. 42
2.5.1. General algebraic varieties . . . . . . ... ... o oo 44

2.5.2. Order reducing algebraic varieties . . . . . . .. .. ... ... ... 46

2.6. A stronger result for the total degree x-filtration . . . .. ... .. .. .. 47
2.7. An application to formal exponential sums. . . . . . . . .. .. ... ... 52

3. Reconstruction of multivariate exponential sums over R and C 55
3.1. Exponential sums supported on the real (n — 1)-sphere . . . . . . . .. .. 55
3.2. Exponential sums supported on the complex n-torus . . . ... ... ... 57

4. Classical and recent approaches to the reconstruction of exponential sums 69

4.1. Prony’s original version . . . . . .. . ... L oo 69
4.2. Sylvester and the Waring problem . . . . . . ... .. ... ... ..... 70
4.3. Padé approximation . . . . . .. ... 72
4.4. The measure theoretic moment problem . . . ... .. ... ... ..... 74
4.5. Projection methods . . . . . . . . ... 75
4.6. Tensor decomposition, renaissance of the Waring problem . . . . ... .. 76
4.7. Further approaches . . . . . . . . . ... 79
Index of definitions and theorems 81
Index of symbols 83
Bibliography 87






0. Introduction

Exponential sums, that is, linear combinations of exponential functions, appear promi-
nently in many areas both within mathematics and also in the applied sciences. For
example, a scientist attempting to obtain information about a sound wave might be
using an exponential sum as mathematical model. If the the question arises which the
constituting frequencies in this exponential sum are, then one is facing a reconstruction
problem. The task hereby is to determine, by considering nothing but a finite number
of samples, the finitely many non-zero components of the coefficients vector (f;) of an
exponential sum f = >, fyexp, with respect to the vector space basis consisting of all
exponential functions expy, b € C.

A classical approach due to Prony [66] proceeds by translating an exponential sum
f: N — C computationally into a polynomial p € C[x] whose roots by,...,b. € C
correspond to the support of f, i.e., one has {b€ C | fp #0} = {b1,...,b.}. After
the equation p = 0 is solved, possibly by approximate methods, and b1, ...,b, are thus
obtained, the problem is thereby reduced to a finite dimensional interpolation problem
and one may compute the vector of non-zero coefficients (fp,, ..., fp,) by (approximately)
solving a system of linear equations.

This thesis is concerned with a multivariate generalization of this classical problem
and its solution, where the bases b € K™ of the exponentials exp,: N* — K are points
in an n-dimensional affine space over a field K. The generalization of Prony’s method
given here proceeds in an analogous way to the classical case, translating the exponential
sum f: N" — K with coefficient vector (fp),cgn into a system of polynomial equations
Pl .-, Pk € K[X1,...,%,] such that the support of f is cut out as their zero-locus i. e., one
has

{be K" | fo #0} =Z(p1,...,pr) ={be K" | p(b)=0forall £ =1,... k}.

In particular, one has to deal with the difficulty that without additional assumptions
Z(p1,...,pr) may be an infinite set, a problem that occurs in the univariate case only in
the form that Z(p) = C, i.e., p = 0. Finding a small degree for the construction of the
polynomials depends, in contrast to the univariate case, on the geometry of the points
and is therefore a more delicate problem.

The basis for this thesis is formed by the following articles and preprints.

[55] S. Kunis, T. Peter, T. Romer, and U. von der Ohe. A multivariate generalization
of Prony’s method. Linear Algebra Appl., 490:31-47, February 2016.

[54] S. Kunis, H. M. Méller, and U. von der Ohe. Prony’s method on the sphere.
Preprint, arXiv:1603.02020v1 [math.NA], 11 pages, March 2016.



[53] S. Kunis, H. M. Moller, T. Peter, and U. von der Ohe. Prony’s method under
an almost sharp multivariate Ingham inequality. Accepted for publication in
J. Fourier Anal. Appl. Preprint available at arXiv:1705.11017v1 [math.NAJ,
12 pages, May 2017.

The thesis also contains several new results and is structured as follows. In Chapter 1, we
list some conventions and notations that are used in the thesis for the convenience of the
reader. Some of these are repeated when they are first used. In Chapter 2, we introduce
the setting and develop several variants of Prony’s method for multivariate exponential
sums over an arbitrary field. In Chapter 3, we apply the theory from Chapter 2 to
two particular cases: exponential sums supported on the real sphere and exponential
sums supported on the complex torus. In Chapter 4, we discuss some out of the many
alternative approaches to the subject of exponential sum reconstruction.



1. Preliminaries

In an attempt to avoid ambiguity, in this chapter we list some general conventions we
adhere to throughout this thesis. We also recall some commonly used definitions for the
reader to pick up as needed. Some of the definitions also appear later in the text but
are still included here for easy reference.

1.1. General preliminaries

The following definitions and conventions are used throughout. The symbols N, Z, Q, R,
and C denote the sets of natural numbers, integers, rational, real, and complex numbers,
respectively, with their usual algebraic or topologic stuctures inferred from the context.
Zero is regarded as a natural number. For a set M, |M| denotes the cardinality of M
and P(M) :={A | A C M} denotes the power set of M and we define

Pe(M):={AeP(M) | |Al € N}

to be the set of finite subsets of M. For sets M, N, a function from M to N is a triple
(M, f,N) where f C M x N is a relation such that for all m € M there is exactly one
n € N with (m,n) € f. As usual, n is then denoted by f(m). We write f: M — N
as abbreviation of “(M, f, N) is a function”. When defining a function f: M — N and
for each m € M an element a,, € N is defined, the notation f: M — N, m — an,
signifies that f(m) = a,,. As usual, we simply write f instead of (M, f, N). In literature
related to this thesis, functions in the just described sense are occasionally referred to
as “blackbox functions” to distinguish them from, e.g., polynomial functions given by
coefficient vectors.
For sets M, N, we denote by

NM .={f| f: M - N}

the set of all functions from M to N. The image of A C M under a function f: M — N
is written

fIA]={f(a) | a € A}.
Similarly, for a subset B C N,
f7Bl:=={ae M| f(a) € B}

denotes the preimage of B under f. If +: M x N — (G is a function, we denote, as
usual, m + n := +(m,n) for m € M, n € N, and write simply A + B instead of



+[AxBl={a+b|a€A be B} for AC M, BC N. Furthermore, for f: M — N
and A C M,
flTA=(AfN(AXN),N): A—- N

denotes the restriction of f to A. For any n-tuple b € M", b; € M denotes the j-th
coordinate projection of b, unless mentioned otherwise. If b € M™ and M is regarded as
a multiplicative monoid, then for @ € N”,

b =[] b7 € M.
j=1

We follow the convention that the empty product is the neutral element of M. In
particular, in any unitary ring A we have

0 =1¢€A,

where the base is 0 € A, the exponent is 0 € N, and 1 is the unit element of A. The
empty function (: ) — A is the unique element of A? i.e., for a ring A, A? = {0} is
regarded as the zero A-algebra.

Rings are always understood to be commutative. Unless a statement is made to the
contrary, the symbols x, y, z, x; (i € I, where I may be an arbitrary set), etc. always
denote distinct indeterminates over the considered ring. Let A be an arbitrary ring. In
the polynomial algebra

Si=Alxq,...,Xp]

over A in n indeterminates xi,...,X,, we let x = (x,...x,) € S™ and have x* =
x{t - x0 € S for o € N™ as a special case of the above definition.
By the notation
N<M

we indicate that IV is a substructure of the algebraic structure M. For example, if M
is an A-module then N < M indicates that N is an A-submodule of M. For an A-
module M and a subset £ C M,

(B)yi=({N<M|ECN}={> Ami |neN, A €A meB|
i=1

denotes the A-submodule of M generated by E. In particular, this notation will be used

for ideals of A (the A-submodules of A) and vector spaces (K-modules for a field K).
For a ring A and finite sets F}, Fy, an element of Af1*F2 ig called matriz over A. For

B = (big)icr, € AFixE: o = (cej)eer, € AF2XFs where Fj are finite sets, the matric

LelFy JEF3
product BC = B-C = (d; j)icr, € AF1XEs ig defined by dij = pep, bigce ;. Usually we
jEF3
work with the properties that BC' = (Bc;),cp, Where ¢; = (coj)icp, € A2 = AFx{1}

are the columns of C and Bx = ) ycp, wsby for any x € AF2 where by = (bil)z‘eFl €
AP = APrA1Y gre the columns of B.



For a polynomial p € S = A[xy,...,x,] and a € N, we denote the coefficient of x*
of p by pg, unless mentioned otherwise. The support of p is denoted by

supp(p) := {a € N" | p, # 0} € Pr(N").

Thus, p = Zaesupp(p) Pax® holds for any polynomial p € S. A monomial is a polynomial
p € S with [supp(p)| = 1 and p, = 1 for the unique o € supp(p), that is, a polynomial
of the form x* = x{* - --x%" for some a € N". For D C N", we set

xP = {x*| a € D}.
The set of all monomials in n indeterminates is denoted by
Mon™ := x" = {x* | a € N"}.

Since x*x? = x*8 for all a,f € N*, (Mon",-) is a commutative monoid which is
isomorphic to (N, +) via the monoid isomorphism N” — Mon", a + x®. The total
degree of a monomial x% is denoted by

tot deg(x®) := Zaj eN
j=1

and the total degree of a polynomial p € S\ {0} is
tot deg(p) := max (tot deg[x*"PPP)]) = max{tot deg(x®) | a € supp(p)} € N.
The maximal degree of a monomial x* € Mon" is denoted by
max deg(x) :=max{ea; | j=1,...,n} €N
and the mazimal degree of a polynomial p € S\ {0} is
max deg(p) := max(max deg[x*"PPP)]) = max{max deg(x®) | o € supp(p)} € N.

For a € N™ we also set
tot deg(a) := tot deg(x“)

and
max deg(a) := max deg(x®).

A polynomial p € S gives rise to the polynomial function
fp,: A" — A,
b— > pab®
a€supp(p)

As usual, for p € S and b € A", we also write p(b) instead of f,(b). For an arbitrary
subset M C A", we regard AM as an A-algebra with multiplication defined pointwise,
and the A-algebra homomorphism

evM: § — AM,

pr— 1t [ M = (p(b))penr>



is called evaluation homomorphism at M. For a subset D C N let
Sp = <XD>A’
which is a free A-submodule of S with A-basis x”, and let
ev = evM | 5

be the restriction of evM to Sp. Clearly, ev) is an A-module homomorphism. Further,
the ideal

(M) = ker(ev™) = {p € S | for all b € M, p(b) = 0}
is called vanishing ideal of M. For subsets M C A™ and D C N" let
Ip(M) = ker(ev) = Sp NI(M).
For an arbitrary subset I C S,
Z(I):={be A" | for all p € I, p(b) = 0}

denotes the zero locus of I.

Occasionally, to avoid confusion, we may add an index to the above notations that
should signify the ring over which the construction is taken, like I4(M) or Z4(I) for the
ring A.

1.2. Preliminaries for Chapter 2

We give some additional preliminaries needed in Section 2.5 and Section 2.6.

1.2.1. Preliminaries for Section 2.5

In Section 2.5 we need the following variants, which are relative to a fixed variety in A™,
of some definitions given in Section 1.1. They are given here in the same fashion as they
are given in Cox-Little-O’Shea [22, Chapter 5, § 4] over fields.

Let B C A™ be an arbitrary subset. Let

Sp = S/I(B)
be the coordinate algebra' of B and for D C N let

SD,B = SD/ID(B)

! At least for a field A = K, in the literature A[B] is also standard notation for the coordinate algebra.
We prefer Sg here for reasons of consistency.




REMARK 1.1: The A-algebra Sp is isomorphic to {f, | B | p € S} < AP via the A-
algebra isomorphism Sp — {f, [ B | p € S}, p+1(B) — f, | B. Thus one may identify
p + I(B) with the function f, | B: B — A. Since for D; € Dy C N” the A-module
homomorphism Sp, — Sp,.B, p — p + Ip,(B), has Ip,(B) as its kernel, Sp, p =
Sp,/1p,(B) is embedded into Sp, p via the embedding

Sp.,B — SDy,B,
D+ IDI(B) —p+ IDQ(B)‘

In particular, for D C N, the A-module Sp g is isomorphic to {f, | B | p € Sp} < AP
by mapping p +Ip(B), p € Sp, to f, [ B.

For M C B C A™ let

ev Sp — AM,
p+1I(B) — evM(p) =1, | M,

which is well-defined by the above Remark 1.1, and for D C N™, via the embedding
S D,B — Sp, let

ev%{B = evg[ I Sp,B-
Further let
I5(M) = ker(evl) = {p+1(B) | p € S, £, | M = 0} = [(M)/I(B)
(which is an ideal in Sp) and
Ip,s(M) :=ker(ev) ) = Sp, N1p(M) = Ip(M)/Ip(B).
Note that by the third isomorphism theorem(s)
Sp/Ip(M) = Sy

and
Sp./Ip.B(M) = Sp um.

Furthermore, for a subset J C Sp let
Zp(J) :={be B | for all ¢ € S with ¢ + I(B) € J, q(b) =0}

be the zero locus relative to B of J.

There does not seem to be any confusion possible with 14, V4, or Z4 as defined
previously, where A denotes the ring of coefficients (and is usually omitted from the
notation).



1.2.2. Preliminaries for Section 2.6

In Section 2.6, standard notions from the theory of Gréobner bases will be used, that can
be found in any textbook on Grébner bases or computer algebra, such as Cox-Little-
O’Shea [22], Becker-Weispfenning [8], Adams-Loustaunau [1], or Kreuzer-Robbiano [50].

A total order < (i.e., < is reflexive, transitive, antisymmetric, and connex) on Mon"
is called monomial order on Mon™ if 1 < wu for all v € Mon™ and v < w implies
u-v < u-w for all u,v,w € Mon™. It is a standard fact that all monomial orders
on Mon" are well-orders on Mon", i.e., every non-empty subset of Mon" has a <-least
element. A monomial order < on Mon™ is called degree compatible if uv < v implies
tot deg(u) < totdeg(v) for all u,v € Mon".

For p € S\ {0} let

in<(p) := max< (x*"PP(P)) = max{x* | a € supp(p)} € Mon"

be the initial monomial of p. For an arbitrary subset I of S let
in<(f) :=in<[I \ {0}] € Mon"
be the initial set of I, and we call its complement in Mon",
N<(I) := Mon" \ in< (/) € Mon",

the normal set of I.

For a field K and an ideal I of S = K[x1,...,Xy,], a subset G C [ is a Grobner basis
of I if G is finite, 0 ¢ G, and (in<(G))g = (in<(/))g. If G is a Grobner basis of I, then
it follows that (G)g = I.

Let (P, <) be any partially ordered set (i.e., < is reflexive, transitive, and antisym-
metric on P) and M C P. A subset B C M is a <-basis of M if for every y € M there
is an € B with # < y. The partially ordered set (P, <) is Dickson if every subset of P
has a finite <-basis.

Let <, be the partial order on N" defined by o <, 8 if and only if o; < 3; for all
j=1,...,n. Clearly, the divisibility relation | on Mon" is a partial order on Mon™ and
there is an isomorphism of partially ordered monoids

(Mon™, -, ) = (N*, +, <p)

given by N — Mon", a — x.
The following well-known lemma can be found e. g. in Becker-Weispfenning [8, Corol-
lary 4.48].

LEMMA 1.2 (Dickson’s lemma): (Mon",|) is Dickson.

Furthermore we need the following notions. As usual, the spectrum of a ring A is denoted
by
Spec(A) :={P C A | P prime ideal of A},



and for an arbitrary set I C S = Alxy,...,Xy,],
V(I) :={P € Spec(S) | I C P}
denotes the (algebraic) variety of I. Furthermore, for a subset J C Sp let
Vp(J) :={Q € Spec(Sp) | J € Q}

be the (algebraic) variety relative to B of J.

1.3. Preliminaries for Chapter 3

In Section 3.2, we use the following definitions and results. For any norm ||||: R" — R2%,
e € R>0 2 € R", we let

Bl(@) = fyeR" | -yl <}
be the closed e-ball with center x (w.r.t. |||]).
DEFINITION: The gamma function is defined as
I R°" — R,

T — T~ le7t dt.
R>0

In the following Theorem 1.3 we collect results on the gamma function that will be
useful in Section 3.2. They can be found in treatments of the gamma function, such
as Artin [3, 4].

THEOREM 1.3: (a) We have, for alln € N,

I'(n+1) =nl

(b) We have (see, e.g. Artin [4, p. 19])
1

2)-s

2

(c) (Stirling’s approximation formula, cf. Artin [3, p. 23] resp. [4, p. 24].2) We have,

for all z € R>?,
IYx)Z\/%;-<§) el®)

2There is some ambiguity in the statements on the cited pages. In addition, there seems to be a
mistranslation in the English version of the proof [[3, p. 20, l. —1], [4, p. 22, 1. 11]], where ¢ is
claimed to be independent of z. We state here an unambiguous and (hopefully) correct version.




with

p: R7O — R,
1 1
xb—>Z(aﬂ+k+ ) (1+—)—1.
P + k
Furthermore, there is a ¥: R>0 — — 10, 1] such that
J(z)
wa) = 5

for all z € R*C. In particular, pn[R=1] C]0,1/12].
(d) (Legendre duplication formula, cf. Artin [4, p. 24].) We have, for all x € R>?,

2x—1

I'(2z) = NG I'(z) F(.’E + %)

(e) (Relationship between I' and B, cf. Artin [4, p. 19].) We have, for all x,y € R>?,
[(z) C(y)
B ) 2
) = Iz +y)

where
B: RP xR — R,
(z,y) — 1 =) e,
10,1]
denotes the beta function.

Furthermore we make use of Rodrigues’ formula, which states that
1 0, 5
51 g (@ — 1)) =Pr(z)

where P,. denotes the r-th Legendre polynomial which are defined inductively by Pg =1,
P; =x, and (r + 1)P,41 = (2r + 1)xP,, — rP,_; for r > 1. We also use some standard
notions from the theory of weak derivatives which may be found, e.g., in Jost [48].

We make use of standard notions of Fourier analysis. In particular, the following
Poisson summation formula is applied in Section 3.2. It can be found in many textbooks
on Fourier analysis, such as, e. g., Grochenig [38, Proposition 1.4.2].

THEOREM 1.4 (Poisson summation formula): Let 1 € LY(R") and suppose that for
some c,e € R™0 we have

(@) < e (L |a)~ )

and
Fa(@)@)] < e (L o) 70
for all x,v € R™. Then, for all x € R"™ and with b, = (e*™*1 .. 27ri””)T eT",
> Fal)(e)-expy, (@) = Y wla+a)
acZn acZn

where both (Z™-)series are absolutely convergent.

10



2. Reconstruction of multivariate
exponential sums over an arbitrary field

In this chapter we study multivariate exponential sums in a purely algebraic context with
the goal of generalizing Prony’s classical reconstruction theory for univariate exponential
sums. In comparison to the classical setting, we deal with two directions of generalization
at once. The algebraic framework adds only minor difficulty to the proofs. In fact, in
Prony’s pioneering work [66] no explicit mention is made about the nature of the involved
quantities—and it is not needed, for nothing is being exploited but that they are elements
of a field. Even if nothing else, the author feels that this level of generality helps to
clarify the underlying arguments. Generalization to the multivariate scenario, though in
hindsight it may seem straightforward, requires some effort and is the dominating theme
of this thesis.

The chapter is divided into seven sections as follows. Section 2.1 contains the fun-
damental definition of multivariate exponential sums and an elementary discussion of
some of their properties. In Section 2.2, the machinery for the reconstruction of mul-
tivariate exponential sums is set up, generalizing Prony’s work for the univariate case.
In Section 2.3, the theory previously developed is illustrated computationally on some
explicit exponential sums. Some examples are computed in floating point arithmetic. In
Section 2.4, a variant is discussed in which the Hankel-like matrix used in Section 2.2 is
replaced by a Toeplitz-like matrix. In Section 2.5, the theory is generalized to exponen-
tial sums whose support lives on an algebraic variety. An application is given for a special
kind of algebraic variety that allows to extract additional information on the number of
samples needed for performing Prony’s method. In Section 2.6, it is shown that, when
working with the total degree on the polynomial algebra, the polynomials used to cut
out the support already generate its vanishing ideal. The chapter ends with Section 2.7
and an attempt to shed some additional light on the algebraic nature of the theory. The
generality carried through parts of the theory is motivated by this application.

Unless stated otherwise, throughout this chapter K denotes a field and A is an integral
domain that contains K as a subring, with @ := Quot(A) being the quotient field
of A. Rings are always understood to be commutative. Furthermore, n € N\ {0}
always denotes a non-zero natural number, which will be the number of variables of the
exponentials and the corresponding number of indeterminates of the polynomial algebra
S = A[xq,...,X,] over A.

11



2.1.

Multivariate exponential sums

The following definition of multivariate exponential sum and the associated notion of
rank is fundamental for this thesis.

DEFINITION:  (a) For b = (by,...,b,) € A" and o = («y,...,0p) € N we use the

12

usual notation .
o . g
b* =[] b5
j=1

and we call the function
expy: N — A,
o — b%,

n-variate exponential over A. For b =0 € A and o = 0 € N, we adhere to the
convention
b =0":=1¢€ A

Since b; = expy(u;), where
u; = (6ij)i:1,...,n = (0, ce ,0, 1, 0, ce ,0) € N"

denotes the j-th unit tuple in N, b is uniquely determined by the exponential expy.
The n-tuple b € A™ is called the base of expy,.

Let B C A™ be an arbitrary subset. The K-subvector space of AN" generated by
the exponentials expy, b € B,

Expg(A) :=(exp, | b€ B)p = {Z Ap €XPy, ‘ M € P¢(B) and A € KM}
beM

= {i)\iepri ‘ reN, \ e K, b GB}a
=1

is called K-vector space of n-variate exponential sums over A supported on B.
Elements of Exp%(A) are called n-variate exponential sums over A (supported
on B). In case B = A™ we omit the subscript B, i.e., we set

Exp™(A) := Exp/in (A).

For an exponential sum f € Expz(A4), we call
rank(f) := min{|M| | M C B, f € Exply;(4)}
= min{|M| ‘ M € Py(B) and there is a A € KM with f = Z )\bepr}
beM

the rank of f. It is not a priori clear that the rank of f is independent of B. How-
ever, we will later show that the exponentials exp,, b € A", are linearly independent
(cf. Corollary 2.22/Remark 2.23 (b)) and take this in advance as justification for
not introducing notation like “rankg(f)”.



Some relevant examples of exponential sums are the following.

ExaMPLE 2.1: (a) Taking A = K = C as a C-algebra and n = 1, Prony com-

puted coefficient vectors of f € Exp!(C) already in 1795, and in fact dealt with
the additional difficulty of taking necessarily inaccurate measurements of physical

experiments as evaluations. As already mentioned, his method works over any
field K.

For A = K = C and the complex n-torus
B=T":={z€C" | |zjj]=1forall j=1,...,n} CC",
we obtain

Exppn (C) = {Z A €XPy, ‘ M € P¢(T") and X € (CM}.
beM

This space is of great importance for applications in signal processing. Note that
for b € T" and a € N, we have

expy () = b = b - - - bon = (lPL L planen — cilpa)

where
¢ = arg(b) := (arg(br),...,arg(b,)) € [0, 2r["

denotes the argument of b € T" C C" and (): R™ x R” — R denotes the euclidean
scalar product. A result concerning this example is given in Section 3.2.

To see a connection to applications in signal processing more clearly, recall that
cos(p) = Re(el?) and sin(yp) = Im(e'¥) for all p € R. Since Re(z) = 1/2- (2 + %)
and Im(z) =1/(2i) - (2 — 2) for all z € C, we have

c:=igcocos [ N=igcoReoexps: N— C,
ar—1/2-expgi(a) +1/2 - expe-i(a),

(where, only for formal reasons, ig c: R < C is the inclusion map) and

s:=igcosin [N=igcolmoexp,: N— C,
a— 1/(2i) - expei(a) — 1/(2i) - expg-i(a).
Hence we see that
¢, s € Expk(C).

Thus, the reconstruction problem for arbitrary exponential sums specializes to the
reconstruction problem for linear combinations of trigonometric sequences, i. e., dis-
crete signals. Clearly, rank(c), rank(s) < 2 and Prony’s classical theory implies that
rank(c) = rank(s) = 2.
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(d) (1)

Consider the K-algebra

Ap:=Kly;; |ieN, j=1,....n)=JKly; | i=1,...,n],
1€N
and let
yi = (yi,l’ cee ayi,n) € (An)n

and

By, == {y; | i € N} C (A,)".
The K-vector space

={Y Nexpy, |reN, X € K}
=1

is called K -vector space of formal exponential sums over K and its elements
are called formal exponential sums over K. Note that FExp™(K) is count-
ably generated as a K-vector space. (By the later Corollary 2.22 we get
dimg (FExp"(K)) = |N|.)

Let r € N and consider the K-algebra
An,r :K[yl,] ’ Z: 1,...,T,j: 17...777,]

of polynomials over K in r - n indeterminates. Let

Vi = Vitr-->Vin) € (Any)"
and
By i={y; |i=1,...,7} C(4,,)".
Then

FExp!(K) := EXp’éW (Ap,) = (expyl, o ,expyT>K

= {Z Ap €XPp ‘ M € Py(By,;) and A € KM}
beM

:{i)\iexpyi ‘ )\ieK,izl,...,r}
=1

is the K-vector space of formal rank < r exponential sums over K and its
elements are called formal rank < r exponential sums over K. Note that
FExp; (K) is finite dimensional as a K-vector space. (By the later Corol-
lary 2.22 we get dimg (FExp; (K)) =r.)

One should be careful not to confuse the K-vector space FExp]'(K) and the sub-
set {F € FExp"(K) | rank(F') <r} of FExp"(K). The latter is not closed under
taking sums. We will return to these examples in Section 2.7.
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REMARK 2.2: (a) Let R be any integral domain containing A as a subring and let

B C A" If one considers R as a K-algebra then one has Expi(A) = Expi(R).
Therefore, in situations that require A to be a field one can often replace A by its
quotient field Q.

For any subset B C A™ we have dimg (Exps(A4)) < |B| and therefore every ex-
ponential sum f € Expi(A) satisfies rank(f) < |B|. This is immediate from the
definitions. In particular, if the K-algebra A consists of only finitely many ele-
ments,! then we have the upper bound |B| < |A"| = |A|" € N for rank(f). By the
later Corollary 2.22 it is also true that dimg (Expg(A)) = |B|.

For b € A™ and a € N" we have expy(a) = evi® (x®), where ev{®}: Ax,... x,] —
A denotes evaluation at b. Thus one may see exponentials as the restrictions ev{®} |
Mon", identifying N™ and Mon"™. Considering more generally the evaluations evi®}
instead of exponentials as defined here and exploiting duality theory for polynomial
algebras is a perspective taken in some recent works on the subject (see Section 4.6).

In the following remark we explore some elementary algebraic properties of Exp%(A).

REMARK 2.3: (a) For a,b € A™ we have exp, - exp, = €xXp,,, where - denotes com-

ponentwise multiplication and also A™ is endowed with the componentwise multi-
plication.

Proof: For v € N" we have exp,, - expy(a) = exp,(a) exp,(a) = a®b* = [[j_, a?j-

j=1 057 =151 (a;0:)™ = (ab)™ = expyy(cv). ¢

If (B,-) is a submonoid of (A", "), then Exp%(A) is a K-algebra under componen-
twise addition and multiplication with unit element 1 = exp(;, ;) € Expp(4).
Furthermore, if f,g € Exp5(A), then

rank(fg) < rank(f)rank(g).

Equality does not hold in general, see Example 2.4 (d).

Proof: We first show that fg € Exp%(A) for all f,g € Exph(A). Let f =
ZbEbeeXpb and g = ZcGNgCech with MaN S Pf(B)7 fb7gc S K? ‘M’

rank(f), and |N| = rank(g). Then we have fg = (X pcar foexpp)- (X cen ge €Xp.) =
Sben (Xcen fogeexpye) = Lacrrxn fa19ds €XPag, € Expi(A). As an immedi-
ate consequence we obtain rank(fg) < |[M x N| = |M| - |N| = rank(f)rank(g).
Since B is a submonoid of (A",-) it follows that (1,...,1) € B, and we have

exp(y,. (@) = (1,..., )% =]} 1% =[]j_; 1 =1 for all & € N™. «

—
a2

'If A has only finitely many elements, then, as A is an integral domain, A is a finite field containing the
(necessarily finite) field K, so K =F,» and A = F ¢ for a prime number p > 2 and k,£ € N, k | £.
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()

(d)

For all f = > ,car foexpy, € Exp™(A) we have expg-f = (Xpear fo) expg = f(0) -
expg. This follows immediately from part (a), since expgexp, = expgy, = exp, for

all b e A",

The exponential expg is a non-trivial idempotent element of Exp™(A). Indeed, by
part (c) we have expg - exp, = expy, and the assertion follows from expy(0) = 1
and expg(u;) = 0.

The ring Exp™(A) is never an integral domain. This follows immediately from the
existence of the non-trivial idempotent element e := exp, € Exp"(A) by part (d):
One hase-(e—1) =0 and e,e — 1 # 0.

More generally than in part (d), the idempotent exponentials in Exp™(A) are
precisely the exponentials exp, with base b € {0,1}".

Proof: Let b € A™ be such that exp, is idempotent. Then exp,(u;) = b% = b; is
idempotent in A, so b; € {0,1}. Conversely, if b € {0,1}", then (exp,)* = expy =
exp;, by part (a). «

EXAMPLE 2.4: (a) The space Exp™(A) = Expj~(A) is always a K-algebra by Re-

(b)
()

2.2

mark 2.3 (b).
Since T™ is multiplicatively closed, Expf. (C) is a C-algebra by Remark 2.3 (b).

If r > 1, then the K-vector space FExp(K) of formal rank < r exponential sums is
not a K-algebra under componentwise multiplication of formal exponential sums.
To see this, note that if y'y{ = expy -expy (a) = Yi_q Aiexpy (a) with A; € K
for all @ € N, this yields yil = > i—1 Aiyi for a = uy, and by comparison of
coefficients one obtains 1 = 0, a contradiction.

For the same reason FExp"(K) is not a K-algebra.

In general it is not true that rank(fg) = rank(f)rank(g) for f,g € Exp"(A).
This is clear by Remark 2.3 (e) since for any zero-divisors f,g € Exp™(A) \ {0},
0 = |@| = rank(0) = rank(fg) < rank(f)rank(g).

A generalization of Prony’s reconstruction theory

The goal of this section is to develop the foundation for generalizations of Prony’s theory
that are suitable for the reconstruction of multivariate exponential sums. We begin with
a discussion of the bearing of Prony’s classical reconstruction method in the following
remark. This discussion may also serve as a blueprint for the multivariate generalization
that follows. The technique in footnote 2 will also be used later on.

REMARK 2.5: The reconstruction problem for Exp!(C) consists of the task to compute
the coefficient vector of f € Exp!(C) w.r.t. the C-basis E := {exp, | b € C} of Exp*(C).
Since any algorithm can only take into account a finite amount of data, it can only take
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into account the restriction of f to a finite subset of N. Therefore it is necessary to find
a finite subset F' C N such that the restriction f [ F' allows to compute the coefficients
of f.

There are two distinct approaches: Such a subset ' might either be constructed by
a reconstruction procedure that would be assumed to be able to evaluate f at (finitely
many) arbitrary points (then F' could be dependent on f), or it might be a subset F'
that is independent of f, in which case a reconstruction algorithm can be seen as having
the restriction f [ F' as input.

In either case, the problem as stated above is impossible to solve without further
assumptions, since f | F' only defines f modulo the non-zero? subvector space

Zp:={g € Exp'(C) | g | F =0} =ker(] F: Exp'(C) — C) < Exp!(C).

Since being able to reconstruct f implies that one can compute rank(f), one cannot
hope to be able reconstruct f without at least implicit knowledge of rank(f). Therefore
we assume as given also a natural number d € N with 7 := rank(f) < d. Under this
assumption, the task is to find a finite 7' C N (dependent on d and possibly f) such that

Yy :={g € Exp'(C) | f — g € Zp and rank(g) < d} = {f}.

This may not immediately appear to be a significant simplification or at all be clear that
such a set F exists. Essentially, Prony proved the following in 1795 [66]3: The set

F:={0,...,2d} CN

solves the problem simultaneously for all f € Exp!(C) with rank(f) < d, i.e., for all
f € Exp!(C) with rank(f) < d one has Yr = {f}. Furthermore, considering the matrix

Hy(f) := (f(a + B))aco...a € CETDX @+
B=0,...,d

one can construct from f [ F' a polynomial

p € Cix; \ {0},

namely p such that the vector of coefficients of p is in

ker(Hq(f)) \ {0},

and the (finite, in the univariate case considered here) zero locus Z(p) C C of p fulfills

f € Expy, (C).

2Proof: For k € Nlet fr.: N — C, a > (1/expy(k)) - expy(a) — exp; (). Then we have fi, € Exp'(C),
fe(k) = 0 and fy(a) = 27" =1 > 1 > 0 for @ > k. Therefore, for F C N finite, the product
f = T1liep fr satisfies f € Exp'(C) (by Remark 2.3 (b)) and f € Zr \ {0}. «

3 Actually, Prony proved that F' = {0,...,2d — 1} is sufficient, but in our context F = {0,...,2d} is
more appropriate.
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Since the set L := {exp, | b € Z(p)} C E is linearly independent, the coefficients f, € C
with f = > 4czp) foexp, are uniquely determined (and, once Z(p) is known explicitly,
they are relatively easy to compute from the entries of Hy(f), cf. Remark 2.6 for the gen-
eral case). In this way, the task of computing the coefficients of f w.r.t. the uncountable
C-basis E can be reduced to the considerably simpler one of computing the coefficients
of f w.r.t. the C-basis L C E of the |Z(p)|-dimensional subspace Exp%(p) (C) < Exp*(C).

However, stated like this, the method is not necessarily efficient since there may be
b € Z(p) such that the coefficient of exp, in f is zero. One way to deal with this fact
is to compute the greatest common divisor ¢ in C[x] of a C-basis of ker(H,4(f)) — C[x].
Then Z(q) contains precisely the b € C for which the coefficient of exp, in f is non-
zero.* The reason for this lies in the fact that ker(Hy(f)) generates the vanishing ideal I
of the finite set S := {b € C | coefficient of exp;, in f is non-zero}. Thus, since C[x] is a
euclidean domain, one has (ker Hy(f))cpq = I = ¢- C[x] with ¢ € C[x] being the greatest
common divisor of any ideal basis of I, and then Z(q) = Z(I) = S, since S is finite.

Of course, the computation via the greatest common divisor and (even more so) the
fact that Z(p) is finite for all non-zero p are specialties of the univariate case.

We will now introduce some basic machinery we will use throughout. For easy reference,
the following definitions are also included in the preliminary Section 1.1.

DEFINITION: Let S denote the polynomial algebra over A in n indeterminates,
Si=A[X1,...,Xp].

For an arbitrary subset M C A", we regard AM as an A-algebra with multiplication
defined pointwise, and the A-algebra homomorphism

evM: § — AM,

pr— 1t [ M = (p(b))pear>

is called evaluation homomorphism at M. For a subset D C N" let
xP = {x* | a € D} C Mon",

let

be the free A-submodule of S generated by x”, and let

evid :=evM | Sp

4For illustration, take f = 0 € Exp'(C) and d := 1. Then Hy(f) € C?*? is the zero matrix. To
reconstruct f under the knowledge that rank(f) < d = 1, one may for example take the C-ba-
sis {x,1 — x} of ker(Hq(f)) — C[x] and then compute ¢ := ged(x,1 —x) = 1 and Z(q) = Z(1) = 0.
None of the basis elements x,1 — x alone cuts out the bases of f as zero locus. On the other hand,
computing, e.g., only x € ker(H4(f)) and then computing Z(x) = {0}, one may see afterwards
that expy(0) =1 # 0 = f(0) and deduce that f = 0. Note that f(0) is given as an entry of Hq(f).

18



be the restriction of ev™ to Sp. For finite M C A" and D C N”, the evaluation
homomorphism ev%f is an A-module homomorphism from the finite-dimensional free A-
module Sp to the finite-dimensional free A-module AM. Thus, for computational as
well as theoretical purposes, ev%f can be identified with a matrix. The transformation

matrix of ev) w.r.t. the basis xP of Sp and the canonical basis
Uy ={w | be M}
of AM where for b € M,

up: M — A,

1 ifb=c,
Cc > Ope 1=
0 otherwise,

denotes the b-th unit vector in AM | is denoted by
Vi € AMXP.

It is easy to see that
V%[ = (0)benm-
acD
Indeed, this holds since for all a € D we have ev) (x¥) = (b%),c1y = Ypenr bW In the
univariate case n = 1 with D = {0,...,d} C N, V¥ is a Vandermonde matrix.

Kernels of these and related homomorphisms will play an important role in the
following. These homomorphisms will often be represented by a transformation ma-
trix, such as V¥ € AMXD for evM: Sp — AM. There will also be the need to
change the domains (and codomains) of these homomorphisms (for instance, to con-
sider ev%{Q: Qx1,. .., %n)p — QM for the quotient field Q := Quot(A) of A). Since
these changes are not reflected in the transformation matrix, we need a notation to sig-
nify over which domain the kernel and image of a matrix is to be considered. To be
precise about this while maintaining light-weight notation, we distinguish between the
kernels of these homomorphisms by the following definition.

DEFINITION: For any matrix H € AM*N and any ring homomorphism from A to R,
we define

kerg(H) = ker(RY — RM 2+ Hz) = {z € RY | Hz = 0}.
Similarly we define
imp(H) :=im(RY — RM, z+ Hx) = {Hz | € R™}.

We discuss briefly how to reconstruct the coefficients of an exponential sum with respect
to a given set of exponentials.
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REMARK 2.6: Let f =3 ,car foexp, € Exply (A) with M € Py(A") and f, € K, and
let D € P¢(N") be such that ev}: Sp — AM is surjective. One immediately obtains
that the tuple (f3),ey, € KM fulfills

T (6%
(V%I) -coeff(f) = Z coeff(f), - (0%)nep
beM
= (X2 coeff(f),0") = (f(@)acp-
beM @€
Since ev¥ is surjective, ker((V%)T) = {0}, and therefore coeff(f) is determined as the

. . . . . . T
unique solution of the system of linear equations with system matrix (VY) € AP*M

and right-hand side (f(a)),cp € AP . This provides a simple method to reconstruct
the coefficients of f € Exp’;(A) w.r.t. a given set M € Pi(A"), provided ev is sur-
jective and f [ D is given. For this reason, surjectivity conditions on the evaluation
homomorphisms ev%f are rather natural in the context of reconstructing exponential

sums.

In analogy to Prony’s work [66] (cf. Remark 2.5), we define a Hankel-like matrix as-
sociated to an exponential sum f € Exp”(A). This matrix will play a key role in the
reconstruction theory for multivariate exponential sums that follows.

DEFINITION: Let D C N™ be an arbitrary subset. For f € Exp™(A) we define the
matrix

Hp(f) == (f(a+ B))acp € AP*P.
BeD

The following Lemma 2.7 is crucial. In part (a) (which is well-known at least in the
univariate case n = 1) a connection is established between the problem of reconstructing
an exponential sum f € Exp™(A) and that of finding a specific factorization of Hp(f).
This connection is deepened in part (b). The proofs are straightforward.

LEMMA 2.7: Let f =3 ycns foexp, € Exp™(A) with M € Pi(A™) and (fy)yeps € KM.
Let D € P¢(N™) be arbitrary. Then the following holds.

(a) We have
T
with the diagonal matriz C := (fyup) ey, € AM*M.

(b) Let fy #0 for allbe M. If evi: Sp — AM is surjective, then

kers(Hp(f)) = kerA(V%[).
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PRrROOF: For brevity, let H := Hp(f) and V := VY.
(a) Since V' C = (f3b®)acp, We have

beM
VIOV = (VTC0 ) er)sen = (X ¥ H6aen)
beM
= poth = acp = H.
(bEZM I )ggg (Fla+ aep

(b) By part (a) we always have ker4 (V) C kerys(H). To show the reverse inclusion,
let C = (fyup)peps € AM*M as in part (a). We show that ker4(V''C) = {0}. Let
Q = Quot(A) be the quotient field of A. Consider V € AMXD < QMxD a5 5
matrix over ). Since ev} is surjective, the Q-linear map V: QP — QM , x s Vu,
is surjective by a trivial argument.® Therefore V': Q™ — QP is injective by
standard linear algebra, which yields kers (V') = AM Nkerg(V'") = {0}. Since
the coefficients f, € K, b € M, of f are non-zero and therefore units in A, C is
invertible in AM*M hence kero(V'C) = kers(V") = {0}. Thus, by the trivial
fact that for any module homomorphisms ¢: M — N, ¢: N — P with ¢ injective,
one has ker(y) o ¢) = ker(y), we obtain kerq(H) = ker4(V'CV) = kera(V), as

claimed. q.e.d.

REMARK 2.8: More generally than we have done here, for two subsets Dy, Do C N"
and f =3 ,car foexp, € Exp™(A), one can define the matrix

HDl,DQ(f) = (f(a + ﬁ))aEDl c ADIXD2.
BED>

Lemma 2.7 then holds in the following analogous form for Hp, p,(f) with identical
proofs:

(a) We have
-
HD17D2 (f) - V]\D/Il -C- V%IQ )

with the diagonal matrix C := (fyup),e,, € AM*M.

(b) Let fy #0 for all b € M. If ev}y : Sp, — AM is surjective, then
ker4(VD,) = kera(Hp, p,(f)).
However, we will not dive deeper into this more general setup here.

Subsets D C N” correspond to the sets x” = {x* | a € D} of monomials in n indeter-
minates with exponents in D. In the following, emphasis will be on subsets D C N”
that correspond to sets of monomials bounded by some sort of “degree”. There are two
notions of degree that will be in the focus of our attention. We give the definitions here.
For easy reference, these are also included in the preliminary Section 1.1.

"Let a € Q™. Then a = 1/X-b for some A € A\ {0} and b € AM. Let ¢ € AP such that V -c = b.
Then V- (1/A-¢)=1/A-(V-¢)=1/A-b=a.
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DEFINITION: The total degree of a monomial x* € Mon" is denoted by
n
tot deg(x®) := Zaj eN
j=1

and the total degree of a polynomial p € S\ {0} is
tot deg(p) := max(tot deg[x""PPP)]) = max{tot deg(x®) | o € supp(p)} € N.
The maximal degree of a monomial x* € Mon" is denoted by
max deg(x®) :=max{e; | j=1,...,n} €N
and the mazimal degree of a polynomial p € S\ {0} is
max deg(p) := max(max deg[x*"PP(P)]) = max{max deg(x®) | a € supp(p)} € N.

For o € N™ we also set
tot deg(a) := tot deg(x“)

and
max deg(a) := max deg(x“).

In order to provide a theory that includes combinations of these and further notions of
degree in a unified way, we introduce an appropriate notion of multi-filtration. Since
exponential sums are only defined on N, it is appropriate to also define multi-filtrations
on N™. This implies that later on only submodules of S = A[xy,...,x,]| occur that are
generated by monomials. To avoid confusion, in this context we denote the unit tuples
in Nt by uf, £=1,...,t. For 6 € N, we will also use the nearby notation

min deg(d) := min deg(x’) :=min{d, | £=1,...,t}.

DEFINITION: Let ¢ € N and (ng,...,n:) € NAL with 0 =ng < ny < --- < ny = n.
Let F: N* — P¢(N"). Then F is a multi--filtration (or, more precisely, a t-x-filtration
w. . t. (ng,...,n¢)) on N™ if the following conditions are satisfied.

(a) Fs C F. for all 6,e € Nt with § <, £.°
(b) Fs + F. C Fspe for all 6, € N7

() Fo#0.

(d) Forall j =1,....,n,uj € Fy for £ € {1,...,t} with j € {ny_1 +1,ne}.

6The partial order <, on N’ is defined by § <, ¢ if and only if 6y < ey forall £ =1,...,¢.
"For our purposes we actually only need the property that Fs +Fut © .7:5+u; foralld € N*, £=1,...,¢.
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We will call 1-x-filtrations simply x-filtrations.

LEMMA 2.9: Let F* be a 1-x-filtration (w. . t. (0,ng—ng_1)) on NW—=1 ¢ =1 ..t
and let
F: N — Py(N"),

¢
o —> {a € H Nre=me-1

Qay € ]—"fz for all £ = 1,...,t}.
Then F is a t-x-filtration w. r.t. (ng,...,nt) on N™.

PrROOF: (a) Let 6, € N' with § <, ¢ and let a € F5. By definition we have
Qy Eff{ foe forall ¢ =1,...,t, and thus o € F;.

(b) Let 6, € N', a € Fs and 3 € F.. Then ay € Fj, and fy € F, forall £ =1,...,n
and thus (a+ ), = ag+ B € ]—"g{ + ]{fz - f&ﬁey hence oo + 8 € Fsie.

(c) For £ =1,...,tlet ay € F§. Then (ay,...,q) € Fo.

(d) Let j € {1,...,n} and £ € {1,...,t} with j € {ny_1 + 1,ne}. Let p € {1,...,t}.
We have to show that (u?}), € ]—"p . Case 1:p # L. Then (u}), =0€ Ff C ffuz) :

P

Case 2: p = L. Then (u}), = ( Z])Z —ngy+1,..n, € N1 and therefore we have
(u}), € F¥ :]:f) B, ]:f) b - q.e.d.

DEFINITION: Let F¢ be a l-xfiltration on N*~"™-1 ¢ = 1, ... .t. Then the t-x-
filtration F on N constructed from F',...,F* as in Lemma 2.9 is denoted by

t
H = cox FL

By the phrase “F is a t-x-filtration” we will always mean that F = [[i_; F¢ for %
filtrations F*.

REMARK 2.10: Let F* be a *-filtration w.r.t. (0,ny —ng_1) on N1 ¢ =1 .t
and let F = F! x --- x F! be a t-xfiltration on N*. Then the following holds.

(a) We have Fy = {0}.

Proof “C”: Let a € Fy and k € N be arbitrary. Then we have ka = Z Q€
Sk Fo C Fro = Fo € Pr(N"). Therefore ka = Ka for some k' € N, k' # k,
and hence (k — kK)o = ka — K'a = 0. Since k — k' # 0 it follows that « = 0.
“D”: Since F is a t-+-filtration there is an « € Fy and since we have already shown
that Fy C {0}, we have a = 0. «
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(b)

For all § € N', if o € N with tot deg(a) < mindeg(d) we have o € Fy.

Proof: We do induction on t. Let ¢t = 1 and F = F! be a x-filtration on N"*. We
have to show that for all d € N and o € N" with tot deg(a) < d we have a € Fy.
We prove this by induction on d. For d = 0 we have & = 0 € Fy by part (a).
Let d > 1 and assume inductively that for all 5 € N with totdeg(f8) < d—1 we
have p € F4_1. Let w.l.o.g. @1 > 1. Then 8 := a — u} € N" and tot deg(f) =
tot deg(a)—1 < d—1. Thus, by induction hypothesis we have § € F4_1. Therefore
we have a = 8+ uf € Fq—1 + F1 C Fyu.

Now let t > 2, § € N! and o € N with totdeg(a) < mindeg(d). Let F' :=
Flx o x F=1 Then F' is a (t — 1)-+filtration on N¥ with k :=nq +--- +ny_1.
Let &' := (61,...,0;-1) € NV and o/ := (a1,...,_1) € N¥. Since tot deg(a’) <
tot deg(a) < mindeg(d) < mindeg(d’), we have by induction hypothesis that o/ €
Fy le. oy = o € ]—"2 = J-"fe for all £ = 1,...,t — 1. Furthermore, we have
oy < tot deg(ar) < mindeg(d) < &, and therefore a; € Ff, by induction hypothesis
(or by the base case). Thus we have ay € ffl forall £ =1,...,t, that is, a € Fy. «

For all @« € N we have a € F5 with ¢ := totdeg(«) - (1,...,1). This follows
immediately from part (b).

The t-x-filtration F is exhaustive, i.e., we have Usene Fs = N This follows
immediately from part (c).

Let F¢,G* be *-filtrations on N™~"¢-1 such that .7-"5 - Qﬁ forall £ =1,...,¢t and
d € N. Then we have (F! x --- x Ft); C (G! x --- x G'); for all 6 € N'. This
follows immediately from the definition.

If .7-"5 is a lower set® in (N ~"¢-1, <) for all d € N, then Fj is a lower set in (N", <)
for all § € N*. This follows immediately from the definition.

For a norm ||| : R® — R=2% with [ju;|| <1,j=1,...,n, let

FIl N — Pr(Nm),
d— N"ABI(0) = {a e N" | |la] < d}.
Then Flll is a 1-x-filtration on N™, called ||||-%-filtration or x-filtration induced by |||).

Note that F Clllll is finite by equivalency of norms on R™, the remaining properties
being trivial to check.

DEFINITION:  (a) Let ||[|;: R® — R=2Y be the 1-norm on R™ and let

T gm.— Fllh

8In any partially ordered set (X, <), L C X is a lower set if for all x € X, y € L, < y implies x € L.
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(b)

The x-filtration 7" on N™ is called total degree x-filtration or x-filtration induced
by total degree on N™. By definition we have

Tl ={a e N" | totdeg(a) < d}
for all d € N.
Let |||l : R — R2? be the co-norm on R™ and let
M= M" = Flll,

The x-filtration M™ on N" is called maximal degree *-filtration or x-filtration in-
duced by maximal degree on N™. By definition we have

M} ={a e N" | maxdeg(a) < d}

for all d € N.

REMARK 2.11:  (a) The exponent in 7™ and M" should not be confused with the

notations [[}_; 7' or [[j_; M. The former are 1-x-filtrations on N", whereas the
latter are n-x-filtration on N = N7,

For illustration, we have (T! x T2); = {a € N3 | ay <4y and az + a3 < &} for
§e N2

The total degree x-filtration on N™ is the least among all x-filtrations on N™, that
is, if F is an arbitrary *-filtration on N”, then 7 C F; for all d € N. This is an
immediate consequence of Remark 2.10 (b).

The t-*-filtration 771770 x -+ x T™™ -1 w.r.t. (ng,...,nt) on N” is the least
among all t-x-filtrations F* x --- x F' w.r.t. (ng,...,n;) on N*. This follows
immediately from Remark 2.10 (e) and part (b).

In view of part (c), one may note that there is no largest, and not even a maximal,
t-x-filtration. Indeed, if F is any t-x-filtration w.r.t. (ng,...,n;) on N™  then
G: Nt — Pp(N"), § > Fag, clearly is a t-x-filtration w.r.t. (ng,...,ns) on N with
Fs & Gs for all 6 € N*\ {0}.

Note that we do not require the sets Fs of a t-x-filtration F on N” to be lower
sets in (N, <), and indeed this does not have to be the case. For example, let
Fo = {0}, Fy := T U {3}, and Fy := Fy_1 + Fy for d > 2. Clearly, F is a x-
filtration on N".

We claim that for all d > 1, 3du; € F; and (3d — 1)u; ¢ Fy. In particular, since
(3d — 1)u; <p, 3duy, if d > 1 then F; is not a lower set in (N, <p).

We split the proof into two parts.

(1) We claim that 3d = max{aq | o € F4}. Clearly, this holds for d = 1 and
since F, = JFo+ F1, this can be taken as base case for an inductive argument.
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Let d > 2 and inductively assume that 3(d — 1) = max{a; | a € Fy_1}.
Since Fy = Fy_1 + F1, clearly 3d = 3(d — 1) + 3 = max{ay | a« € Fy_1} +
max{a; | @ € F1} = max{a; | o € Fy}.

(2) We prove the main assertion. Note that 3u; € F; = 7T{"U{3u;} and 2u; ¢ Fj.
Since F; = Fy+ F1, this can be taken as base case for an inductive argument.
Let d > 2 and inductively assume that 3(d—1)u; € F4_1 and (3(d—1)—1)u; ¢
Fq—1. Then we have 3duy = 3(d — 1)uy + 3uy € Fy_1 + F1 = F4. Assume
that (3d — 1)u; € Fy. Since Fy = F4-1 + Fi, there are a € Fy_1 and
g € Fp with (3d — 1)uy = a+ . Clearly, 8 € {0,u;,3u1}. If 3 = 0,
then (3d — 1)uy = a € F4_1. This is a contradiction to part (1), since
(3d—1)uy); =3d—1>3d—3=3(d—1) =max{a; | « € Fy_1}. Thus, § €
{uy,3u;}. If 8 = uy, then (3d—2)u; = (3d—1)uy—f = a € F4_1, and similarly
to the previous case we arrive at ((3d—2)u;); =3d—2>3d—-3=3(d—1) =
max{ay | a € F4_1}, contradicting part (1). Thus we have 5 = 3u;, which
implies (3(d — 1) — 1)111 =3du; —3u; —u; = (3d — 1)111 — ,3 =o€ ]:dfl, a
contradiction to the induction hypothesis. Therefore, (3d — 1)u; ¢ Fy.

Since we will often work with t-x-filtrations, we introduce some convenient abbreviations
in the following definition.

DEFINITION: Let F be a t--filtration on N®. For § € Nt we have

¢
78 = {H(Xw,ﬁl, ey Xp, ) ’ o€ ]:5} C Mon"
=1
and let
S5 1= SF, = (x7), < 8.

For M C A™ let
evé‘/l = ev% =evM I Srs: S — AM,

be the restriction of ev™ to the free A-submodule S5 of S,
15(M) = Ly, (M) = ker(ev),

and

V(ng = V% = (ba) bg% S AMX]:‘S.
acss

Finally, for f € Exp"(A) let

Hs(f) := Hr(f) = (f(a+ B))acr; € AT
BEFs

The following Lemma 2.12 is well-known for the total degree -filtration, cf. e.g. Cox-
Little-O’Shea [22, Chapter 5, §3, Proposition 7] for a proof of the only non-trivial
implication, which amounts to the base case for our induction.
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LEMMA 2.12 (Polynomial interpolation): Let A be any ring with unit element 1 # 0
and let F = F' x---x Ft be a t-%-filtration w. r. t. (ng, . ..,n;) on N*. Then the following
are equivalent.

(i) A is a field.

(ii) For all M € P¢(A"™), if § € N' and mindeg(d) > |[M| — 1 then ev%: Sr, — AM s
surjective.

(ili) For all M € P¢(A™) there is a § € N' such that ev%g: Sr, — AM s surjective.
(iv) For all M € Pg(A™), ev™: S — AM s surjective.
(v) For allbe A\ {0}, evi®®b)}: 6 4 A2 s surjective.

PROOF: (i) = (ii): We do induction on t. Let t = 1. By Remark 2.11 (b) it is sufficient
to prove this for F being the total degree x-filtration 7 = 7" on N™. Furthermore, it
is sufficient to show that for every b € M there is a p € ST\M\_N such that f, | M =
ev%\—/‘[M‘il(p) = wy, i.e., such that p(c) = &, for all ¢ € M. Let b € M. Then for every
c € M\ {b} there is a j. € {1,...,n} with b;, # ¢j.. By hypothesis we have that
bj. — cj. € A\ {0} is a unit in the field A. Thus, for c € M \ {b} we have

1
ge ' = — - (%, —¢j.) €S.
T —c, Y J
Clearly we have tot deg(q.) = 1, q.(b) = 1, and ¢.(c) = 0 for all ¢ € M \ {b}. Thus the
product
p = H 4c € ST\M\—1
ceM\{b}
fulfills p(c) = . for all ¢ € M. This concludes the (standard) proof of the base case.
Now let ¢ > 2. By Remark 2.11(c) we may assume that F* = T™~™-1 is the
total degree -filtration on N™ "1 Let b € M and let F' = F' x ... x Fi=1
k= ny_1, and M’ := {(c1,...,c) | c € M} € Pg(A*). Clearly F' is a (t — 1)-*-fil-
tration w.r.t. (ng,...,ns_1) on N*. Let ¢ := (6y,...,6;_1) € N*"1. Since min deg(¢’) >
mindeg(d) > |M| —1 > |M’| — 1, we have by induction hypothesis that ev%/ is
5!
surjective. Therefore there is a p € S;:V with ev%, (p) = (b1,...,bg). Let M; :=
s’
{(¢kt+1,---,¢cn) | ¢ € M}. Since 6; > mindeg(d) > |M|—1 > | M| —1, we have by induc-

tion hypothesis (or by the base case) that evﬂfﬂf is surjective. Thus there isa g € S Fi
t

5t
with evﬂf/{g (¢) = (bk41,...,by). Since we have S].‘(gl N ngt = {0} and M' N M; = 0,
t
clearly p + ¢ € Sr; and ev¥ (p + q) = ev¥ (p) + vl (¢) = evj‘fdgl (p) + evj‘fé (q) =
t
ev%v (p) +evj‘£§ (@) = (b1,...,bg) + (b1, .. by) =b.
t

(i) = (iii): Take 6 :=|M|-(1,...,1).

(iii) = (iv): There is nothing to show here.

(iv) = (v): There is nothing to show here.
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(v) = (i): Let b € A\ {0}. By hypothesis there is a p € S with p(0) = 0 and
p(b,...,b) = 1. Since py = p(0) = 0, we have 0 ¢ supp(p), i.e., p = 2 aenm\ {0} PaX?,
thus 1 = p(b,...,b) = X aenm o) Pab™ -+ - 0% € (D) 4, hence b € U(A). q.e.d.

For the case of A = K we get the following corollary.

COROLLARY 2.13: Let F = F! x --- x F! be a t--filtration on N, and let f =
Svenr foexp, € Exp™(K) with M € Py(K™) and (fy)pepry € KM. Let 6 € N' with
mindeg(d) > |[M| —1. Then

kerK(V%) = kerg (Hz, (f))-
ProoF: This follows immediately from Lemma 2.7 (b) and Lemma 2.12. q.e.d.

The following Lemma 2.14 provides a tool to prove the surjectivity of ev% for a given 6.
This criterion will be applied in the proof of Theorem 2.15.

LEMMA 2.14: Let F be a t-x-filtration on N*, M € Py(A"), and § € Nt be arbitrary.

If im(ev]]‘_f{;) = im(ev%ﬂﬁ forall j =1,...,t then im(ev}) = im(ev™) for all e € N*
with € >}, 6. ’
Proor: Clearly, im(ev%) C im(ev¥) C im(ev) holds. Since S = Alxy,...,x,] =

(x* | @ € N") ,, we have im(evM) = ((0%),cps | @ € N") ;. We show (b%),c,, € im(ev%g)
for all @ € N by induction on tot deg(a). Let @ € N™. For totdeg(a) = 0 we have
a=0and (b)ycpr = Dpers = ev%g(l) € im(ev%), since 1 = x* € x° C x75. Let
tot deg(a) > 1 and assume inductively that (b°),c,, € im(ev% ) for all 5 € N with
tot deg(f) = totdeg(a) — 1. Without loss of generality let «; > 1. Then we have
B = a—u} € N". Since totdeg(s) = totdeg(a) — 1, by induction hypothesis we
have (b)), € im(ev]]‘_f{;), hence there is a p € Sz, with p(b) = b° for all b € M. Let
q:=x1-p € S. Then q(b) = b"'b? = b for all b € M. Since F is a t-rfiltration,
we have g € Sf6+u; for some ¢ € {1,...,t}. Thus we have (b),c;; € im(ev%ﬂz) =

im(ev%). q.e.d.

The following Theorem 2.15 is crucial for our generalization of Prony’s method. Since
we apply Lemma 2.12 in the proof, we have to switch to the field case.

THEOREM 2.15: Let F = F! x -+ x Ft be a t-+-filtration on N" and let M € Pg(K™).
If 6 € (N\ {0})" is such that ev%_ut : S]:(S_uz — KM s surjective for all £ = 1,...,t,
then ‘

215, (M) = M.

PROOF: The inclusion “2” is clear. To prove the reverse inclusion, let b € Z(I5(M))
and N := M U {b}. We show that M = N. We claim that I.(N) = I.(M) for all € <, 6.
The inclusion “C” is clear, since M C N. Let p € I.(M). Since ¢ <, §, p € I5(M), so

p(b) = 0, and the claim is proven. By the rank-nullity theorem, rank(ev) = rank(ev})
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for all € <, 9. Therefore rank(evfg\iuz) = rank(evé\{uz) = |M| = rank(ev¥) = rank(evy),
t
(4

where we use the premise that evé‘{ .t is surjective. By Lemma 2.14 we have rank(evy) =

|M]| for all e > § — ul. By Lemma 2.12° we have |N| = rank(evf}fv‘_(l 1)) < |M|, and

thus M = N,i.e,be M. q.e.d.

REMARK 2.16: If A = K is a field, M € Py(K"), and F = F! x --- x Fl is a

t-x-filtration on N", then im(ev%) = im(ev%“t) for all £ = 1,...,t implies that
14

ev% 87 —+ K M is surjective. This is an immediate consequence of Lemma 2.14
and Lemma 2.12. Note further that the condition “im(ev%) = im(ev%+ .)” might
e

be checked computationally by comparing the ranks of the matrices V% and V%Hut'
{4

ExXaMPLE 2.17: Let A = K be a field and let F be a x-filtration on N". For an
exponential sum f = Ycps fo expy, € Exp”™(K) with M € Pe(K™) and (f)ep € K,

rank(Hg(f)) = rank(Hg41(f))

does not imply

im(ev)!) = im(ev},),

i. e., the surjectivity of evé\/[ : Sqg — KM . An abstract reason for this is clear: This would
yield an algorithm to construct a finite subset F' C N” such that f [ F' determined f,
contradicting footnote 2 on page 17.

An explicit counterexample is given in Sauer [67, Remark 3]. We give another coun-
terexample that is based on the technique in the cited footnote. Let K be a field and
p € Z be any prime number with char(K') # p and such that the image of p in K is not
a root of unity (e.g. K =Q, p=2), and for k € N let

fk: N — K,
a+— (1/exp,(k)) - exp,(a) — exp; (a).

Then f;, € BExp'(K), fu(k) =1 -1 =0, and fi(a) = p** —1 # 0 for a € N\ {k}.
Let e € N be arbitrary. Then the product

2e
fey =[] fr € Exp'(K)
k=0

(cf. Example 2.4 (a)) fulfills f.)(a) =0 for @ =0,...,2e and f(.)(2e+1) # 0. Therefore

for all d < e. Clearly rank(f(e)) > 2, so ev)! cannot be surjective for M € Pg(K) with
f(e) = 2 pem Jo€xpy.

9This is the only place in the proof where the hypothesis that K is a field and not merely an integral
domain is crucial.
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REMARK 2.18: Under the hypothesis of Theorem 2.15 we have in particular

(Ir; (M) g € rad((I5; (M))g) € UZ(IF;(M))) = 1(M).

If K is algebraically closed, then by Hilbert’s Nullstellensatz the second inclusion is
actually an equality, that is

rad((Lz, (M))) = I(M).

Questions that arise here are in particular:

(Q1) What can be said in the case of non-algebraically closed fields K7
(Q2) Is I(M) generated by Iz, (M), i.e., is (Ir;(M))q a radical ideal in S?

(Q3) Which ideal-theoretic properties does (Ir;(M))g have in general?

For the total degree x-filtration F = 7" on N", questions (Q;) and (Q2) are answered
in Theorem 2.48, showing that (under the above surjectivity condition on ev%n 1) over

an arbitrary field K, (I7n(M))g = I(M).

The following Corollary 2.19 constitutes a generalization of Prony’s method.

COROLLARY 2.19 (Prony’s method for Exp™(K)): Let K be a field and let F be a t-*-
filtration on N™. Let f ="y foexpy, € Exp"(K) with M € Pg(K™) and f, € K \ {0},
and let 6 € (N\{0})" be such that GV%,ut : Sx,_ o — KM s surjective for all € = 1,... ,t.

4

Then we have

Zkerg Hr (f)) =M.

PROOF: Since evé‘{uzz S(;_uz — KM is surjective, also evf;w: S5 — KM is surjective.
Therefore we have ker (Hs(f)) = kerx (VM) by Lemma 2.7 (b). Thus, by Theorem 2.15,
we arrive at Z(kerg Hs(f)) = Z(kerg VM) = Z(15(M)) = M. q.e.d.

Under the hypothesis of Corollary 2.19 it cannot be concluded that Z(kerx H Fs ut (f) =
M, even for 1-x-filtrations F, cf. Example 2.27 (b) (1) and Example 2.27 (d).

COROLLARY 2.20 (Trivial degree bound for Prony’s method): Let K be a field and
let F be a t-x-filtration on N". Let f =3, car foexp, € Exp™(K) with M € Py(K") and
rank(f) = |M|, and let § := rank(f) - (1,...,1) € Nt. Then

Z(kerK H]:5 (f)) =M.

Proor: If rank(f) = 0 then f = 0 and we have Z(ker Hs(f)) = Z(1) = 0 = M. If
rank(f) # 0 then ev% e SE_ KM ig surjective by Lemma 2.12, so the assertion
—ut ¢

follows from Corollary 2.19. q.e.d.
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REMARK 2.21: If B C A" is finite and f € Expk(A), then rank(f) < |B| (by Re-
mark 2.2(b)). In particular, if A is a finite field and f = > ¢y, foexp, € Exp"(K),
then with 6 := |K"|-(1,...,1) = |K|" - (1,...,1), we have Z(kerHz,(f)) = M by
Corollary 2.20.

COROLLARY 2.22: Let B C A" be arbitrary. Then the set {exp, | b € B} is a K-
vector space basis of Exp’h(A). In particular, we have

dimc (Exply(4)) = |B].

PROOF: Let M € Py(B). We have to show that the set {exp, | b € M} is K-linearly
independent. Let (fy),cps € KM be such that f := 3, foexp, = 0 and let My :=
{be M | fp #0}. Let Q := Quot(A) and d := |Mp|. Then Corollary 2.20 implies that
Moy = Z(kerq Hyp(f)) = Z(kerq 0) = Z(1) = (). Hence, f;, =0 for all b € M. q.e.d.

Corollary 2.22 allows us to introduce the following definition.
DEFINITION: Let f € Exp™(A).
(a) By Corollary 2.22 there is a unique M € Py(A") with f = 3" ,car Ay expy, for some
A e (K\{0)M. We call M the support of f, denoted by
supp(f).

(b) The vector of non-zero coefficients of f w.r.t. the basis {exp, | b € A"} of Exp"(A)
is denoted by
coeff(f) € K=wp/)

and called the coefficient vector of f.

We show by standard arguments that supp(f) (and thus also rank(f) and coeff(f)) is
independent of B C A™ with f € Exp’s(A) in the following remark.

REMARK 2.23: (a) Let B C A™ be a subset. If f € Expk(A), then supp(f) C B.

Proof: Since f € ExpB(A), there is an M € Py(B) with f = >y Apexpy,
for some A € (K \ {0})*. Since Expt(A4) < Exp”(A), by definition we have
supp(f) = M C B. «

(b) For all f € Exp"(A) we have

rank(f) = [supp(f)].

In particular, the rank of f is independent of B C A™ with f € Exp’s(A), retroac-
tively justifying the notation.

Proof: “<”: By definition we have f € Expg, ¢ (A4). Thus we have rank(f) <
|supp(f)| by definition of rank(f).

“>": Let M C B be arbitrary with f € Expi;(A). By part (a), we have supp(f) C
M. Therefore we have [supp(f)| < rank(f). «
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REMARK 2.24: For an exponential sum f € Exp"(A), there is the following way to
reconstruct supp(f) and coeff(f) that is justified by the preceding theory.

(1) Choose a t--filtration on N and guess a § € (N\ {0})" such that the evalua-

tion homomorphism ev?%pp(tf ). s Fsout — Aswp(f) is surjective. The choice § =
Cu £

max{1,rank(f)} - (1,...,1) always works.
(2) Compute f | (F5 4+ Fs) and arrange the values into the matrix Hg(f) € A75*7%s,
(3) Compute a generating set E for ker(Hs(f)) (or of kerg(H;(f)), @ := Quot(A)).

(4) Compute the zero locus Z of E (over A or over Q).

-
(5) Compute the unique solution = of the system of linear equations (V?;Iipu(; ))

= (f(a)),e Fout” The computation may be performed over any convenient field

containing A as a subring, the unique solution x necessarily being in KSUPP(/),

(6) Output: Z = supp(f) and x = coeff(f).

Needless to say, computation of the zero locus Z is a major problem in itself, even for
univariate exponential sums.
A simple algorithmic formulation is given in Algorithm 2.1.

Data: f | (Fs + Fs) for f € Exp™(A) and § € (N\ {0})" with ev%‘ipu(tf) surjective.
4

Result: rank(f), supp(f), and coeff(f).

Compute Q-basis E of ker(Hz, (f));

Compute supp(f) = Z(E);

Compute rank(f) = |supp(f)|;

-
Compute unique solution coeff(f) of (V?}-;p_p(f)) ~coeff(f) = (f(@))per, i
U1

t
U1

Algorithm 2.1: Prony’s method for Exp™(A).

Parts (b) and (c) of the following Remark 2.25 are well-known. They are of interest in
this context and we give short proofs based on standard facts for the convenience of the
reader.

REMARK 2.25: Let K be a field. Then the following holds.
(a) Let f € Exp™(K) and d € N\ {0} be such that ev%liri(f) is surjective. Then clearly
rank(f) < |supp(f)| = [Taa| = (")

(b) Let K be algebraically closed, n > 2, and pi1,...,pr € S = K[x1,...,x,]. If
Z(p1,...,pr) is finite, then ged(py,...,px) = 1.

Proof: 1f ged(p1, ..., pr) # 1, then there is a p € S\ K such that p | p1,...,pk.
Since K is algebraically closed and n > 2, we have |Z(p)| = oo, and since Z(p) C

Z(p1,...,pr), we have |Z(p1,...,pr)| = oo. «
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(c) Let p1,...,px € S := K[x,y]. If ged(p1,...,pr) =1, then Z(p1,...,p) is finite.

Proof: Let I := (p1,...,pr)g. We denote the Krull dimension of a ring R by
Krulldim(R). We show that dim(Z(I)) = Krulldim(S/I) = 0. By Krull’s principal
ideal theorem we have Krulldim(S) = 2. Since Krulldim(S/I) < Krulldim(S) —
ht(7), it is sufficient to show that ht(I) > 2. Since ged(ps,...,pr) = 1, we have
in particular I # {0}, so ht(/) > 1. Suppose ht(/) = 1. Then there is a prime
ideal P of S with I C P and ht(P) = 1. Since S is factorial we have P = (p)¢ for
some prime element p € S, and thus p | p1,...,pk, a contradiction. Therefore we
have ht([) > 2, i.e. dim(Z(I)) = 0 and thus Z(I) is finite. «

We conclude the section by mentioning a well-known application to reconstruction of
multivariate polynomials.

REMARK 2.26: Any reconstruction method for multivariate exponential sums also
yields an approach for reconstructing multivariate polynomials. To see this, let p €

Alx1,...,x%,] and choose any b € A™. Then consider the exponential sum
fp,b3 N?* — A,
ar— (b, b0 = Y pe e (BB
Besupp(p)

If b is such that (bfl, o b2 £ (BT b)) for all B, € supp(p) with B # 7,0 then

supp(fyp) = {(B",...,b3") | B € supp(p)}, and thus also supp(p), and coeff(f,s) =
(pﬂ)ﬁesupp(p) may in principle be recovered with the help of Prony’s method.

2.3. Computational examples

In this section, the theory from Section 2.1 is illustrated by means of several computa-
tional examples. Of course, in some cases the theory already implies the result, but we
also want to assume the perspective of a scientist who applies Prony’s method in order
to reconstruct exponential sums with unknown support.

EXAMPLE 2.27: (a) This is the simplest possible case. Let f := 0 € Exp"(A).
Then, for any D € P¢(N") with 0 € D, we have Hp(f) = 0 € AP*P and
ker(Hp(0)) = AP = Alxy,...,xn]p 2 x° = 1, and thus Z(ker Hp(0)) = Z(1) =
() = supp(f). This confirms by explicit computation what had been proven before,
namely that Prony’s method works in particular for f = 0 € Exp”(A). Note that

for any D C N", ev%lpp(f) . Sp — AswP() = {0} is surjective.

(b) Let b € A", A € K\ {0}, and consider the exponential sum f := Aexp;, € Exp"(A).
Clearly, supp(f) = {b}, and we will reconstruct this set from samples of f below
in part (2). We work with the total degree x-filtration F = 7" on N".

Since A is an integral domain, for Bi > vj, bfj = b;’j implies b; = 0 or bfj_ﬂ/j = 1. Thus, for example
for A = C, choosing b; # 0 to not be a root of unity for all j =1,...,n always works.
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First, in part (1) we demonstrate how Prony’s method can fail if the degree d € N
is chosen too small.

Note that by Corollary 2.20, d = 1 is sufficient for Prony’s reconstruction method
and that the theory makes no statement for d = 0.

(1)

Let d :== 0 € N. We have Ho(f) = (f(« —i—ﬂ))aﬁe%n = (f(0)) = (\) € AXL,
Since A # 0, ker(Ho(f)) = {0}, and we have

Z(ker Ho(f)) = 7(0) = A" 2 supp(f).
In particular, this is a case where the zero locus of ker(Hy(f)) is not a zero-
dimensional algebraic variety.
Let d := 1 € N. Ordering the elements of 7{" as 0 < u; < ug < --- < u, and
setting ug := 0 € N and by :=1 € A, we have

Hl(f) = (f(Oé + 5))04,567’1" = (f(ul + uj))i:(),...,n = ()\bibj)?zo,...,n-

J=0ym J=0ym

Clearly, row ¢ of Hy(f) is equal to b; multiplied by row 0, i.e., ()\bibj)j:07...’n =
bi+(Abj); o, - Therefore it is easy to see that kerq(Hi(f)) is generated by the

set {(—b;, uZ-T)T | i =1,...,n}. By our choice of ordering the elements of 77",
this corresponds to the set of polynomials {x; —b; | i =1,...,n}. Thus the
support of f is computed as

supp(f) = Z(kerg Hi(f)) = Z({xi — b; | i =1,...,n}) = {b}.

To compute the coefficient of exp; in f, solve the system of linear equations
(with the unique solution z being in K™k(/) = K)

Le =82 = (V) 2= (f()aery = F(0) = A,

which yields x = A. We have thus “verified”, and illustrated, by explicit
computations, Prony’s method for exponential sums of rank 1.

(c) In these examples we have K = R and A = R?, with computations being performed
in floating point arithmetic. Therefore, in particular, these examples should be
(ever so slightly) closer to a real world engineering application of Prony’s method.
Evaluation of exponential sums and computation of the polynomials is performed
by the software Octave [34] and we use the polynomial equation solver Bertini [7]
to compute zero loci.

Let r € Nand for i = 1,...,7 let a; :=27(i — 1) /r € [0,27]. Let
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b; := (cos(a;),sin(a;))" € S' C R2.

Consider the exponential sums

,
fr= Zepri € ExpZ (R)
i=1



r | d | success | time (s) comment

fr=9r 0| O yes 0.011616 | E= {1}

fr=9r 1] 1 yes 0.0286021
fr 21 2 yes 0.066974 2
G 2| 2 yes 0.05280 71
fr 3| 2 yes 0.044 3408
Gr 3| 2 yes 0.0439851
fr| 10| 3 no 8.85564 7 non-real solutions
gr| 10| 3 no 11.6121 7 non-real solutions
fr| 10| 4 no 46.2526 9 non-real solutions
gr| 10| 4 no 280.438 6 non-real solutions
fr 10 5 yes 2.54169
gr| 10| 5 yes 1.398 33
frl 25| 5 no 374.965 11 non-real solutions
fr| 25| 6 no 2461.54 4 non-real solutions
fr| 50| 8 no 209 37.2 no solutions found
fr 1100 | 5 no 727.607 7 non-real solutions
fr | 100 | 10 no 71085.2 no solutions found
fr 1100 | 13 no 349070 no solutions found

Table 2.1.: Results of Example 2.27 (c).

and
T

1
gr = Z 7 oxXpy, € Expai (R).
1=1

Choosing d € N, evaluating f, in floating point arithmetic and computing a C-ba-
sis I/ of kerc Hr,(f,) using Octave, and afterwards computing Z(E) by giving E as
input to Bertini (and analogously for g, ) yields the results presented in Table 2.1.
It should be noted that the times for Bertini and also the produced solutions can
vary considerably, presumably due to randomization techniques.

This is an illustration of possible “spurious roots”, i.e., Z(ker Hy(f)) is finite and
supp(f) G Z(ker Hy(f)), with floating point arithmetic. Consider the exponential

suin
8

f= Zepri € Exp2,(C)
=1
with
b; = (eiﬂ(cos(27r(i71)/7)+l)’eiw(sin(27r(i71)/7)+1))

)

1=1,...,7, and
bg = (%, ¢e%) = (1,1).
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The points bq,...,b; are in the image of a circle under the map [0, 27?[2 — T2,
@ + (e, e¥2). Numerical computation with Octave and Bertini yields the
following: Start with the floating point approximations

:= (' 1.000000 — 0.000000 -1, —1.000000 + 0.000 000 - i),
b2 = ( 0.378296 — 0.925685 -1,  0.774168 — 0.632980 - i),
b3 == (—0.765441 + 0.643506 -1,  0.996 900 — 0.078 685 - i),
by = ( 0.951993 +0.306121 -i, —0.206220 — 0.978506 - i),
bs = ( 0.951993 4+ 0.306121 -1, —0.206220 + 0.978 506 - i),
be := (—0.765441 + 0.643506 - i,  0.996 900 + 0.078 685 - i),
by == ( 0.378296 — 0.925685 -1,  0.774 168 + 0.632930 - i),
bs := ( 1.000000 4 0.000000 -1,  1.000000 + 0.000000 - i),
£ :=1.000000 + 0.000000 - i, for i = 1,...,8.

We have rank(VSUpp(f)) = 6 < 8 = rank(f) (numerically), so the theory makes

no statement if Prony s method succeeds with F = 7 and d = 3. Working with
the matrix H7§2( f) (the tilde indicates that all occurring computations are done
approximately by Octave), one obtains the system of polynomials

pri= ( 0.4179263450973101 + 0.000 0000000000000 - i) - x%y°
+ (—0.314 828 760 396 303 3 + 0.025 658 856 568 8436 - i) - x'y"
4 (—0.071 016862045126 7 — 0.072 7114232023796 - i) - x*y"
+ (—0.060 256 537 391 368 7 + 0.086 048 064 6822108 - i) - x>y"
+ (—0.508 737457270699 5 + 0.083 044 268 831 1434 - i) - x'y!
+ ( 0.474026 912961756 6 — 0.121 1958950755476 - i) - x'y*
+ ( 0.002233370725909 7 — 0.080488 055591 724 5 - i) - x?y*
+( 0.276 3055749640782 — 0.158 798 754 094 867 3 - i) - x"y?
+ (—0.248 129 760 228 5899 + 0.119 803 256 046 1920 - i) - x'y?
+( 0.0324771735830328 + 0.118639 681 8361292 - i) - x"y3,
P2i= ( 0.424906 6373141885 + 0.000 000 0000000000 - i) - x’y"
+ (—0.281420003 5102229 — 0.143 510024 9321885 - i) - x'y"
+ ( 0.0936300925572977 — 0.291 0159451004256 - i) - x%y"
+ (—0.110 189730 825496 5 + 0.614 282144 464 633 5 - i) - x>y"
+ ( 0.297053 2300019184 + 0.000 887 857 7684066 - i) - x"y*
+ (—0.181 658 648 567 969 6 + 0.098 811 854 7844050 - 1) - x'y*
+ (—0.158 669931 3455731 — 0.054 731974994114 2 - i) - x*y*



+ (—0.217892994 341 5498 — 0.060 375 188675850 3 - i
+ ( 0.090965 9988057830 — 0.119380 985 756 1692 - i
+ ( 0.0432753499116239 — 0.044 967 737558 6972 - i

Computing their zero locus with Bertini yields the nine points

T
1

b

o= (' 1.000 000 000 000 000 — 0.000 000 000 000 002 -
—1.000 000 000 000 003 + 0.000 000 000 000 004 - i

= ( 0.378295862438 166 — 0.925 684 741400 745 -
0.774168 060 530 330 — 0.632980 105 575 766 - i

= (—0.765440894 342 871 + 0.643 506 206 083 193 -

0.996 899 539 492 553 — 0.078 684 866 140 770 - i

= ( 0.951992691 551 888 + 0.306 120 752697 019 -

—0.206 220 016 161 382 — 0.978 505 648 902 649 - i

= ( 0.951992691 551 889 + 0.306 120 752697 019 -

—0.206 220 016 161 387 4 0.978 505 648 902 652 - i

:= (—0.765440 894 342 869 + 0.643 506 206 083 196 -

0.996 899 539 492 545 4 0.078 684 866 140 655 - i

= ( 0.378295862 438 165 — 0.925 684 741 400 745 -

0.774168 060 530 330 4 0.632980 105 575 765 - i

:= ( 1.000 000 000 000 009 + 0.000 000 000 000 001 -

0.999 999999 999 994 +- 0.000 000 000000 015 - i

= (—0.364 658069491 770 + 0.830 735 511 685 468 -

0.730 828 417 435265 + 3.122523 676 516 970 - i

Fori=1,...,8, 55 is a reasonable approximation of EZ (and of b;) (the ordering
of gﬁ, e ,Eg is chosen to correspond to that of by,...,bg), but 55 is “superfluous”
in the sense that it is not a reasonable approximation of any base of f or f, and
all the bases of f are already approximated by 55, i=1,...,8.

The coefficients reconstructed from gﬁ, e ,55 are
fT:=0.998 862 782218 374 — 0.005023 21347243809 - i,
fg :=1.00123185241805 + 0.001 525370 791 624 65 - i,
E :=1.011398 959176 53 + 0.001 212061 167 716 01 - i,
ﬁ :=1.004535415051 13 — 0.002 102409175448 83 - i,
fg :=0.995936 855 649441 + 0.001 610 128 046 869 79 - i,
fé = 0.988394 613 143294 — 0.001 067 122386 57917 - i,
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f%" :=0.998779 753359746 — 0.001 398913 54167815 -1,
fg :=1.000486 755 343 18 + 0.005 244 098 569 933 65 - i,
fg; :=0.000373 013 640 265 429 + 0.000 000 000 000004 107825191113 08 - i.

As it might be expected, the “spurious” exponential expy, plays almost no role in
9

the reconstruction.

Considering the reconstruction

9
=> 1 XDy 5
i=1
one obtains (by Octave computations) that

max{|f(a) — ff(a)| | a € TZ} = 0.033086 095101 7640

(which is the largest absolute entrywise difference occurring in the Hankel matrices
of f and its reconstruction f*) and that

(Z /(e \)/\7; | = 0.007 196 645 889 261 97
aETE

(Whlch is the average absolute entrywise difference occurring in the Hankel matrices
of f and its reconstruction fT).

On the other hand, we have rank(VSUpp( )) = 8 = rank(f) and Prony’s method

succeeds with the combination of Octave and Bertini with d = 4, as predicted
by the theory.

REMARK 2.28: In numerical computations like those in Example 2.27 (¢), a possible
strategy for improvement is to alter the C-basis E of ker(Hy4(f)) computed by Octave
before giving it to Bertini in order to improve the performance of the latter.

2.4. A Toeplitz variation

In this section we give a variation of Prony’s method where the Hankel-like matrix Hy(f)
is replaced by a Toeplitz-like matrix Ty(f). Since this does not work with exponential
sums as defined previously (their domain is N™), we first give a modified version of the
definition, in which the domain is extended to Z". To do this, we have to restrict to
bases b € A™ each of whose components is invertible, i.e., to units of the algebra A™.

DEFINITION: The group of units of A™ is denoted by

U(A™):={be A" | b unit in A"} = U(A)".
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For b € U(A") let
7€xpy: 2" — A,

n

o

o — b = Hbjj,
j=1

be the n-variate exponential on Z™ over A with base b (which is of course uniquely
determined by exp,) and for an arbitrary subset B C U(A") let

2Exph(A) := (zexpy, | b€ B) < A

be the K -vector space of n-variate exponential sums on Z"™ (supported on B). Elements
of zExp%(A) are called n-variate exponential sums on Z", and we set

Furthermore, for f € zExp"(A) and a subset D C N" let

Tp(f) = (f(B —a))aep € A7*P.
BeD

For a t-x-filtration F on N” and 6§ € N we use the abbreviation
Ts(f) = Tr,(f) € ATo*75.

The point of this section is to provide a variation on the theory given by Corollary 2.19
in order to reconstruct f € zExp™(A) and use the matrix Ts(f), which has a different
structure (Toeplitz-like instead of Hankel-like), instead of Hs(f | N™).

REMARK 2.29: Note that for f € zExp’s(A), certainly f [ N” € Exp(A). In partic-
ular, the method given by Corollary 2.19 for reconstructing f € Exp™(A) also works
for zExp"(A) by considering restrictions to N™. Since the restrictions zexp, [ N,
b € A", are linearly independent by Corollary 2.22; the set {zexp, | b € B} is a K-
basis of z7Exp’5(A). This justifies the following definition.

DEFINITION: For f € zExp'L(A), let supp(f) := supp(f | N) be the support of f, let
coeff(f) := coeff(f | N™) be the coefficient vector of f, and let rank(f) := rank(f [ N")
be the rank of f. All of these notions are independent of the set B C U(A").

REMARK 2.30: In the univariate case with the total degree x-filtration 7 = T+ = M!
on N, a variation of Prony’s method with H,(f) replaced by T, (f) follows easily by the
following argument. For f = Yo/ fozexp, € zExp'(A) with M € Py(U(A)) and
o € K\ {0}, r := rank(f), let

gf = Z gepr € Exp'(A)
beM
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and let P, := (u,,...,ug) € AUHDX0+D (P is a permutation matrix “reversing the
order of the rows” when multiplied from the left.) Then

L) = (58~ aDacr; = (20 7)oy = (X 40,

BETr beM BET: beM BETr
forats
=P (30 50 )aer, = Pr - Hlgy).
beM BETr

Thus ker T,.(f) = ker(P, H,(g¢)) = ker(H,(gy)), and hence by Corollary 2.20 we have

Z(ker T,.(f)) = Z(ker H,(gs)) = supp(gy) = supp(f).

In order to give analogous statements as in Section 2.1 afterwards, we state and prove
the following elementary lemma.

LEMMA 2.31: Let vi,...,v, € K" withv;; #0 foralli=1,...,r, j=1,...,n. Let
1/’UZ' = (1/2}2‘,1,. . .,1/Uz‘,n)T € K™. Then

dimg ((vi,...,v0) k) = dimg ((1/v1, ..., 1/vp) ).

PrOOF: For reasons of symmetry, it is enough to show “<”. Thus, without loss of
generality, let vq,...,v, be linearly independent. Let \; € K with >/ ;A\, - 1/v; = 0.
Let p =[5  [licyviy € K\ {0}. Let £; :=i+1for 1 <i <rand# :=1. Since
Ui # Ly for i # k, vy, ..., vy, are linearly independent. We have - 1/v; = n;vy, for some
n; € K\ {0}. Therefore we have

T T
0=pY Xi-1/vi = Nimivg,,
i=1 i=1
hence A\;n; = 0 by linear independence of vy, ..., v, , and thus A\; = 0. q.e.d.

There is the following analogue to Lemma 2.7. The proof is identical to the proof of

Lemma 2.7, with appropriate changing of VAD/[ into VgM and corresponding application

of Lemma 2.31. It is included here merely for completeness.

LEMMA 2.32: Let f € zExp™(A) and M := supp(f). Let D € P¢(N") be arbitrary.
Then the following holds.

(a) We have
-
Tp(f)=Vy" -C-VY,

with
1/M:={1/b|be M}

and the diagonal matriz C := (coeff (f),up)peps € AM*M.

(b) Let f, #0 for allbe M. If ev}d: Sp — AM s surjective, then

kera(Tp(f)) = ker4(VY).
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PROOF: For brevity, let T := Tp(f), V := V¥, and W := VgM.

(a) Since W'C = (fp/b")aep, we have
beM

vicv = (WTC(bB)beM)ﬁeD = (Z bﬁ(fb/ba)QED)

beM peD

- (Z fbbﬁ_a)aeD - (f(/B - a))aeD =T.

beM BED peD

(b) By part (a) we always have kera(V) C kers (7). To show the reverse inclusion

let C € AMXM he as in part (a). We show that kera(W'C) = {0}. Let Q :=
Quot(A) be the quotient field of A. Consider V, W € AM*P < QM*D a5 matrices
over (). Since ev%f is surjective, the @-linear map V: QP — QM, 2 — Vuz, is
surjective by an easy argument (see footnote 5 on page 21). By Lemma 2.31 we have
rank(W) = rank(V) = |M|, thus W: QP — QM| x + Wz, is surjective. Therefore
WT: QM — QP is injective by standard linear algebra, which yields ker 4 (W) =
AM Nkerg(WT) = {0}. Since the coefficients of f are non-zero and therefore units
in A, C is invertible in AM*M hence kerg(W'C) = kery(W ') = {0}. Thus,
by the same argument as in Lemma 2.7 we obtain kera(T) = kera(W'CV) =

ker4(V), as claimed.

q.e.d.

COROLLARY 2.33: Let D € Py(N") and f € zExp™(A). If evis?*P): g 5 Asuep(f)

s surjective, then

ker4(Tp(f)) = kera(Hp(f [ N")).

PROOF: By Lemma 2.32 (b) and Lemma 2.7 (b) we immediately get kera(Tp(f)) =

ker 4 (VSSPPU)Y = ker  (Hp(f | N")).

q.e.d.

EXAMPLE 2.34: Note that in general rank(Tp(f)) # rank(Hp(f [ N")) for f €
zExp™(K), and therefore in Corollary 2.33 the condition “ev%lpp(f ) surjective” cannot

be omitted. For example, let

f = 2expg + 4exp, — exps — 8exp, + 3exp; € zExp!(Q).
_(fO) f)) _ (0 12
HrlF 1) = <f(1) f(2)> - (12 98)

70)  F)) _ (0 12
Trlf) = (f(—l) f(0)> - (0 o)‘

Clearly, we have rank(T7; (f)) =1 < 2 = rank(Hp; (f | N)).

Then we have

and

The following Corollary 2.35 is an analogue for zExp"(K) of Corollary 2.19.

41



COROLLARY 2.35 (Prony’s method for zExp"(K)): Let A = K be a field and let F
be a t-x-filtration on N™. Let f € zExp™(K) and let § € (N\ {0})" be such that

ev?_-é_ut : S;FHE — K5 s surjective for all ¢ =1,...,t. Then we have
14

Z(kerg Tx;(f)) = supp(f).

Proor: By Corollary 2.33 and Corollary 2.19 we obtain that Z(kergx(Ts(f))) =
Z(kerg (Hs(f [ N™))) = supp(f | N") = supp(f). q.e.d.

REMARK 2.36: In the style of Lemma 2.7/2.32, one can try to find further matri-
ces Xp(f) (that can be computed solely from the restriction f [ L to some L € Pg(N")

dependent only on D C N") such that ker4(Xp(f)) = kerA(VT;pp(f)). To the best of
the author’s knowledge this is an open problem.

As in Section 2.2, we give a simple algorithmic formulation for the reconstruction of
f € zExp™(A) in Algorithm 2.2.

Data: f | (Fs — Fs) for f € 2Exp™(A) and § € (N\ {0})" with ev%{pu(tf) surjective.
4

Result: rank(f), supp(f), and coeff(f).

Compute Q-basis E of ker(Tz,(f));

Compute supp(f) = Z(E);

Compute rank(f) = [supp(f);

-
Compute unique solution coeff(f) of (V?}-;pp(f)) ~coeff (f) = (f(@))per; .
U1

ut
U1

Algorithm 2.2: Prony’s method, Toeplitz variation, for zExp™(A).

2.5. Exponential sums supported on algebraic varieties

In the previous Sections 2.2 and 2.4, we have developed a theory for reconstruction
of exponential sums f € Exp™(K) U zExp™(K). However, so far we did not consider
the case that a subset B C K" is given with f € Expz(K) (or B C U(K"™) and
f € zExp%(K)) to improve the method. In Section 2.5.1, an adaptation is made for
algebraic varieties B C K™. In Section 2.5.2 we develop this further in order to reduce
the computational cost of Prony’s method for certain algebraic hypersurfaces B C K"
with given equations.

As before, let A be an integral domain containing the field K, n € N\ {0}, and S =
A[x1,...,%y). The following definitions are also given in the preliminary Section 1.2.1.

Let B C A™ be an arbitrary subset. Let

Sp = S/I(B)
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be the coordinate algebra of B and for D C N let
Sp,B = Sp/Ip(B).
For M C B C A" let
evl: Sp — AM,
p+1(B) — o™ (p) = £, | M,
which is well-defined by Remark 1.1 in the preliminary section, and for D C N™ via the

embedding
Sp,B — SB,
p+Ip(B)— p+1(B),
let
evgB = ev%/[ I Sp,B-

Further let
I5(M) = ker(evl) = {(p+1(B) | p € 5, , | M = 0} = I(M)/I(B)
(which is an ideal in Sp) and
Ip,p(M) :=ker(evy ) = Sp,p N1p(M) = Ip(M)/Ip(B).
Note that by the third isomorphism theorem(s)
Sp/Ip(M) = Sy

and
Sp.B/Ip,B(M) = Sp .

Furthermore, for a subset J C Sp let
Zp(J) :={be B | for all ¢ € S with ¢ + I(B) € J, q(b) =0}

be the zero locus relative to B of J.

There does not seem to be any confusion possible with 14, V4, or Z4 as defined
previously, where A denotes the ring of coefficients (and is usually omitted from the
notation).

By the following simple remark surjectivity conditions on the evaluation homomor-
phisms in this section are equivalent. The two parts make essentially the same statement,
with part (b) being the matrix version of part (a).

REMARK 2.37: Let BC A", M C B, and D C N". Then the following holds.
(a) The following are equivalent:
(i) evM: Sp — AM is surjective.

(ii) evM 5: Sp p — AM is surjective.
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Proof: (i) = (ii): Let a € AM. By hypothesis there is a p € Sp with ev¥ (p) = a.
We have p+1p(B) € Sp,p and eV%{B(p—i— Ip(B)) =ev¥(p) = a.
(ii) = (i): Let a € AM. By hypothesis there is a p € Sp with a = GV%B(]? +
1p(B)) = ev¥ (p). ‘

(b) Let L C D be such that xI' C xP is an A-basis of S p,B- Then the transformation
matrix of GV%{B w.r.t. xI and the canonical basis Ups of AM is VY Indeed, for
every a € L one has ev%{B(X_O‘) = (b%)perr = 2operr b*up. Of course, at least in the
case of A = K being a field, this provides a further proof of part (a).

2.5.1. General algebraic varieties

In the following Lemma 2.38, for subsets M C B C A", a connection is established
between the Zariski closure Z(I(M)) of M and the relative Zariski closure Zg(Ip p(M))
of M w.r.t. D C N™ and B. The proof is straightforward and likely to be well-known.

LEMMA 2.38: Let M C B C A™ and D C N". Then we have
M CBNZ(I(M)) CZg(Ip,p(M)) C Z(Ip(M)).
(Of course, if A is a field and M is finite, then M = Z(I(M)) = BN Z(I(M)).)

PRrROOF: The first inclusion is clear.

To prove the middle inclusion, let ¢ € S with ¢ +I(B) € Ip g(M) C Sp. Then there
isap € Ip(M) with ¢+ I(B) = p+ I(B). Since b € Z(I(M)), we have p(b) = 0, and
since b € B, we have ¢(b) = p(b) = 0.

To prove the remaining inclusion, let b € Zg(Ip p(M)) and p € Ip(M). We have to
show that p(b) = 0. Since p € Sp, we have p + Ip(B) € Sp/Ip(B) = Sp,p and we
have evAD/{B(p +Ip(B)) = evM(p + I(B)) = evM(p) = evM(p) = 0, i.e., p+ Ip(B) €
ker(ev%B) =1p p(M). Since b € Zp(Ip,r(M)), it follows that p(b) = 0. q.e.d.

Since we apply Theorem 2.15 in the following corollary, we drop the extra generality
of A being an integral domain and switch to a field A = K.

COROLLARY 2.39: Let B C K" and M € Py(B) and let F be a t-x-filtration on N".
Let § € (N\ {0})" be such that ev%_ . 18 surjective for all ¢ =1,... t. Let Bs C Fs be
e

such that S, B = Sr;,B. Then we have
Zp(Is,B(M)) = M.

PROOF: Since ev%_ . is surjective, we have Z(I1x,(M)) = M by Theorem 2.15. Since
e

Sps,B = Sr;.B, by Remark 2.37 we have Ig, p(M) = Ix, p(M). Thus, on account of
Lemma 2.38 we obtain M C Zg(Ig, p(M)) = Zp(1r,, B(M)) C Z(I5,(M)) = M. q.e.d.
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Combining Remark 2.37 and Lemma 2.52 with Corollary 2.19 yields the following corol-
lary. Part (a) describes the version with a Hankel-like matrix and part (b) provides

analogous statements with a Toeplitz-like matrix. Note that by Remark 2.37 (a), the

surjectivity of the evaluation homomorphisms ev?}-ldpp(f )on S 75 1s equivalent to the sur-

jectivity of the evaluation homomorphisms evsgng(f ) on SB;s,B-

COROLLARY 2.40 (Prony’s method on algebraic varieties): Let F be a t-*-filtration
on N".
(a) Let B C K™ be a subset and f € Expy(K). Let § € (N\{0})" be such that ev?}-;p_pu(tf)
4

is surjective for all ¢ = 1,...,t. Let Bs C Fs be such that S, B = Sr;,B. Then we
have

Zp(ker Hp;(f)) = supp(f)-

(b) Let B C U(K"™) be a subset and f € zExpy(K). Let § € (N\ {0})" be such that
ev%p_pu(tf) is surjective for all £ =1,...,t. Let Bs C Fs be such that Sg;,p = Sr;.B-
Then we have

Zp(ker T, (f)) = supp(f)-

PrOOF: (a) By Lemma 2.7 (b), Remark 2.37, and Corollary 2.39, we have

Zp(ker Hg, (f)) = Zp(ker Vsétzpp(f)) = Zp(ker V;;pp(f))
= Zp(Ip,;,B(supp(f))) = supp(f).

(b) Since evzzpp(f)

Zp(ker T, (f)) = Zp(ker Hp,(f [ N™)) = supp(f [ N"*) = supp(f). q.e.d.

is surjective, by Corollary 2.33 and part (a) we have

REMARK 2.41: Let B C K", f € Exp}(K) and Bs C Fs be as in Corollary 2.40 (a).

(a) By the preceeding results we have

supp(f) = Zp(ker Hp; (f))
= BN Z(ker Hp, (f))

= Z(I(B) Uker Hg, (f)).

Therefore, if polynomials pq,...,pr € S with (p1,...,pr)g = I(B) are given,
then supp(f) may be computed by solving the system of polynomial equations
{p1,--- P& q1,--.,q} for an ideal basis {q1,...,q/} € S of I := (ker Hp;(f))g. Of
course, a K-basis of ker Hp, (f) is also an ideal basis of I.

b) Let Bs be chosen such that |Bs| = xBs| and xBs is a K-basis of S7z. . Then one
( X
has
|Bs| = dimg (S7;,8) = dimk (SF; /17;(B)) = |F5| — dimg (1£,(B))
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Therefore, except for the situation Z(I(B)) = K™ (which is the setting of previous
sections) then the matrix Hg, (f) € KB*Bs = KAimg (875, 5)xdim (S7,.8) g 4 strict
submatrix of the matrix Hz,(f) € K75*%5 that one would use without having
equations for I(B). Therefore one may work with only the restriction f [ (Bs+ Bs)
instead of f | (Fs + Fs5). However, it is not clear if the “order” of the problem is
hereby reduced. A sufficient condition is given in the following section.

2.5.2. Order reducing algebraic varieties

We give a suitable definition that leads to a more efficient method.

DEFINITION: Let B C A", I C S, D C N", F be a t-x-filtration on N, jo € {1,...,n},
and kg € N.

(a) (B, D, jo, ko) is order reducing if with D' :={a € D | o, < ko},
Sp,.B € Sp'.B-

Of course, then Sp g = Spr p.)

(b) (I, D, jo, ko) is order reducing if (Z(1), D, jo, ko) is order reducing

()

(d)

REMARK 2.42: Let jo € {1,...,n} and ky € N. Assume that in the situation
of Corollary 2.40 (a), (B, F,jo, ko) is order reducing. Reconstructing f naively using
Hz, (f) € K75*%5 one needs |Fs5 + Fs| < |Fas| “samples” of f, where equality may hold
for all § € N (e. g., for F being the total or maximal degree x-filtration on N"). Working
instead with the submatrix Hp, (f) € K5*Bs of Hz,(f), one needs only

(
(
(B, F,jo, ko) is order reducing if for all 6 € N, (B, Fs, jo, ko) is order reducing.
(

1, F,jo, ko) is order reducing if (Z(I),F, jo, ko) is order reducing.

’85 +B§‘ < ’]:é —i—]:é‘ < ‘{Oé € Fos ‘ gy < 2]{0}’

samples of f, the set Bs+B;s being a subset of Fs+F; that is bounded by the constant 2kg
in one coordinate direction.

2

In the following we show in particular that for p = 1 — 377 Xj, i.e., the sphere,

(p, T", jo, ko), jo=1,...,n, ko = 2, is order reducing.

LEMMA 2.43: Let p € S := A[x1,...,%,), D C N, jo € {1,...,n} and ky € N,
ap = kouyj, € N", such that the following conditions hold.

(a) oo € supp(p).

(b) For all v € supp(p) \ {ao}, vjo < ko-
(c) D is a lower set in (N, <;).
)

d) For all v € supp(p ap}, alla e D, a;, > kg implies a+~v—ag € D.
Jo
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Then (p, D, jo, ko) is order reducing.

Proor: Without loss of generality let jo = n. Let D' := {a € D | an < ko}. We
have to show xP C (xP') ,. Let a € D and assume inductively that for all 3 € D with
Bn < i, X8 € (WM. If a, < ko then a € D' and X@ € xP’ C (Wu. Thus let o, > ko.
Then 8 := a—ag € N” and since D is a lower set, 5 € D. By hypothesis we have S+~ =
a+vy—ap € D for all v € supp(p) \ {awo}, and (B+7),, = Bn +n = @ +7n — ko < ap.
Hence, by induction hypothesis, x#+7 € (xP’) , for all v € supp(p) \ {ao}. Therefore we
arrive at

X_O‘:X_ﬁ-XTO:X_ﬁ-(— Z pyx_y):— Z pvxm‘“/e(ﬁu. q.e.d.
y€supp(p)\{ao} yesupp(p)\{ao}

The following theorem provides a family of examples that includes in particular the
sphere as order reducing.

THEOREM 2.44: Let p = 1 — Y0 7 € Alxy,...,x,] with k;j € N and let jo €
{1,...,n} with kj, = max{ky,...,k,} > 1. Then (p,T", jo,kj,) is order reducing. In
n 2

particular, for all jo € {1,...,n}, (1— ) xj,T”,jo,Q) is order reducing.

PRrROOF: Let ky := kj, and ap = kouj, and let d € N. We have to show that
(p, T]', jo, ko) is order reducing. We go through the conditions (a)-(d) in Lemma 2.43.

(a) Since kj, > 1 we have o = kjuj, € {0} U{kju; | kj > 1} = supp(p).

(b) Let v € supp(p) \ {ao}. Then v = 0 or v = k;u; for some j # jo. In either case,
Yio = 0< kjo = ko.

(c) This holds for any *-filtration F on N™ induced by a norm ||| on R™ with |Ju;|| < 1.

(d) Let v € supp(p) \ {ao} and o € T with aj, > kg. Clearly we have a4+ —ap € N”
(this always holds under the premise of condition (d) in Lemma 2.43). If v = 0,
clearly we have a+vy—ag = a—ag € 7. If v # 0 then v = k;u; for some j # jo and
tot deg(a+vy—ap) = tot deg(a+kju;—kj u ) < totdeg(a) < d,soat+y—ag € T

Thus, (p, 7], jo, ko) is order reducing by Lemma 2.43. q.e.d.

2.6. A stronger result for the total degree *-filtration

In Corollary 2.19 we proved that for an exponential sum f € Exp™(K), under a poly-
nomial interpolation condition, we have Z(ker Hx,;(f)) = supp(f). As mentioned in
Remark 2.18, one may ask the question if the vanishing ideal I(supp(f)) is generated
by ker(Hz,(f)), which is clearly a stronger statement. In this section, we prove that this
is the case, over an arbitrary field, if F is the total degree x-filtration. Complete and
gratefully given credit for the arguments to prove the crucial Theorem 2.48 belongs to
H. Michael Moller.

Preliminary material from the theory of Grébner bases that is needed in this section
has been collected in Section 1.2.2.

We begin with two statements that will be used in the proof of Theorem 2.48.
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LEMMA 2.45 (cf. Fassino-Moller [35, Proposition 2]): Let A be an arbitrary ring, let
S = Alx1,...,Xy), let < be a monomial order on Mon™, I be an ideal in S and 7y: S —
S/I, p— p+1, be the canonical epimorphism onto S/I. Let u € N<(I) and let

M, = in<(n; [{u+ I}]) € Mon™.
Then u is the <-least element of M,.

PROOF: Since u = in<(u), it is clear that u € M,. Let p € 77 '[{u+ I}]. We have
to show that v < in<(p). If p = u we are done, so let u —p # 0, u —p = Y, cax”®
with ¢, € A. Case 1: For all a € N, u # cox®* Then the coefficient of u in p =
U — Y, CaX™ is non-zero, so u < in<(p) and we are done. Case 2: u = c,x* for some

a € N". Since u is a monomial, we have ¢, = 1 and u = x* < o := in<(u — p).
Since u € N<(I) = Mon" \ in<([) and «’ € in<(I), we certainly have u # v/, and thus
u<u =inc(u—>,cax") =in<(p). q.e.d.

LEMMA 2.46: Let A be an arbitrary ring, S := A[x1,...,Xy], let < be a degree compat-

ible monomial order on Mon", let M € P¢(A™), and d € N such that ev%n: Stp — AM

1s surjective. Then
N<(Ia(M)) C St

PRrROOF: For brevity, let I :=14(M). Let u € N<(I) C S and let w:=u+1 € S/I be
the image of u in S/I. We have to show that totdeg(u) < d. Since ev}: Sy — AM is
surjective, there is a p € Sy with ev (p) = evl! (p) = evM (u). Since I = ker(ev), the
map evii: S/T — AM p+ I+ evM(p), is injective (in fact an isomorphism). By the
above we have evi}(p) = evi (@), hence p = @ in S/I, i.e., p € 77 ' [{u + I'}]. Since u is
the <-least element of in<[r; '[{u 4 I}]] by Lemma 2.45, we have u < p, and since < is

degree compatible, we have that tot deg(u) < tot deg(p) < d. q.e.d.

REMARK 2.47: Under the hypothesis in Lemma 2.46 we always have 14(M) # {0},
since otherwise Lemma 2.46 would imply Mon"™ = N<(Ia(M)) C S7p, which is clearly

false (for n > 1, which we assume throughout) since x4t1 € Mon™ \ Sty

THEOREM 2.48: Let A be an arbitrary integral domain, Q := Quot(A) be the quotient
field of A, let S := Alxq,...,%Xy), and T = Q[x1,...,%X,]|. Let M € Pg(A™) \ {0} and
d € N\ {0} be such that ev%n_1 1 Sp o AM s surjective. Then we have

(I (M) = 1o (M).

PROOF: For brevity, let I :=I1g(M).

The part “C” of the claim clearly holds, since I;(M) CI14(M) CIo(M) = 1.

In order to prove the reverse inclusion, we construct a Groébner basis G of I with
G C I4(M). To this end, let < be a degree compatible monomial order on Mon".

Let L be the partially ordered set in<(I) € Mon" with the divisibility relation | as
partial order. By Dickson’s lemma (Lemma 1.2 in the preliminary Section 1.2.2) there
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is a finite |-basis D of L, i.e., D is finite, D C L, and for every u € L there is a v’ € D
with «’ | u. Let (by well-ordering of (N, <)) D be of least cardinality among all finite |-
bases of L.

We show that D C S;. Let u € D. Assume that u = 1 (= x%). Let p € I\
{0} with in<(p) = v = 1. Since < is degree compatible, we have that totdeg(p) =
tot deg(in<(p)) = totdeg(u) = totdeg(l) = 0, i.e.,, p € A\ {0}. Since p(a) = 0 for
a € M (# 0), we have p = 0. Since p # 0, this is a contradiction. Therefore u # 1, that
is, u = x;u’ for some j € {1,...,n} and v’ € Mon". Assume that v’ € L. Since D is a |-
basis of L, thereisav” € D with v” | «' | u. Therefore D' := D\{u} is a finite |-basis of L
with |D'| = |D| — 1 < |D|, contradicting the choice of D. Thus v’ € Mon™ \ L = N<(I),
so by Lemma 2.46 we have totdeg(u’) < d — 1, hence totdeg(u) = totdeg(xju’) =
tot deg(u') + 1 < d, as claimed.

For u € D let g, € I\ {0} with in<(g,) = w. By multiplying with an appropriate
element of A, we can assume that g, € S. Let

G:={gu | ue D}

Then G is finite, G C I\ {0}, and (in<(G)); = (in<(I)), so G is a Grébner basis of 1.
Therefore it follows that (G), = I. Since < is degree compatible, we have by the above
that tot deg(g,) = tot deg(in<(gy,)) = totdeg(u) < d for all v € D, and thus we arrive
at G C I;(M). q.e.d.

REMARK 2.49: It is tempting to attempt to prove a version of Theorem 2.48 for more
general “degree functions” deg: A[xi,...,%x,] — N. A naive approach by transferring
the definition literally and considering “deg-compatible” monomial orders works with all
arguments unchanged, but does not include the relevant notion of maximal degree, since
for n > 2 there is no “max deg-compatible” monomial order. To see this, let < be any
monomial order on Mon™, n > 2, and w.l. 0. g. let xo < xy. Then one has X% < x1x9 and
max deg(x3) = 2 £ 1 = max deg(x1X2).

For the rest of the section, A denotes an integral domain that contains the field K as a
subring.
Recall that the spectrum of a ring A is denoted by

Spec(A) :={P C A | P prime ideal of A},
and for an arbitrary set I C S = Alxy,...,Xy,],
V() :={P € Spec(S) | I C P}

denotes the (algebraic) variety of I.
The following Corollary 2.50 constitutes a strengthening of Corollary 2.19 and Corol-
lary 2.35 for the total degree case that is based on Theorem 2.48.

COROLLARY 2.50 (Prony’s method for Exp”(A), total degree version):
Let @Q := Quot(A) be the quotient field of A and T := Q|x1,...,Xy,]. Then the following
holds.
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(a) Let f € Exp™(A) and d € N\ {0} be such that ev%fri(f): Stp, — ASPPF) s
surjective. Then we have

{ker s Hrp (f)) 7 = Tg(supp(f))-

In particular, we have

Va(kera Hrn () = V(g (supp(f))) = Spec(Tsupp(r))

and
Za(kera Hrn (f)) = Zo(kera Hyp (f)) = supp(f).

(b) Let f € zExp™(A) and d € N\ {0} be such that ev%ﬁf(f): Stp = Aswer(f) s
surjective. Then we have

(kera T7n (f))r = Io(supp(f)).

In particular, we have

Vq(kera Trr(f)) = Vo(lg(supp(f))) = Spec(Tupp(s))

and
Za(kera T7p(f)) = Zg(kera T1r(f)) = supp(f).

Proor: (a) By Theorem 2.48 we have (Iz(supp(f))); = Ig(supp(f)). Since the
evaluation homomorphism in degree d, evZuPp(f ). Sy — AswP() g also surjective,
we obtain kerA(VZuPp(f)) = kers(Hg4(f)) by Lemma 2.7 (b).

The second statement is a direct consequence of this.

By the first part we have Zg(kera Hq(f)) = Zg(Ig(supp(f))) = supp(f). Since
supp(f) € A", we have supp(f) = A" N Zg(kera Hy(f)) = Za(ker 4 Hy(f)).

(b) This follows immediately from Corollary 2.33 and part (a). q.e.d.

REMARK 2.51: Note that we have shown in this section that, under the assumption of
surjectivity of ev%lz Fi(f ), that (ker Hyn(f))r is a radical ideal in 7. This is the difference
to the previous sections. If (ker Hx,(f)), is a radical ideal for a general x-filtration F
on N” or for F = M"™ is not known to the author.

The remainder of this section is devoted to a “relative” version of Corollary 2.50 for
exponential sums supported on an algebraic variety.
For B C A™ and a subset J C Sg let

Vp(J) :={Q € Spec(Sp) | J € Q}

be the (algebraic) variety relative to B of J.
We have the following analogue to Lemma 2.38.
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LEMMA 2.52: Let B C A", M C B, and D C N". Identifying corresponding prime
ideals of S = Alx1,...,x,] and S = S/I(B), we then have

Spec(Sar) = V(I(M)) € Ve(Ip,(M)) C V(Ip(M)).

PrOOF: The equality Spec(Syr) = V(I(M)) is clear by the definitions.

To prove the middle inclusion, let @ € V(I(M)). Then Q = P/I(M) for some P €
Spec(S) with I(M) C P. We have to show that @ € Spec(Sg) and Ip p(M) C Q.
Since M C B, we have I(B) C I(M) C P and therefore P/I(B) € Spec(Sg). Via
the embedding Sp g — Sp, p+ Ip(B) — p + I(B), we have Ip (M) C Ig(M) =
I(M)/I(B) C P/I(B). Identifying Q = P/I(M) and P/I(B), we arrive at Q = P/I(B) €
Ve(Ip(M)) € Vp(Ip,a(M)).

To prove the remaining inclusion,'* let Q@ € Vg(Ip g(M)). Then Q = P/I(B) for some
P € Spec(S) with I(B) C P. We have to show that P € V(Ip(M)), i.e., Ip(M) C P.
Via the embedding Sp g — Sg, p + Ip(B) — p+ I(B), Ip(M)/Ip(B) = Ip (M) is
a subset of @ = P/I(B). Therefore, P € V(Ip(M)) follows from the correspondence
theorem for submodules of factor modules. q.e.d.

The following corollary is an analogue to Corollary 2.39.

COROLLARY 2.53: Let B C K™ and M € P¢B). Let d € N\ {0} and ev%_1 be
surjective. Let Bqg C T be such that Sg, p = S7,,B. Then we have

Vi(Ig,, B(M)) = Spec(Su).

PROOF: Since ev%i1 is surjective, we have (Ir,(M))g = I(M) by Theorem 2.48.
Since S, B = S7,B, by Remark 2.37 we have Ig, g(M) = I, g(M). Thus, on ac-
count of Lemma 2.52 we obtain Spec(Sy) € V(Ig,(M)) = V(I1,(M)) = V(I(M)) =
Spec(Sar). q.e.d.

The following Corollary 2.54 constitutes a strengthening of Corollary 2.40 for the total
degree case that is based on Theorem 2.48. Again, it comes in Hankel and in Toeplitz
versions.

COROLLARY 2.54 (Prony’s method on algebraic varieties, total degree version):

(a) Let B C K" be a subset and f € Exp(K). Let d € N\ {0} and ev%ﬁ?(f) be
surjective. Let Bg C Tq be such that Sp, p = S7,,B. Then we have

Vp(ker Hp,(f)) = Spec(Ssupp(f))-

(b) Let B C U(K™) be a subset and f € zExpB(K). Let d € N\ {0} and eVSTZIiIi(f) be
surjective. Let Bg C Tq be such that Sp, p = S7,,B. Then we have

V(ker Tp,(f)) = Spec(Ssupp(s))-

1A proof that makes the identification more explicit goes as follows. Let Q € V(Ip,5(M)). Then Q =
P/I(B) for some P € Spec(S) with I(B) C P. We have to show that P € V(Ip(M)),i.e.,Ip(M) C P.
Let p € Ip(M) = ker(ev}y). Then we have ev); z(p+1p(B)) =evy (p+1(B)) = ev™(p) = ev}) (p) =
0, i.e., p+ Ip(B) € ker(ev) 5) = Ip,s(M). Therefore p + I(B) € Q = P/I(B). Hence we have
p+I(B) =q+1(B) for some g € P,sor:=p—gq € 1(B) C P, and thus p = r + g € P. Therefore
15(M) C P.
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Proor: (a) By Lemma 2.7 (b), Remark 2.37, and Corollary 2.53, we have
Vg (ker Hp, (f)) = Vp(ker ViPP) = Vg (ker VEPPY))

= V(I B(supp(f))) = Spec(ssupp(f))'

(b) Since evsl’;;pp(f)

Vp(ker Tp,(f)) = Ve(kerHg,(f | N")) = Spec(Ssupp(ﬁNn)) = Spec(Ssupp(f)).
q.e.d.

is surjective, by Corollary 2.33 and part (a) we have

2.7. An application to formal exponential sums

In this section, we apply the theory previously developed to the formal exponential sums
introduced in Example 2.1 (d).

REMARK 2.55: Let F be a t-x-filtration on N™.

(a) For § € Nt let
8 :=7Zokerg oHs: Exp™(K) — P(K").

Consider the function
supp: Exp™(K) — P(K"),
f = supp(f).

Let M € Py(K™). If 6 € (N\ {0})" and for all £=1,...,t, ev} : SFsup KM
4

is surjective, then
P [ Expj(K) = supp | Expl, (K).

This is an immediate consequence of Corollary 2.19.
(b) There is a “non-constructive” version of the above considerations. Let
P": Exp"(K) — P(K"™),
fr— 1 P5(f)-

deNt

We have shown that P = supp. The definition of P" is non-constructive in the
sense that there is an intersection over an infinite set involved.

Recall that
FExp"(K) = Expp, (4n) = <expyi | i € N)p,

where A, is the K-algebra

Ap=Kly;j |i€N, j=1,...,n],
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let y; == (yi1,--»¥in) € (An)" fori € Nand By, := {y; | i € N} C (4,)".
Let » € N, and for pairwise distinct by,...,b, € K" let

b= (bl,la--- abl,n,--' ,b@l,... ,b@n,... >br,1,--- 7b7"7n) S Kr-n,

and let ev?: A,, — K be the evaluation homomorphism at b, i. e., the unique ring homo-
morphism A,, = K witha + afora € K andy, ;= b jfori=1,...,randj=1,...,n,
and y; ;> 0 for ¢ > 7 and j = 1,...,n. For a formal exponential sum F': N" — A;, let

eV’(F):=ev? o F: N" - K.
Note that ev®(F) € Exp"(K). For a subset P C (A,)" let
ev?(P) := ev?[P] = {ev®(p) | p € P}.

Let F be a t-xfiltration on N™. As in Remark 2.55 (a) let @, := Quot(A4,) be the
quotient field of A, and
FP} = Zokerg o Hs: FExp"(K) — P((4n)"),
8§ =Zokerg oHy: Exp"(K) — P(K"),

and as in Remark 2.55 (b) let

FP": FExp"(K) — P¢(B,),
F+— () FP§(F),
IS\

and
P": Exp"(K) — Py(K"™),
f— ) P
0Nt

REMARK 2.56: (a) Under the assumptions and with the notation above, consider
the following diagram.

Fp"

FExp™(K) Pe(B,)
evﬂ levb
Exp™(K) - Pe(K™)

This diagram is commutative, since for F' = }7,cy Fyexp, € FExp"(K), F; €
K\ {0}, M :=supp(ev’(F)) = {b; | i € N}, we have

ev? o FP?(F) = ev® o supp(F) = ev®(supp(F)) = ev’({y, | i € N}) = {b; | i € N}
= M = supp(ev’(F)) = P" o ev’(F).
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(b)

54

With the above notations adapted to the case of FExp;' (K), consider the following
diagram.

FExp”(K) kP Pi(By.r)
evb l [evb
Exp”(K) o Pr(K™)

This diagram is commutative, since for F' = } .- ~ Fiexpy, € FExp]'(K), F; €
K\ {0}, M := supp(ev®(F)) = {b; | i € N}, we have

ev? o FP?(F) = ev® o supp(F) = ev®(supp(F)) = ev’({y, | ie N}) = {b; | i € N}
= M = supp(ev’(F)) = P" o ev’(F).

In an attempt to break the above diagrams down into computational steps, one
might consider the following diagram.

H kerAn ,
FExp”(K) 9, Afg%fa — G(4,1) <>> Id(Ap ,[x1,. .-, X0)) ?P(A ")

n,r

eva (I) eVbJ (I1) JeVb (I11) Levb (IV) Jevb

Exp™(K) — K7o%Fs — 4 G(K"™) — Id(K[x1, ..., %n]) — P(K™)
H; ker g () Z

Here G(A,,") denotes the set of A, ,-submodules of (A, )", Id(An [x1,...,%n])
the set of ideals of A, ,[x1,...,%,], and we extend the definition of ev® to other
domains in nearby ways, e.g. for a polynomial p = " pax® € A, r[x1,...,xy] let

evl(p) == Zevb(pa)xa € K[x1,...,Xy).

Of course, there is considerable amount of choice in the individual steps. However,
it is not clear if the individual subdiagrams are commutative.



3. Reconstruction of multivariate
exponential sums over R and C

In the previous chapter we developed a reconstruction theory for multivariate exponential
sums over an arbitrary field. The present chapter concerns the case over the fields of
real and complex numbers and exponential sums supported on the real sphere resp. the
complex torus.

In Section 3.1 we study the case of multivariate exponential sums over the real numbers
supported on the real sphere as an application of a theorem of Kunis and the theory
developed in Chapter 2. In Section 3.2 we prove a theorem similar to the theorem of
Kunis and give a corresponding application to the reconstruction of complex exponential
sums supported on the complex torus.

As in the previous chapter, n € N\ {0} always denotes a non-zero natural number.

3.1. Exponential sums supported on the real (n — 1)-sphere

DEFINITION: Let
n
s i=Zr(1-Y %) = {z € R" | [lafl, =1} CR"
j=1

be the (real) (n — 1)-sphere. Furthermore, for d € N and with S := R[x1,...,x,], let
SHZIL = Sf]:hgn—l = 57:1/17&(8”71).

The R-vector space SHY is called space of (real) spherical harmonics of degree at most d
and its elements are called (real) spherical harmonics (of degree at most d).

As recalled in Remark 1.1 in the preliminary section, SH}; can be identified with the
space of restrictions of polynomial functions R” — R of total degree at most d to
the sphere S*~!. Since S*~! is by definition the zero locus of the polynomial p :=
=30 X? € S = R[xq,...,X,], we have that (S"1, 7™, jo,2) is order reducing by
Theorem 2.44. Therefore, the reconstruction problem for Expg,-1(R) can be solved
efficiently by the theory of Chapter 2.

In the following we apply a criterion for the surjectivity of ev% gn-1 in terms of a
separation property of M € P¢(S"~1). The following is an appropriate notion of distance
on the sphere. Recall that by the Cauchy-Schwarz inequality, for b,c € S"~! one has
(b,c) € [-1,1], where (): R™ x R™ — R denotes the euclidean scalar product on R".
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DEFINITION: For M € Pg(S" 1), the spherical separation of M is defined as
seps(M) := inf{arccos((b,c)) | b,c € M, b# ¢} € RU {0},
where inf () = oco.

Kunis provided a quantitative analysis of the condition number of the transformation
matrix of ev%sn,1 : SHj — RM for a finite set M C S”~! and a specific R-basis of SHY
in terms of the spherical separation of M [52, Theorem 1]. We will use the following
qualitative version that follows from Kunis’ theorem. Similar theorems have also been
provided in Marzo-Pridhnani [58].

THEOREM 3.1 (Polynomial interpolation on the real sphere): Let n > 2 and M €
Pe(S"1). If d € N is such that

5Tn

d - -
” 2sepo(M)’

then ev% g1’ SH), — RM g surjective.

Combining Theorem 3.1 with results from Chapter 2 yields the following corollary.
Part (b) is the Toeplitz version of part (a) for exponential sums supported on S*~1 N

(R {0})™.
COROLLARY 3.2: Letn > 2 and for d € N let By C T4 be such that
xBa = {x* + L;(S" V) | a € By}
generates SHY;. Then the following holds.
(a) Let f € Expgn-1(R) and d € N such that

5mn

2seps (supp(f)) o

Then we have

Vgn-1(ker HBd(f)) = SpeC(Ssupp(f))

and
Zgn—1(ker Hp, (f)) = supp(f)-

(b) Let f € zExpg.—1(R) and d € N such that

b
2seps(supp(f))

+ 1.

Then we have

Vgn-1(ker TBd(f)) = SPeC(Ssupp(f))

and
Zgn—1 (ker T, (f)) = supp(f).
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For any jo € {1,...,n}, the choice By = {a € Tq | o, <2} works.

PROOF: These are immediate consequences of Theorem 3.1, Corollary 2.54, and The-
orem 2.44. q.e.d.

Theorem 3.1 has the following corollary.

COROLLARY 3.3: Let M € [[,5o Pe(S" 1) such that there is a q € R with
0 < q < seps(M,,) for allm > 2,
and forn > 2 let
dy, == min{d € N | evSMn’il7d: SH" — RM» s surjective}.
Then we have d,, € O(n).

Proor: By Theorem 3.1, evgﬁ’il e is surjective for e, := F);—q"—‘ Thus d,, < e, for all
n > 2, and hence d,, € O(e,) = O(n). q.e.d.

COROLLARY 3.4: Let f € [],>0 Expgn-1(R) such that there is a ¢ € R with
0 < g < seps(supp(fn)) for alln > 2,
and forn > 2 let
dp = min{d € N | Vg1 (ker Hr,(fn)) = Spec(Ssupp(£.))}-
Then we have d,, € O(n).

PRrOOF: This follows immediately from Corollary 3.2 and Corollary 3.3. q.e.d.

3.2. Exponential sums supported on the complex n-torus

In this section we prove a theorem similar to Theorem 3.1 and apply it to the reconstruc-
tion problem for exponential sums. We prove the following technical lemma in order to
state a slightly weakened form in Theorem 3.6 afterwards.

LEMMA 3.5: Let n,p € N\ {0}, p even, let

o7



Then there is a function ¥: R™ — R with the following properties.

(a) supp(t) C B, (0).

(b) The Fourier transform Fp(1): R" — R of ¢ eists.
(¢) Fu(®h) is bounded.

(d) Fu(¥)(v) = 0 for all v € R" with ||v], < d.

(e) Frn(¥)(v) <0 for all v e R™ with [lv]|, > d.

(f) ¥(0) >

PRrROOF: Let r:=p/2 € N and let
or: R— R,
2 T
_ (2 i 49 4
. (1 (q)) ifre]-4.4]
0 otherwise.
Clearly we have ¢, € L (R). We claim that h, € Li(R) defined by

hr-: R— R,

e P.(2) ifze]-44
0 otherwise,

where P,. denotes the r-th Legendre polynomial, normalized such that P,(1) = 1, is an
r-th weak derivative of ¢, (cf. Section 1.3 or Jost [48, Chapter V, Section 20]). For this

we have to show that
Ltt=0 [ o)
R R

for all ¢t € Cj(R). Let t € Cj(R). Then we have

/SOT 67’ — )7"/}_g g[gprar(t)
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() Ly, - o

. r
Rodigues _g ol . /
Section 1.3 q }_%

proving the claim.

Let
Y R" — R,
n n 14 n
27po ® ‘107"*907’ _(_1)TZW®(¢T*‘~PT)( )
_ —, 0T, .=
j=1 k=1 Jj=1
We show that 1) = v, has the desired properties.
Clearly,
q qg
supp(¢r) = supp(hy) = [0, 7,
which implies
qa g q q,
supp(ior * ¢r), supp(hy # ) € [=5, 51+ (=5, 5] =[-a.d" = [-¢. 4],

and thus
supp(¢r) € [—¢,q]" = B, > (0),

i.e., 1, fulfills property (a).

Clearly we have ¢, € L'(R"), hence the Fourier transform F,(i,): R® — R of 9,
exists, i. e., 1, fulfills property (b).

We show that 1, satisfies property (c). Let F1(¢,) denote the Fourier transform of ¢,.
Since the total variation of the r-th weak derivative h, of o, is finite, there is a ¢ € R>?
such that |F1(¢,)(v)] < ¢- (14 v)~"*Y for all v € R. Note that for all v € R™ we have

Faltn) @) = @rd? - Fa (@5 20)) )~ (17 3 Fa (e R = 00)) )

j=1 k=1 j=1

— ) Fu (@ 00)) (o) — (1) 3 Crion @ Falr +60)(0)
j=1 k=1 Jj=1

— 2rd) @ Filer ¢ )(0) — (-1 Y. rinn) @ Filr + ) (0)

i=1 k=1 =1
— 2na) - (@ Fa(en) ) — (17 (S erinn)) (R Falen) )]
j=1 k=1 j=1
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zwwugnéﬁw)«®a%)f

= ((27d)” — (=1)" (2nilv]],,)? ]:[ (F1er)(v)))

n

= ((2rd)” — 2nllol,)?) - TT(Fler)(v)%,

j=1
so Fn (1) is clearly bounded, i.e., 1, fulfills property (c).
Let v € B|||| ?(0). Then, by the above,

Fun(r)(v) = (2rd)” — 27 ]lv]l,)" ]:[ (F1(er)(v))

27Td 27Td fl SOT Vj = 07
]
7=1

i.e., 1, fulfills property (d).
IfveR™\ Eg"p(O), then

Fn(hr)(v) = ((2md)” — (27 ]lv]],,)? ]:[ (F1(r)(v5))

< ((2md)? — (27d)? H (Fi(er)(vy))” =0,
j=1

i.e., ¢, fulfills property (e).
It remains to show that ¢, fulfills property (f). Note that, with B denoting the beta
function (cf. Section 1.3),

b0 = [ orOherl=0di= [ | prlten(—dt
LG (G (-G
- /}%7%[ (1 - %)2)])& =5 /}%7%[ (1 - % 2)” | gdt

substi:tution 9q .9 / (1 . t)p . lt—l/Q dt
t Vi 2 ] 2
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Theorem 1.3 (e) ¢ F(%) '(p+1)
2 T(z+p+09)

Theorem 1.3 (a) qﬁp'
Theore; 1.3(b) 2 P(p + %) ’

Further note that
By 5 Tor (0) = / hy (D) he (—t) di
R
(—1)2 g2 ()2 P, (ﬁ) P, <—§> dt
[ q

q
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Observe that by the Legendre duplication formula (Theorem 1.3 (d)) we have

op+1

Dlp+2) =T(2- (r+1) =

-F(r—i—l)F(r—i—g).

Since, by hypothesis, we have
dg > cp - Un,

we get

| < ) (dg)” P I3 (dg)P - wP*1/2. 2041 T(r 4+ 1) - T(r + 3)
n

-C§:n-1“(r+1)-1“(p+%)_ n.ﬁ.2p+1.(rl)2.r(p+%)
Legendre (dq)? - mP+1/2 . T'(p + 2 (27dq)? - /7 - (p+1)!
B 3

2

(
n-2t (P2 T(p+3) n-4p-(r)*-2T(p+3)’

hence
q/7p! n- 47 . (rl)?
2T(p+3) (p+ gt

(2md)” > 0.
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Therefore we obtain

0(0) = ()’ @ (e * £)0) — (1) Y o R r ) (@)
j=1 k=1 klxg=0 j=1

= nd? - T[(err )0~ (1Y o Lo =) an)
j=1 k=1""Fk|z=0j=1

AR (OSPPR () Ll A B A,
k=1 """k |z=0 k |z,=0
= (e e O (@ - (g % @0)(0) = (=1) - by # ) (0))
k=1

= ((pr * @) (0)" ™ (27d)” - (0 2:)(0) = (=1)" - - (e % hy)(0))

_ % n—1 xd)? - Qﬁp! _n- 4v-. (T!)2
_«ﬁowﬁf» e 2C(p+3) (p+1)gr !

> 0, see above

>0,
that is, ¢ fulfills property (f). Thus ¥ = 1, works, and the proof is done. q.e.d.
THEOREM 3.6: Let n,p € N\ {0}, p even, and let d,q € R>C with
2p+ 3
d > pto, n.

emq
Then there is a function 1: R™ — R with the properties (a)—(f) from Lemma 3.5.

PrOOF: By Lemma 3.5 it is sufficient to show that

(TG Te+H)”
ST

< 2p+3.
em

By Stirling’s approximation formula (Theorem 1.3 (c)) we have

F(2p+3) < dm (2p+3)(2p+3)/2.62/(12(2“3))
2 2e

dm (2]9 + 3)(2p+3)/2 L el/18
2e
1 (M)‘” . (4_7r)”2 /18
2p 2e 2p+3
P o(2p+3)- V7ol

w1 . (2¢)3/?

)
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and we claim that
(2p+3)- 7o/
w1 (2¢)%/?

To prove this, it is sufficient to consider the case p = 2. Using the estimates

VT <2,

s 11 , 11\'® 5559917313492 231 481
e < = (since | — = >5>e),
10 10 1000 000 000 000 000 000
(2¢)3/? > 5% =5.v/5 > 5.2 =10,
one obtains
(2:243) - vr-e _7-2-55 71177 -1
91 . (2e)3/2 - 2.10 10-10 100 =
Therefore, for arbitrary p,
P
F<2p+3) < <2p+3> ’
2 - e
and thus
1/ 1/
& (F(% +1)-T(p+ %)) ’ (F(%’ +1)- <2p+3)p> ’
= 3 = 3
P - T(E52) (em)” - T(25°)
1/p
:%+3<N%%>
e \TE)
—_— —
<1
2p+3
— en )
and the proof is done. q.e.d.

In this context, the distance on the n-torus T" C C™ is measured not by the metric
induced by (C",||||), but instead by the metric introduced in the following definition.

DEFINITION: Let
wi: THx TH— R,

(b, ¢) —> min{ ‘%(arg(b) — arg(c)) + a‘ ‘ o Z},

and more generally for n € N,

wp: T? x T" — RZ0,

(b, c) — max{wi(bj,cj) | j=1,...,n}.

wy, is called wrap-around metric on T".
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REMARK 3.7:  (a) (T",w,,) is a metric space.

(b) Let 7y, be the topology on T™ induced by w,, and let 75 be the subspace topol-
ogy on T™ induced by (C",||||). Then the identity id: (T™, 75) — (T™, 7,) is a
homeomorphism. In particular, (T", w,,) is compact.

DEFINITION: Let M C T™. The toroidal separation of M is defined as
sepy(M) := inf{w,(b,c) | bc € M, b +# c} € R=°U {0},
where inf () = oco.

REMARK 3.8: (a) Let M C T". Then the following are equivalent.
(i) [M]<1.
(ii) sepy(M) = oc.
Indeed, if |M| < 1, then sepi(M) = inf ) = co. On the other hand, if |M| > 2,
then there are b,c € M with b # ¢ and thus sepy(M) < wy(b,c) € R.

(b) Let M C T". Then we have
sept(M) €10,1/2] U {oo}.

To see this, observe the following. Clearly we have sep¢(M) > 0 by definition. Let
sept(M) # oo. By part (a), there are b,c € M with b # ¢. Let z := 1/(27) -
(arg(b) — arg(c)). Since arg(b),arg(c) € [0,2x[", clearly z € [-1,1[". Let a € Z"
such that |aj; + z;| < 1/2 for all j = 1,...,n (if z; € [-1,—-1/2], set a; := 1; if
xj € [—1/2,1/2[, set o := 0; if x; € [1/2,1], set oj := —1). Then sepy(M) <
Walb, ) < [[2 + ol < 172

(¢c) Let M C T™. Then we have

b,ce M, b+#ec,
a€Z"NBy>(0) ]

sepe(M) = inf{ |55 tare(®) —arg(e)) + | ‘ At

This follows in the same fashion as in part (b).

(d) Let M C T™. Then the following are equivalent.
(i) M is finite.
(ii) sepy(M) > 0.

To see this, observe the following. If M is finite, clearly sepi(M) > 0. Let M be
not finite. Then there is an injective sequence (by),cy € M™Y. Since (T", wy) is
compact by Remark 3.7 (b), (by), has a w,-Cauchy-subsequence, hence sep (M) <
inf{w, (b, be) | k., €N, k # (} =0.

The following theorem provides a multivariate version of the classical Ingham inequality.
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THEOREM 3.9 (Multivariate Ingham inequality): Letn,p € N\{0}, p even, and d,q €

R>0 with
2p+3

emq

d>
Then there is a ¢ € R>? such that for all M € Py(T") with
sept(M) > ¢q
and for all f € 7Exp};(C), we have
> 1@ = e eoeft(f)]5.

aeznmAB'ng (0)

Proor: If |M| < 1, the assertion holds trivially. Thus let |M| > 2.

By Re-

mark 3.8 (b), (a), and (d), we have sepy(M) € ]0,1/2]. Let ¢p: R" — R with the prop-
erties (a)—(f) in Lemma 3.5/Corollary 3.6. Let (fp)ycpy € CM with f = Y pcns foexpy.

Then we have
max{F,(Y)(v) |veR™ - > |f(e)?
annmﬁng(O)

- Z max{F,(¢¥)(v) | v € R"} - |f(a)|2

annmﬁg”" (0)

v

Ful®)(a) - | f(a)]®

annmﬁl”" (0)

> Y Fal¥)(@)-|f(a)

aEZm™
= Z Fn(@)(a) Z fofeexpy(a) expg(a)
aEZ™ b,ce M
= Y fofe X0 Fal¥)(@) expz()
b,ce M /g
oisson summation formula —_ 1
’ Secti?n 1.3f l Z fbfc Z 1/} %(arg(b) - arg(c)) + Ck)

b,ce M aeZm™

oo

¢ By *(0) D supp(y) if b# ¢

=> (A X wl(@)

beM aEZ™

= (X 5h) (X wl@)

beM a€eZn

= [lcoeff ()3~ D (@)

aEZ™

(0) - [|coeff (f)]3-

g<sep (M)<1/2
supp(y)NZ"={0}

Thus the assertion follows with ¢ := ¥(0)/max{F,(¢)(v) | v € R"} > 0.
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Recall the x-filtration M induced by maximal degree from Chapter 2,
My = {a € N" | maxdeg(a) < d}.

The following corollary provides a sufficient condition on d € N for the surjectivity of
the evaluation homomorphism evj‘(fld: Clx1, ... ,xn]Md — CM in terms of the toroidal
separation of M C T™.

COROLLARY 3.10 (Polynomial interpolation on the complex torus): Let n € N\ {0},
g € R>Y and d € N with
2In(n)+3
—

d >

Then for all M € P¢(T™) with sept(M) > ¢, ev%g: Clx1,- - 7Xn]Mg — CM s surjective.

PrRoOOF: Let V := V%ls e CM*xM§ be the transformation matrix of ev%lg. ‘We show
that ker(V'") = {0}. Let (90)pers € CM\ {0}, g := venr 9o expy, € zExpy(C), B =
1d/2] - (1,...,1)" € Z", f, .= gb® € C, and f := Svenr foexpy, € zExpl,(C), and let
p:=2[In(n)|. Then we have

2p+3‘%< 2p+3 o/epl2 — 2p+3‘\/__ 2p+3  4[ln(n)] +3 - 4In(n) + 7

e-T T em e-T e_ﬂ-\/é_ Toye T me4Je
4 7 3 d
= -1 <1 - < =
-4/ n(n)—l—ﬂ_‘\/é_n(n)—i—2<2 ©
and therefore

d 2 3
- > Pt - ¥n.
2 e-m-q

Note that
Z" A Bl (0) € M — 8.

since, if & € Z" N EEU?(O), then a; + 3; > —[d/2| + |d/2] =0, i.e., a4+ € N" and
lotBlloe = la+1d/2)- (1, 1) e < llalloo + [d/2) - (L, 1) Tl < d/2+d/2] <
d/2+d/2=d, ie,a+peM] soaecMj—p.

Thus, by Theorem 3.9,

VT (ghenllz= Y- l9@P= 3 Ifla=BF= > |f@P

aeM? aeM?

aEZn mﬁl”;” (0)
> > >0
aEZn mﬁwg (0)
hence VT - (gy),es # 0 and consequently ker(V'") = {0}. q.e.d.
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In the following we combine Corollary 3.10 with the theory from Chapter 2 in an analo-
gous way to Theorem 3.1 in Section 3.1. Since we are working with the maximal degree
*-filtration now, we can only draw conclusions about the zero loci, and since the torus T"
is not contained in a proper zero locus, we are not able to discard equations.

Since we have T™ C (C\ {0})", there is no need to distinguish between Expfn.(C) and
its counterpart zExpf.(C) and for the remainder of the section we will not do so.

COROLLARY 3.11: Let n € N\ {0} and f € Exptn(C). Ifd € N is such that

2In(n) +3
q

d> + 1.

then
Z(ker T, (f)) = Z(ker Haq, (f)) = supp(f).

PRrOOF: This follows immediately from Corollary 3.10 and Corollary 2.19/2.35. g.e. d.
COROLLARY 3.12: Let M € [, joy Pe(T") be such that there is a ¢ € R with
0 < g < sepy(M,) for alln € N,
and for n € N\ {0} let
dp, = min{d € N | ev%{;: Clxt, - Xn) g, = CMn s surjective}.
Then we have d,, € O(In(n)).

Proor: By Corollary 3.10, ev%’;n is surjective for e, = [%] Thus d, < e,
for all n € N'\ {0}, and hence d,, € O(e,) = O(In(n)). q.e.d.

REMARK 3.13: It seems to be an open problem if under the conditions in Corol-
lary 3.12 one has O(d,,) & O(In(n)).

COROLLARY 3.14: Let f € e f0} Exptn (C) be such that there is a ¢ € R with

0 < g < sep¢(supp(fn)) for alln € N,

and for n € N\ {0} let

dy, :=min{d € N | Z(ker Tpy,(frn)) = supp(fn)}-
Then we have d,, € O(In(n)).

ProOOF: This follows immediately from Corollary 3.11 and Corollary 3.12. q.e.d.
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4. Classical and recent approaches to the
reconstruction of exponential sums

Prony’s article dates back to 1795, and since then there has been a steady flow of research
on the reconstruction of exponential sums and related problems in many different areas
of mathematics and other fields, such as signal analysis, measure theory, number theory,
algebraic geometry, numerical analysis, functional analysis, optimization theory, physics,
and quantum chemistry. Some of these approaches employ vastly different methods in
order to solve their specific problems. This chapter is concerned with a few out of
the many alternative approaches that have been developed to attack the reconstruction
of exponential sums and related problems. We also try to present a bit of the history
behind the methods in this thesis. However, we will not push ourselves towards a doomed
attempt at providing deep insight into all or any of those approaches, nor at a detailed
comparison with our work, and confine ourselves to discuss basic principles of a few of
them and give some pointers to additional related literature. We proceed in roughly
chronological order.

4.1. Prony’s original version

In 1795, Prony! published his essai ezpérimental et analytique [66] on the physical be-
havior of some fluids and gases under different temperatures. We already discussed the
principles behind the univariate case in Remark 2.5. In his article, Prony assumes that
certain physical dependencies could be modeled well by univariate exponential sums,
which led him to develop a univariate method to reconstruct these exponential sums
which we took as inspiration and generalized in this thesis, cf. Prony [66, Premiére
partie].2

In contrast to much of the modern focus, Prony was not particularly concerned with
exponential sums of large rank, as evidenced by his statement [66, p. 29]

«Il n’arrivera presque jamais qu’on ait huit ou neuf résultats d faire entrer
dans la formule, et on pourra, sans sortir des limites dans lesquelles on a des

!Gaspard Clair Francois Marie Riche, baron de Prony, 1755-1839. Among the many honors he has
received are: Secretary of mathematical sciences at the French Academy of Sciences; Member of the
Royal Swedish Academy of Sciences, the Royal Society of London, the Royal Society of Edinburgh,
and an inscription of his name on the Eiffel tower.

2An English translation of this part of Prony’s article can be found in Auton-Van Blaricum [5, Sec-
tion 2.0], which also contains a large body of references to literature before 1980.
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méthodes pour la solution des équations numériques, traiter tous les cas que
la physique présente ordinairement. »3

It may be noteworthy that Prony treats the cases of an even and an odd number of
samples separately, in order to be slightly more efficient in the case of odd rank 7;
only 2r — 1 measurements are needed then. In his experiments, Prony interpolates func-
tions modeled by exponential sums of rank three using five (real world) measurements
in this way. More on the remarkably history of Prony and his achievements, also besides
those that are relevant here, can be found in the book and article by Bradley [13, 14]
on “Prony the bridge-builder”, a denomination that seems appropriate literally as well
as metaphorically.

4.2. Sylvester and the Waring problem

Around 1850, Sylvester? [75, 76] was working on the Waring problem for binary forms.”

This incarnation of the problem asks, given a homogeneous polynomial p € K|[x,y] of
(total) degree d, for homogeneous polynomials ¢; € K[x,y] of (total) degree one, and
N EK,i=1,...,r, such that
T
p=> Nt}
i=1

with r € N being minimal for such a decomposition to exist. Note that the ¢; can
only be unique up to a non-zero factor, i.e., they correspond to points in the projective
space IP)}C. In particular, Sylvester proved that a general binary form p € C[x,y] of odd
degree d admits a unique (up to non-zero factors) minimal decomposition p = >7_; ¢¢
with r = (d + 1)/2. Consider a homogeneous polynomial

d
p=> px'y" ! eClx,y]
=0

in the indeterminates x and y with d = tot deg(p). For i =0,...,d let ¢; := pl/(f) and
forr=0,...,d let

€o C1 et Cr—1 Cr
€1 €2 T Cr Cr+1
= = d—r+1)x(r+1
Cr(p) := (Civj)i=o0,...d—r = e Cld=r+1)x(r+1)
jZO,...,T
Cd—r—1 Cd—r crr Cd—2 Cd—1
Cd—r Cd—r+1 *°° Cd—1 Cd

3«1t will almost never happen that there are eight or nine results to be included in the formula, and
without exceeding the limits in which methods for the solution of numerical equations exist, we
may treat all the cases ordinarily presented by physics.” Note that having eight “results” (Prony is
referring to measurements in a physical experiment) leads to a polynomial equation of degree four.
Formulas expressing the roots of such polynomials by radicals of the coefficients were known since
the 16th century.

4James Joseph Sylvester, 1814-1897.

Informal history of Sylvester’s method in Iarrobino-Kanev [46, Introduction).
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be the r-th catalecticant of p. Sylvester has the following theorem, the statement here
coming from Brachat-Comon-Mourrain-Tsigaridas [12].

THEOREM 4.1 (Sylvester): Let p = Zfzopixi -1 ¢ C[x,y] and r € N. Then the
following are equivalent:

(i) There are \; € C\ {0} and ¢; € K[x,y] with totdeg(¢;) =1 such that

p=> Nilax+ biy)”.
i—1

(ii) There is an f € ker C,(p) \ {0} such that the homogeneous polynomial
Do Sy
=0

has r distinct roots in ]P’%:.

If these conditions are fulfilled, then p = Y"i_; Ai(a;ix + biy)d with A;,a;,b; € C given by
the following:

(a) (b;,—a;), i=1,...,r, are the roots of S"1_; fix'y" =" with ||(b;,a;)||ly = 1.

(b) (A1,...,Ar) is the unique X\ € C" with

b b Pa
arb{™ o a b Pa-1
aib{™* oo afby? Pa-»

: : Lo A=
acf_zb% a2 D2
al=tby - ad b, D1

acll e af Do

There is a connection (well-known by now, but it seems that Sylvester may not have
been aware of this link to Prony’s earlier work) between this problem and Sylvester’s
solution and the reconstruction problem for exponential sums and Prony’s method that
we explain next. Consider a homogeneous polynomial

d
p=>_px'y" €Clxy]
=0

in the indeterminates x and y with d = tot deg(p), and let
a

p= Melagx+bpy) =D A - (2x+y)
k=1 k=1 by
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be a Waring decomposition of p with b # 0 for all k =1,...,r. Let

Ipi= Z )\kbz €XPg, /b, € Expl((C).
k=1

Clearly,
Cdfr(p) = Hr(fp) € C(H—DX(H—D?

and the interpretation of the kernel ker Cq—,(f,) = (¢)¢ as ¢ = Si_y ¢ix'y" ¢ € C[x,y]
is the homogenization of the polynomial "I, ¢;x* occurring in Prony’s method and
{(ar/bk,1) | E=1,...,7} =Z(q)N(C x {1}) = supp(fp) x {1}. Sylvester’s method can
thus be seen as a projective variant of Prony’s method.

A distinction that may be drawn between this problem and the reconstruction problem
that Prony considered is that reconstruction of a signal calls for a method using a “small”,
but sufficiently large number of samples out of an infinite set in order to reconstruct
an exponential sum f uniquely, whereas computation of a Waring decomposition has to
come up with any minimal decomposition from an a priori given finite set (the coefficients
of the polynomial p).

Sylvester’s approach has recently been extended to the case of more than two inde-
terminates, see Section 4.6 below.

4.3. Padé approximation

The main idea of Padé® approximation goes back at least to Frobenius” [36] in 1879.
An account of its history can be found in Brezinski [15, 16]. It is by now well-known
known that Prony’s method is related to this theory. We will recall this relationship in
the following along the lines of Weiss-McDonough [79]. The relevant standard material
concerning complex functions can be found in any textbook on complex analysis, e. g. the
textbook by Remmert [65].

If s € C[z] is a power series and d,e € N, any rational function R = p/q € C(z) with
p € Clz],, ¢ € C[z],, and gp = ¢(0) # 0 such that the first d + e coefficients of the Taylor
series of R in 0 coincide with the respective coefficients of s, i.e., such that

R (0) = alsy forall a =0,...,d+e—1,

is called a Padé approzimant (of order (d,e)) of s.
In order to build the bridge to the univariate case of Prony’s method, recall the C-
linear map

Z: Exp'(C) — C[z],

Frs S fla)e,

a=0

which is called z-transformation on Exp!(C).

SHenri Eugéne Padé, 1863-1953.
"Ferdinand Georg Frobenius, 1849-1917.
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Let f = Yyear fyexpy € Bxp!(C) with M = supp(f) € Pi(C\ {0}), fy € C\ {0}, and
r:=rank(f) = |M|. Interpreting power series s € C[z] as complex functions s: Dy — C,
Z 300 Saz®, on the set Dy :={z € C | Y. oL sq2” is convergent }, note that for any
be C\ {0} and z € C the series

o0

Z(expp)( Zbao‘:z 2)“

a=0

is convergent if and only if z € B‘l‘/\b\( )={2€C | [z] <1/[bl}, 80 Dz(exp,) = ‘1‘/\11\( ),

and that for 2 € Dz (eyp,) one has

1 -1/
1—bz 2z—1/b

Z(expy)(2) =

Thus, by linearity of Z, for all z € D 1= ey, B‘l‘/‘b|( ) = B‘r‘mn{l/|b\ | beM}( ) € Dz(p
one has

_ . folb = een Jo/b- Tleean gy (2 — 1/¢)
z)—b%\;fb (expy)( b%\;z—l/b_ oo (= — 1/b)
_p2)
q(z)’

where ¢ € Clz], is the monic polynomial of degree r with Z(q) = 1/M and p € C[z],_,
In particular, R := Z(f) | D = Z(f) | D: D — C is a rational function. Therefore,
R is holomorphic on the complex domain D and since 0 € D, one has Z(f)(z) = R(z) =
S 1/al - R@(0)2* for all z € D, and thus f(a) = Z(f), = 1/a! - R(®)(0) for all
a € N. In particular, R = p/q is a Padé approximant of Z(f) (of order (r — 1,7)).
Hence, for all z € D one has

p(z) = a(z) - Z(£)(2) = a(2) - Y _ fla)z
a=0

and the polynomial p € Clz],_; may be obtained computationally by a comparison of
coefficients, i. e.,

Pa =Y apfla—p).
5=0

For a polynomial ¢ € C[z], let p* := z38) . p(1/2) = S5 ép) Pdeg(p)—a?” € C[z]. Then

one has Z(p*) \ {0} = (1/Z(p)) \ {O} and therefore, computing h € Clz], with Z(h) = M
by applying Prony’s method to the exponential sum f one easily obtains the denomina-
tor ¢ = h* in the above Padé approximant R = p/q of Z(f) by “reversing” the coefficient
vector of h.

The nominator p € C[z],_; may then be computed from a system of linear equations
arising from the above coefficient comparison.
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Conversely, let R = p/q be a Padé approximant of Z(f) with p € C[z], _; and ¢ € C[z]
with ged(p,q) = 1. Then by the uniqueness of Padé approximants, R | U = Z(f) |
for some neighborhood U of 0 and one has

T

p(z) = a(z) - Z(£)(2) = a(2) - Y fla)2®
a=0

for all z € U, allowing a comparison of coefficients which yields that for a« = r,...,2r
one has

deg(p) <r—1 deg(q) <r "
0 W=ty LSS - B),
B=0

which is nothing but the statement
q € ker(H,(hy))

used to compute the polynomial ¢ via Prony’s method for the exponential sum

hy:= Z foexpyy, € Exp'(C).
beM

Again, once ¢ is obtained it is a simple matter to form the polynomial ¢* which ful-
fills Z(q*) = M = supp(f). This establishes a tight connection between the univariate
Prony problem over C and univariate Padé approximation.

One particular advantage of this perspective on the reconstruction problem for ex-
ponential sums is that for Padé approximants some convergence theorems are known,
which provide an explanation for the behavior of the singular values of Hy(f) + ¢4 if d is
increased beyond rank(f) in the case that 4 represents noise on the samples of f. For
practical applications this is clearly a highly relevant problem.

It is thus natural to ask for multivariate versions of Padé’s theory and their relation
to multivariate Prony’s method. This is a major theme of current research, and among
the relevant works in this are Cuyt [28, 29], Brezinski [15], Guillaume-Huard [39], and
Cuyt-Brevik Petersen-Verdonk-Waadeland-Jones [30].

4.4. The measure theoretic moment problem

A new step in this study motivated by the emerging measure theory of the 19th century
was the study of so-called moment problems. For a measure u: A — RZ°U{oco} on a o-
algebra A on some set X, the k-th moment of u is defined as

() i= [ fardun = [ 2 duta),

and

m: M(X,A) — RY,

B (mk(ﬂ))keNa
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is called the moment operator. It is a natural question to ask for a description of
im(m), that is, for a characterization of those sequences that arise as sequence of mo-
ments of some measure. Special instances ask for such characterizations for specific
measure spaces (X, A, p), such as the Borel measure space (R, B(R), A | B(R)), where A
denotes the Lebesgue measure. This has led to several variants such as the Stieltjes mo-
ment problem [72],% the Hausdorff moment problem [43, 44, 45],°, the trigonometric (or
Toeplitz) moment problem!® and the Hamburger moment problem [40, 41, 42]*!, questions
of uniqueness of such a measure, and also how to obtain such measures constructively
from given truncated sequences of moments.

To see the connection to Prony’s method, note that, for an exponential sum f =

> besupp(f) Jo expp € Exp™(C),

py: P(C") — C,
A—> Z fbéb(A),

besupp(f)

where

8: P(C") — RO,

1 ifbe A,
Ar—
0 otherwise,

denotes the Dirac measure in b, is a complex measure. Furthermore, for @« € N, one
has

f= % = [, e

besupp(f

is the a-th moment of py. For this reason, matrices occurring in these methods are
often referred to as matrices of moments in the literature. There are many variants
of reconstruction methods for multivariate exponential sums and polynomials that are
in some way based on this idea, such as in Ben-Or-Tiwari [9], Curto-Fialkow [23, 24,
25, 26, 27], Giesbrecht-Labahn-Lee [37], Laurent [56], Laurent-Mourrain [57], Andersson-
Carlsson-de Hoop [2], Collowald-Hubert [21], Peter-Plonka-Schaback [62], Mourrain [60],
and Sauer [67, 69, 68], and and also the theory developed here can be seen as being in
this line.

4.5. Projection methods

A family of alternative approaches to the reconstruction of multivariate exponential sums
may be subsumed under the label projection methods. The basic strategy is as follows.

8Thomas Joannes Stieltjes, 1856—1894; measures supported on RZ°.
9Felix Hausdorff, 1868-1942; measures supported on a bounded interval.
00tto Toeplitz, 1881-1940; measures supported on T*.

"Hans Ludwig Hamburger, 1889-1956; measures supported on R.
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Let f = > e foexp, € Exp”(A) be an exponential sum. Note that for an arbitrary
o € N, the function
fa: N— A,
k— f(k-a),

is an exponential sum in Exp'(A) with
supp(fa) = {0% [ b & M} C 4,

since for k € N, fo(k) = Spenr /b = Spem £(0)*. (Of course, rank(f,) may
be smaller than rank(f), i.e., b = ¢* for some distinct b,c € M.) Thus f, may
be reconstructed classically with Prony’s method. This is done for several distinct
at,...,ap € N resulting in a reconstruction of each f,, € Expl(A), (=1,...,t,
and in a second step this information gets assembled into a reconstruction of f.

The denomination “projection methods” stems from the following. For A = K = C
and b € T", let ¢ := arg(b) := (arg(by),...,arg(b,)) € [0,2x[" and let (): R" x R" — R
denote the euclidean scalar product on R™. In this context (e.g., for applications in
signal processing) it makes sense to consider arbitrary exponents in R™ instead of N™,
i.e., one usually considers

expy: R" — C,
ar— b = bt b

Then one clearly has

expy () = el¥101 ... glvnan — ellprart-+enan) _ i)

for all & € R™. Application of the projection strategy above for a € R" with |lal, =1
then leads to expy(ka) = (e{#@)* = (elProira(®))¥ i e the frequencies of the bases
of fo: R — C, k — f(ka), are the projections of the frequencies of the bases of f =
> b foexp;, onto the subspace Rav.

Among the references on projection methods are Jiang-Sidiropoulos-ten Berge [47],
Giesbrecht-Labahn-Lee [37, Section 4.2], Potts-Tasche [64], Plonka-Wischerhoff [63],
Diederichs-Iske [32], and Cuyt-Lee [31].

4.6. Tensor decomposition, renaissance of the Waring problem

The Waring problem for homogeneous forms presented in the binary case in Section 4.2
gained renewed interest around 1990. One additional motivation is that computers
made it possible to produce large sets of experimental data, e.g., in physics or biology.
These data often have the structure of a tensor, i.e., they are multiarrays of values
T = (Til,---,id)z‘l,...,id:O,...,n € K™ X" Often these tensors are symmetric in the sense
that T, i, = Trgy,...iy) for every permutation m € Sy. The problem of decomposing
a symmetric tensor into a sum of symmetric tensors of rank 1 with least number of

summands is equivalent to the decomposition of a homogeneous polynomial over K of
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degree d in n indeterminates into a sum of powers of linear forms with least number of
summands, i.e., to the Waring problem discussed in Section 4.2 for n = 2.

An extension of Sylvester’s method to the case of an (in principle) arbitrary tensor is
expounded in the 1999 monograph by Iarrobino and Kanev [46] and has been developed
further, e. g. in Brachat-Comon-Mourrain-Tsigaridas [12]. However, being a generaliza-
tion of Sylvester’s classical method, this approach for decomposing symmetric tensors
has the same major problem that a given tensor often does not provide all the coefficients
of the catalecticant.

In the way that Sylvester’s method is related to Prony’s method, this extension
also provides an approach to reconstruct multivariate exponential sums. In a preprint
from 2016 [60], Mourrain gives such a variant of the theory developed for the War-
ing problem. As this is very closely related to the approach developed in this thesis,
Mourrain’s method and its relation to our method is presented in the following.

Mourrain considers polynomial-exponential functions, that is, the elements of the K-
vector space

T
PolyExp(yy,---,¥,) = {Zwiexpgi e KN | reN,w e Kly], & € K"} < KN,
i=1

This is more general than our setting in the sense that we only consider polynomial-expo-
nential functions with constant coefficients. Note however that we allow the bases & to
be in the K-algebra A™ instead of only K™. The intersection of both settings is the space
of polynomial-exponential functions with constant coefficients, which is our Exp™(K).
Another difference is that we also consider the case that the bases &; to be elements of
a given subset B of A™.

For a polynomial-exponential function f = >i_; w;expg, € PolyErp(yy,...,y,) the
problem is to reconstruct the points & € K™ and w; € Klyy,...,y,] from f | F with
some finite set ¥ C N™. A subtle difference here to our approach is that Mourrain
determines a suitable set F' for the given f while performing his method, whereas we
try to give an F such that Prony’s method works for all exponential sums f with some
additional properties (i. e., sufficient separation distance of the bases in the toroidal and
spherical cases).

For simplicity, let K be a field of characteristic zero. Mourrain identifies f and the
power series

f = Z f(()é)éya €T := K[[yl’ >Yn]],
aeNn
where a! := [[7_; (ay!) for a € N".

Since the dual space S* = Hompg(S,K) of S = KJ[x1,...,%,] is (K-vector space
isomorphic to) 7', one can view PolyEzp(yy,...,y,) as a subspace of S*, identifying f
and

f: 88— K,

p— Y. fla)pa.

aesupp(p)
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In particular, one then has f(x®) = f(«) for all « € N", and the exponential exp, €
PolyExp(yy, - . .,y,) corresponds to the evaluation homomorphism ev® € S*. This point
of view has the particular advantage that it allows to endow the K-module S* with a
useful S-module structure via

*: S xS*— S
0. f)r—pxf: §— K,
q— f(pa)-
Viewed as power series, one has
p*q=p(01,....0,)(f)
where p(01,...,0,) is the differential operator
Y padfto0din: T — T,

a€supp(p) f-a
.
q— ) 18 2 Pay
BeN a€supp(p) =0ifa>p

For each f € T one has the Hankel operator
Hf: S — S*,
prH—px f

Mourrain has the following generalization of a theorem of Kronecker!'? from 1881 [51],
which concerns the univariate case n = 1. Part (a) characterizes those power series f that
correspond to polynomial-exponential sequences as those with rank(Hy) finite. There-
fore, PolyExp(yy,...,y,) is a very natural generalization of Exp™(K). Part (b) gives a
connection between rank(Hy) and the Macaulay inverse system (0%w; | a € N™) .- which
generalizes the fact that rank(H;) = rank(f) if the coefficients of f are constants.

THEOREM 4.2 (Mourrain [60, Theorem 3.1]): Let f € K[yy,...,y,]. Then the fol-
lowing holds.

(a) The following are equivalent:
(i) rank(Hy) € N.
(i) f € Poly&xp(yi,.--,¥n)-
(b) Let

/= Zwi expg, € PolyEap(yy,.--,¥n)

i=1

with w; € Kly] and pairwise distinct & € K", and let
p(w;) == dimg ((0%; | @ € N™) ).
Then .
rank(Hy) = z;,u(wl)

12Teopold Kronecker, 1823-1891.
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For computational purposes, for K-subvector spaces V, W < S the following restricted
Hankel operator will be used,

HYY v — W,
p—Hs(p) [ W.

If f e Exp”(K)and V =W = Sp for some D C N” then the transformation matrix
of H}/’W w.T.t. the bases x” and its dual is our matrix Hp(f).

Mourrain also provides a method to compute the zero locus of ker(H}/’W) for finite
dimensional V, W that is based on arguments similar to Gram-Schmidt orthogonalization
w.T.t. the inner product given by (>f: SxS = K, (p,q) — f(pq) = (pxf)(q), to compute
appropriate K-bases of K[¢; | i = 1,...,r] in conjunction with the eigenvector method
of Auzinger, Moller, and Stetter [6, 71, 59] applied to a matrix pencil with generically
chosen coefficients and the flat extension principle of Curto and Fialkow. More on
algorithms to compute bases of K[§; | i = 1,...,7] can be found in Mourrain [61].

4.7. Further approaches

There is a vast body of literature concerning the reconstruction of exponential sums or
related problems in general or Prony’s method in particular which we cannot discuss in
detail.

In particular, there are approaches using optimization theory, cf. e. g., Candes-Fernan-
dez-Granda [17, 18] and Bendory-Dekel-Feuer [10, 11]. A recent article on the relation-
ship between optimization based approaches and Prony’s method is provided by Josz,
Lasserre, and Mourrain [49].

Coming from the field of signal analysis, there are approaches under the label anni-
hilating filter methods, cf. e. g. Stoica-Moses [73, 74|, Vetterli-Marziliano-Blu [78], Du-
mitrescu [33], and Shukla-Dragotti [70].

Furthermore, moment problems over certain matrix rings have been considered, e. g. in
Choque Rivero-Dyukarev-Fritzsche-Kirstein [20] and Choque Rivero [19].
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= ev%, F t-xfiltration on N”, § € Nt, M C A"
=1z, (M), F t-*filtration, 6 € N*, M C A"

= V%S, F t-*filtration on N*, § € N', M C A"
= Hpg,(f), F t-+filtration on N*, § € N,
Exp"(A)
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Symbol

supp(f)
coeff (f)

7Z€XPyp
zExp(A)

zExp"(A)
Tp(f)
Ts(f)

Description

support of exponential sum f

coeflicient vector of exponential sum f

n-variate exponential on Z" with base b € U(A")
K-vector space of n-variate exponential sums on Z"
supported on B C U(A™)

= zExp{j4ny(4)

Toeplitz-like matrix of f € zExp™(A) w.r.t. D C N”
=T, (f), F t-*filtration, 6 € N, f € zExp™(4)
n-variate Prony in Fs, F t--filtration on N, § € N
n-variate Prony

real (n — 1)-sphere

R-vector space of n-variate real spherical harmonics
of degree at most d

spherical separation of M € P(S"™1)

wrap-around metric on T"

toroidal separation of M C T"

r-th catalecticant of binary form p

z-transformation

k-th moment of measure p

complex measure associated to f € Exp”™(C)
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