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Introduction

Well informed people know that it is impossible
to transmit the human voice over wires.
— Boston Newspaper, 1867

Following Leonard Kleinrock [37], queueing theory is the study of the
phenomena of standing, waiting, and serving. As simple as this definition
might be, as manifold are the applications and real world problems that
can be described by queueing models. The queueing theory started at the
early beginning of the 20th century with the pioneer work of Frederik Ferdi-
nand Wilhelm Johannsen [33], Tore Olaus Engset [21122] and Agner Krarup
Erlang [23] as the study of telephone networks with limited capacity. Nu-
merous refinements and new applications of queueing theory have arisen
since then. Nowadays, the rich and fertile theory is applied to the analy-
sis of communication networks and computer systems for internet and data
traffic or bandwidth management, to health care systems, traffic control,
insurance mathematics, machine plants and almost every area of everyday
life in which “standing, waiting, and serving” takes precedence. Although
the work of Johannsen, Engset and Erlang might seem old-fashioned from
todays point of view — and impossible if one believes a Boston newspaper
from 1867 —, their results are 100 years after the publication of Erlang’s first
paper still perfectly applicable and applied in modern teletraffic engineering
(see Stordahl [61] and ITU [32]).

Whenever a queueing system offers only a finite number of service and /or
waiting positions, some service demands might be declined and some not.
From an economic point of view, it might be useful to know the system’s
long-run behavior in order to balance for example the cost of lost demands
and the benefits from service. Quantities like the overall blocking or overflow
probability, the average departure rate from the waiting room and the servers
and the average occupation proportion of the waiting and service positions
are amongst others of special interest. A system designer for example has to
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know these characteristics in order to control and optimize a queueing system
and to reach a certain cost or utilization level. However, these characteristics
can only be calculated for a limited class of queueing systems and the more
involved the system dynamics get, the more involved the analysis of the long
run behavior usually becomes.

In this thesis, we present two fairly general classes of so called overflow
queueing networks. These networks consist of two queues, where the capac-
ity of the first queue is always finite. Customers arriving at the first queue
have an overflow capability from the first to the second queue if the first
queue operates at a certain fixed capacity, i.e., under certain conditions, de-
mands arriving at the first queue are allowed to join the second queue. In
every model, the dynamic of the first queue is or is at least similar to the
famous Erlang and Engset loss systems. The overflow stream will addition-
ally be weighted with a parameter p € [0,1]. The parameter p can be used
as a control parameter or to model the customers’ impatience.

The first chapter gives a brief overview of the general stochastic structure
underlying these networks. In principle, each of the queues is fed by a
Markovian Poisson process and the service times are exponential.

In the second chapter, we consider a generalization of a queueing model
presented by Perel and Yechiali [56] and additionally append an overflow
capability. In this generalized two-queue network, the arrival and service
rates for the finite first queue are state-dependent and the customers in the
first queue act as servers for the second queue, i.e., the service rate in the
second queue depends on the state of the first queue. This is for example the
case for file sharing or torrent systems, where customers receive data from
customers that are already in service. The state-dependent rates in the first
queue cover many prominent queueing systems. The first queue is considered
to have finite capacity, the second queue has an infinite capacity. We further
consider two variants of this model by allowing customers to jockey from the
second queue to the first queue. In queueing theory, jockeying is called the
possibility for waiting customers to move from one queue to another queue.
These jockeying customers can then act as servers for the second queue. We
reduce the number of unknown steady-state probabilities of this system in a
considerable amount by a generating functions approach due to Avi-Itzhak
and Mitrani [6]. Some steady-state quantities of interest are also derived.

In the third chapter, we cover a variety of different models of two-queue
networks in which we equip each of the two queues with a finite number of
servers and waiting positions. We consider different routines for the handling
of arriving, blocked, overflowing and jockeying customers. These models can
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be used to analyze for example call centers, telecommunication systems or
traffic flows. The main difference between the queueing models presented
in the second and third chapter is the finiteness of the capacity of the sec-
ond queue. Moreover, the customers in the first queue no longer serve the
customers in the second queue. The finiteness of the state space of these
queueing systems gives — in contrast to the models presented in the second
chapter — rise to additional boundary conditions. These boundary conditions
and the special structure of the steady-state equations make it impossible to
carry out the approach from the second chapter. Nevertheless, the number of
steady-state equations that describe the system’s behavior can be reduced
substantially by exploiting a separation method due to Morrison [46]48].
By using this separation technique, we will reduce the problem of solving
the steady-state equations to the problem of solving a substantially smaller
number of homogeneous linear equations in two sets of unknowns. With
this approach, explicit formulas depending on these unknowns can be given
for various steady-state quantities in an elegant form. The basic technique
is to partition the state space into certain regions and boundaries and to
separate the stationary probabilities within these regions. In every model,
the separation leads to a set of eigenvalue problems for the separation con-
stants. The eigenvalues are given by the roots of polynomial equations and
are the pairwise distinct eigenvalues of real tridiagonal symmetric matrices
as well. They possess an interlacing property, called the “Sturm sequence
property”, which reduces the computational complexity considerably. The
desired probabilities are expressed as sums of eigenfunctions in terms of the
eigenvalues. The number of eigenfunctions and therefore the number of coef-
ficients to be determined in these representations is in general substantially
smaller than the number of stationary probabilities. The coefficients are de-
termined by the normalization condition and a set of linear equations that
stems from the boundary conditions. The desired probabilities and steady-
state quantities can be numerically determined once the coeflicients and
eigenvalues are numerically calculated. Some of the results were published

in Sendfeld [59].

We give a detailed model and literature review and name main applica-
tions of our models at the beginning of every chapter. Due to the natural
occurrence of overflow queueing problems, the related literature is vast, see
for example Disney and Konig [17] for a broad overview. Two chapters de-
voted to the theory of queueing networks with restricted accessibility and
overflow are found in Syski [63]. In Kosten [38], some aspects of networks
with restricted accessibility are considered. Additionally, Koury et al. [39]
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and Krieger et al. [40] give reviews of iterative numerical methods for over-
flow queueing models. A brief discussion of numerical methods for some

two-queue overflow systems and further references are given in Ching and
Ng [10].



Introduction (german)

Wohlunterrichete Menschen wissen, dass es unmdglich ist,
die menschliche Stimme mit Kabeln zu tbertragen.
Bostoner Tageszeitung, 1867

Nach Leonard Kleinrock [37] ist die Warteschlangentheorie das Studi-
um der Phinomene des Stehens, Wartens und Bedienens. So einfach diese
Definition auch sein mag, so mannigfaltig sind die Anwendungen und re-
alen Probleme, die als Warteschlangenmodelle beschrieben werden kénnen.
Die Grundsteine der Warteschlangentheorie wurden Anfang des frithen 20.
Jahrhunderts gelegt. Die Pionierarbeiten von Frederik Ferdinand Wilhelm
Johannsen [33], Tore Olaus Engset [21,22] und Agner Krarup Erlang [23]
befassten sich mit dem Studium der Telefonnetzwerke mit begrenzten Ka-
pazititen. Seither entstehen unz#hlige Verallgemeinerungen und neue An-
wendungen der Warteschlangentheorie. Noch heute zidhlen die Kommunika-
tions- und Netzwerktechnik bei der Analyse von Telefon-, Internet- und Da-
tenverkehr zu den wichtigsten Anwendungsbereichen der Warteschlangen-
theorie. Auch im Bandbreitenmanagement, im Gesundheitssystem, der Ver-
kehrsregulierung, in der Versicherungsmathematik und bei der Analyse von
Kundenstromen - also in fast jedem Bereich des alltéiglichen Lebens, in dem
»,otehen, Warten und Bedienen“ eine Rolle spielen - ist die Warteschlangen-
theorie unerlisslich. Obwohl die Arbeiten von Johannsen, Engset und Erlang
aus heutiger Sicht altmodisch erscheinen moégen - sogar nutzlos, sofern man
einer Bostoner Zeitung von 1867 glaubt -, so sind deren Resultate auch 100
Jahre nach der Verdffentlichung von Erlangs erster Arbeit anwendbar und
werden nach wie vor in der modernen Telekommunikation angewendet (siehe

Stordahl [61] und ITU [32]).

Verfiigt ein Warteschlangensystem nur iiber eine begrenzte Kapazitét
an Service- oder Warteplitzen, so kann dies dazu fithren, dass nur ein Teil
der Serviceanfragen erfiillt wird. Aus 6konomischer Sicht ist es dann sinnvoll,
das Langzeitverhalten des Systems zu studieren, um zum Beispiel die Kosten
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abgelehnter Anfragen und die Einnahmen angenommener Anfragen auszu-
balancieren. In dieser Hinsicht sind unter anderem die erwartete Blockier-
wahrscheinlichkeit, die durchschnittlichen Abgangsraten von Kunden aus
den Warteriumen oder Servern und die durchschnittliche Anzahl besetzter
Warteplitze und Server von besonderem Interesse. Sind diese Grofien unter
gegebenen Voraussetzungen bekannt, so konnen Sie genutzt werden, um ein
neues System optimal zu planen oder ein bestehendes zu optimieren. Hier-
bei kénnen Zielvorgaben, wie die Sollauslastung oder die Einhaltung einer
Kostenobergrenze, durch entsprechende Wahl der beeinflussbaren System-
parameter erfiillt werden. Die zur optimalen Kontrolle eines solchen Systems
notwendigen Groflen konnen jedoch im Allgemeinen nur fiir eine begrenzte
Klasse von Warteschlangensystemen effizient berechnet werden. Je kompli-
zierter die Abhéngikeiten und Kundenstréome in einem System sind, desto
aufwéandiger - wenn nicht unméglich - ist dessen Analyse.

In dieser Arbeit prisentieren wir zwei allgemeine Klassen sogenannter
Warteschlangennetzwerke mit Overflow. Die Netzwerke in diesen Klassen
bestehen jeweils aus zwei Warteschlangen. Die Kapazitdt der ersten War-
teschlange ist stets endlich. In den betrachteten Modellen entspricht die
Dynamik der ersten Warteschlange den bekannten Erlang- oder Engset-
Verlustsystemen oder ist diesen &hnlich. Wie in der Warteschlangentheorie
iiblich, werden wir im Folgenden den Begriff Kunde synonym fiir Anfrage
und den Begriff Server fiir die Bedieneinheit verwenden. Ist die erste War-
teschlange bis zu einer festgelegten Kapazitéitsauslastung belegt, werden an-
kommenden Kunden bestimmte Wechselmdglichkeiten (Overflow) zur zwei-
ten Warteschlange eingerdumt. Ein Kundenwechsel findet in den betrachte-
ten Netzwerken zusétzlich mit einer Wahrscheinlichkeit p € [0, 1] tatséschlich
statt, das heiflt, der Wechselstrom wird mit dem Parameter p gewichtet. Der
Parameter p kann als Steuer- oder Kontrollparameter verwendet werden oder
den Grad der Ungeduld der wechselnden Kunden beschreiben.

Das erste Kapitel gibt einen kurzen Uberblick iiber die allgemeine sto-
chastische Struktur, die den betrachteten Netzwerken zu Grunde liegt. Prin-
zipiell verfiigt jede der Warteschlangen {iber einen markovschen Poisson-
Ankunftsprozess und exponentialverteilte Servicezeiten.

Im zweiten Kapitel betrachten wir eine starke Verallgemeinerung eines
Warteschlangenmodells von Perel und Yechiali [56], indem wir unter an-
derem Overflow zulassen. Bei dieser Verallgemeinerung eines Netzwerks aus
zwei Warteschlangen sind die Ankunfts- und Serviceraten in der ersten War-
teschlange variabel und abhéngig vom Zustand dieser Warteschlange. Ferner
werden die Kunden der zweiten Warteschlange von den Kunden der ersten
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bedient, so dass die Servicerate der zweiten Warteschlange ebenfalls vom Zu-
stand der ersten abhéngt. Dies ist zum Beispiel der Fall bei Filesharing- oder
Torrent-Systemen, in denen Kunden Daten von anderen Kunden herunterla-
den, die bereits Service erhalten. Die Variabilitdt der Ankunfts- und Service-
raten in der ersten Warteschlange ermoglicht die Analyse vieler prominenter
Warteschlangensysteme. Die erste Warteschlange besitzt stets endliche Ka-
pazitit, die zweite hingegen unendliche Kapazitdt. Wir betrachten ferner
zwei Varianten dieses Modells, in denen wir Kunden, die sich im Warte-
raum der zweiten Warteschlange befinden, die Moglichkeit geben, zur ersten
Warteschlange zu wechseln. Diese Kunden wiederum kénnen dann in der
ersten Warteschlange als Server fiir die zweite Warteschlange fungieren. Wir
reduzieren die Anzahl der unbekannten stationdren Wahrscheinlichkeiten
drastisch, indem wir die Struktur der erzeugenden Funktionen dieser Wahr-
scheinlichkeiten mit Hilfe eines Ansatzes von Avi-Itzhak und Mitrani [6]
analysieren. Ferner leiten wir Formeln fiir einige der wichtigsten stationéren
Groflen her.

Im dritten Kapitel untersuchen wir zahlreiche unterschiedliche Warte-
schlangennetzwerke aus zwei Warteschlangen, in denen jede der beiden War-
teschlangen mit einem Warteraum mit endlicher Kapazitit und einer be-
grenzten Anzahl an Servern ausstattet ist. Wir betrachten unterschiedliche
Routinen fiir die Behandlung ankommender, blockierter und wechselnder
Kunden. Diese Modelle kénnen verwendet werden, um zum Beispiel Call
Center, Telekommunikationssysteme oder Verkehrsfliisse zu analysieren. Der
Hauptunterschied zwischen den Modellen im zweiten und dritten Kapitel ist
daher die nun endliche Kapazitéit der zweiten Warteschlange. Ferner wer-
den die Kunden in der zweiten Warteschlange nicht mehr von den Kunden
in der ersten Warteschlange bedient. Im Gegensatz zu den Modellen aus
dem zweiten Kapitel gibt die endliche Kapazitéit der zweiten Warteschlange
hier Anlass zu zusétzlichen Randbedingungen. Diese Randbedingungen und
die spezielle Struktur der Gleichgewichtsgleichungen machen es unmaoglich,
diese Systeme mit den Methoden aus dem zweiten Kapitel zu analysieren.
Jedoch reduzieren wir die Anzahl der unbekannten stationdren Wahrschein-
lichkeiten wiederum drastisch, indem wir eine Separations-Technik von Mor-
rison [46]48] verwenden und verallgemeinern. Mit Hilfe dieser Technik re-
duzieren wir das Problem der Losung der Gleichgewichtsgleichung auf das
Problem der Losung einer erheblich kleineren Anzahl an homogenen Glei-
chungen und eines Eigenwertproblems. Mit dieser Methode kénnen explizite
Formeln fiir die verschiedensten stationdren Grofien in Abhéngigkeit von

diesen Eigenwerten in eleganter Form angeben werden. Die grundlegende
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Technik basiert auf einer Partition des Zustandsraums in Mengen bestimm-
ter innerer Punkte und Randpunkte. In den inneren Bereichen werden die
stationdren Wahrscheinlichkeiten dann in eine Summen-Produkt-Form zer-
legt. Diese Zerlegung fithrt zu Eigenwertproblemen fiir tridiagonale symme-
trische Matrizen, zu deren Losung die stationéren Gleichungen in den Rand-
punkten verwendet werden. Die Eigenwerte werden dabei als Nullstellen po-
lynomialer Gleichungen bestimmt und sind paarweise verschieden und reell.
Sie besitzen die sogenannte Sturm-Folgen- oder Verzahnungseigenschaft, die
den numerischen Aufwand bei deren Berechnung erheblich reduziert. Die
gesuchten Wahrscheinlichkeiten werden als gewichtete Summen der Eigen-
funktionen in Abh#ngigkeit der Eigenwerte dargestellt. Die Koeffizienten
in dieser Darstellung werden mit Hilfe der Normierungsbedingung und der
linearen Randbedingungen bestimmt. Die gesuchten Wahrscheinlichkeiten
konnen mit numerischen Verfahren berechnet werden, sobald die Koeffizien-
ten und Eigenwerte berechnet worden sind. Einige der Resultate wurden in
Sendfeld [59] veroffentlicht.

Wir geben zu Beginn jedes Kapitels eine detaillierte Literaturiibersicht
und Anwendungsbeispiele fiir die priasentierten Modelle. Aufgrund des natiir-
lichen Auftretens von Warteschlangennetzwerken mit Wechselmoglichkeiten
ist die verwandte Literatur reichhaltig. Eine breite Ubersicht ist zum Bei-
spiel in Disney und Koénig [17] gegeben. Syski widmet in [63] zwei Kapitel
der Analyse von Warteschlangennetzwerken mit begrenzter Kapazitdt und
Wechselmoglichkeiten. Weitere Aspekte von Netzwerken mit begrenzter Ka-
pazitdt werden in Kosten [38] betrachtet. Koury et al. [39] und Krieger
et al. [40] geben Uberblicke iiber iterative numerische Methoden fiir War-
teschlangen mit Wechselmoglichkeiten. Eine kurze Diskussion numerischer
Methoden fiir Zwei-Server-Warteschlangen mit Wechselmoglichkeiten und
weitere Referenzen finden sich in Ching und Ng [10].
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Chapter 1

Preliminaries

This chapter serves as a brief introduction to the theory of Markov jump pro-
cesses in continuous time in order to classify the stochastic models presented
in this thesis. The well-known classical results on general Markov chains in
continuous time in this chapter can be found in various textbooks and are
taken from Alsmeyer [3], Asmussen [5] and Bremaud [7], whereas the results
on quasi birth and death chains are due to Latouche and Ramaswami [41]
and Neuts [53].

1.1 Markov chains in continuous time

In this section, we recapitulate the definition and the basic structure of a
continuous time Markov process or Markov jump process on a countable
state space. Let & be a countable nonempty set, called the state space,
and let X = (Xt)te[O,oo) be a stochastic process on the probability space
(Q,%, P) with values in &. Let .# = (J)c|o,0c) be the canonical filtration
of X, that is, .%; is the o-algebra generated by all X, for s <t¢. The process
X is called Markov process if the Markov property holds:

P(X, € A| Z,)=P(X, e A|X,) P-as.

for all s,t € [0,00) with s < ¢ and every A C &. The process is called
homogeneous if the transition kernels P, 4(X;, A) = P(X; € A | X;) can be
chosen so as to depend on s and ¢ only through the difference t — s, i.e., if

P(Xt S A ‘ Xs = 1’) = ]]?07,5_8(1',14) PXS—a.s.
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This will be assumed in the following. We will write Po; = P;, where
Py(x,-) is the Dirac measure 0, in x, and call P; the t-step transition
kernel. The family (P;)ico,0c) Of the t-step transition kernels satisfies the
Kolmogorov-Chapman equations:

P,y = P,P, (1.1.1)

or equivalently

Pz, A) = / Py(y, A)P, (x, dy)
(G}

for all s,¢ € [0,00) and every A C 6.

In our setting with denumerable state space &, we may identify the
transition kernel IP; with the matrix P(t) = (p; ;(t))i jes and interpret the
Kolmogorov-Chapman equations in the sense of matrix multiplication. We
have

(i) P(t) is a stochastic matrix,
(ii) P(0) is the identity matrix and
(i) P(t+s) = P(t)P(s) for all s,t € [0,00).

Moreover, we suppose that lim; .o P(t) = P(0). With this assumption we
can show that p; ;(t) is continuously differentiable for ¢ > 0 and differentiable
from the right at 0, i.e., the limit

- Piy(t) —pi(0)
=] FLINT FBINTT
qi,j ti)f& ;
exists and is finite for s # j but maybe infinite for i = j. We also have ¢; ; > 0
for all i # j. The matrix Q = (¢; ;)i jes is called the infinitesimal generator,
rate matriz or (Q-matriz of the process X. Q is called conservative if

Z%’,j = —Qi; <0

J#i
or equivalently, in matrix form, if Q1 = 0 holds, where 1 is the vector with

all entries equal to 1. It is useful to let ¢; = —g¢;; for ¢ € &. We assume in
the following that () is conservative.

The process X has a fundamental jump structure. Let Sp =0 < 51 <
So < ... be the times of successive jumps of X, let T, = S,+1 — 5, for
n > 0 be the associated sojourn times and let the sequence of states visited
be given by Y, = Xg, for n > 0. There are two phenomena which desire
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further attention: absorption and explosion. The process may be absorbed
in the sense that there is a last finite S,. In this case we may set T, = oo
and Y, = Xg, for £ > n. The case of an explosion of the process, i.e., an
accumulation of infinitely many jumps in finite time is more involved. The
following condition for a conservative (Q-matrix prevents the process X from
being explosive.

Proposition 1.1.1. Let Q) be conservative. Then X is nonexplosive if the
condition sup;cg ¢; < 00 holds. That is for example the case if G is finite.

The basic structure of X up to the time of explosion is very simple (see
Theorem II 1.2 in [5]):

Proposition 1.1.2. The joint distribution of the sequences (Yp)n>0 and

(Th)n>0 before explosion is given by:
(i) The sequence (Yy)n>0 of states visited is a Markov chain.

(ii) There exist A\(1) > 0 such that Ty, T1,... are independent and Ty is
exponentially distributed with parameter A\(Yy) for k > 0 given (Yy,)n>o0-

The transition matrix P = (Pi,j)ijes of the embedded Markov chain

(Y3)n>o is linked to the generator @ by

) A i j

Pii =0 and p;j= -7,

4qi

if 0 < ¢; < ooand p; ; = d;5 for all j € G if ¢; = 0, where J;; is the Kronecker
function, i.e., 6;; = 1 for i = j and 0 otherwise. Thus, absorption is excluded
if0< g <ooforallie®.

This basic structure suggests that one can construct a Markov jump
process in continuous time by specifying a conservative ()-matrix: Start the
chain at an arbitrary state and let it reside in state 7y for an exponential
holding time with parameter (i) = Zﬁﬁio io,j = Uip and jump to the state
i1 with probability pi, i, = Gig,i1/i,- Indeed, under the condition that the
resulting process is nonexplosive, one gets a continuous time Markov chain
with infinitesimal generator (). The assumption that the process in nonex-
plosive can of course be avoided. Moreover, the resulting Markov process is
called the minimal construction and is, in addition to the conditions given in
Proposition [[LT.T] nonexplosive if the embedded Markov chain is recurrent.

The concepts of irreducibility, recurrence and transience can be defined
via the embedded Markov chain. In this manner, a Markov jump process has
the respective property if and only if the embedded Markov chain does. An
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ergodic process is an irreducible recurrent process with stationary measure
having finite mass. We have the following stability theorem (see Theorem
IT 4.3 in [5])

Theorem 1.1.3. An irreducible nonexplosive Markov jump process is er-
godic if and only if one can find a probability vector p with pQ = 0. In that
case p is the stationary distribution, i.e., pP(t) = P(t) for everyt € [0,00).

All stochastic processes considered in this thesis arise from a minimal
construction based on a conservative rate matrix ). The resulting processes
are nonexplosive since one of the properties from Proposition [[LT.1] holds in
every case. In the second chapter, we consider queueing systems with infinite
state space. Thus, we have to guarantee the ergodicity of the stochastic
processes. The main ergodicity criterion that serves this purpose is stated
in the next section. Once ergodicity is established, we can focus on finding
the unique normalized solution of the equation p@Q = 0. In the third chapter,
we consider finite queueing systems. Ergodicity is in this case given by the
irreducibility of () and the finiteness of the state space. The main objective
is again to find the unique normalized solution of the equation p@ = 0.

1.2 Quasi birth and death processes

We consider a two-dimensional Markov jump process L = (L, L2,t)te[0,oo)
in continuous time on the state space & = {0,...,N} x Ny. The first
component (Ll,t)te[o,oo) is called the phase or the phase process. The second
component (Lz)¢e(o,0c) 15 called the level or the level process. Let

I(m) = {0,...,N} x {m}

be the collection of states in level m for m > 0. We will also call I(m) the

level m

Definition 1.2.1. A Markov chain on & is called a quasi birth and death
process (QBP) if transitions are restricted to one-step transitions from states
in one level to states in the same level or to states in the neighboring levels.

By this definition, the transitions of L are restricted to one-step transi-
tions from states in one level to states in the same level or to states in the
neighboring levels, i.e., transitions from the states in I(m) to the states in
I(m) can occur if and only if m’ = m — 1, m, or m 4+ 1. Furthermore, we
assume that the transitions are level-independent, i.e., the transition rate
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from states in [(m) to states in I(m’) depends on m and m’ only through
the difference m — m’/. The QBP is called homogeneous in this case.

The states can be ordered lexicographically with respect to the first
component in the order

(0,0), (1,0,),...,(N,0),(0,1), (1,1),...,(N,1),....

In this order, the transition rate matrix or infinitesimal generator () has a
block-tridiagonal form of the following type:

B Ay 0 0
Ay A1 Ay O
Q=10 Ay A A ,
0 0 Ay A
where B, Ag, A1 and A are quadratic matrices.  The matrices Ay and

Ay are nonnegative; the matrices B and A; have nonnegative off-diagonal
entries and negative entries on their diagonals. The sum of the elements in
each row of ) equals 0. The matrix B contains the transition rates from
states in level [(0) to states the level [(0). The matrices Ag, A1 and Ag are
generated by the rates from states in level {(m) to states in level I(m + 1),
[(m) and [(m — 1), respectively, for m > 0.

Quasi birth and death processes belong to the class of stochastic pro-
cesses that can be analyzed by the matriz-analytic method. The origins of
these technique go back to Marcel Neuts (see [51], [52] and [53]), whose
research originated the matriz-geometric distribution and phase-type pro-
cesses. The term “geometric” stems from the generalization of the structure
of the stationary measure of the one-dimensional birth and death process
on the nonnegative integers to the two-dimensional case. The next theorem
displays this geometric structure of the stationary probability measure of a
positive-recurrent QBP. The theorem and its proof can be found in Latouche
and Ramaswami [41] (see Theorem 6.4.1).

Theorem 1.2.2. Assume that the continuous time quasi birth and death
process is positive-recurrent. Let the stationary distribution p of the process
be partitioned by levels into subvectors p.,,, m > 0. Then, the stationary
probability distribution is such that

pm = poR™  for m >0,
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where the matriz R records the rate of sojourn in the states of level [((m + 1)
per unit of the local time of l(m). Furthermore, we have that R = AypS,
where the matriz S records the expected sojourn time in the states of l(m),
starting from l(m), before the first visit to [(m — 1).

The following stability theorem taken from [41] (see Theorem 7.2.4) gives
a necessary and sufficient condition for stability and the existence of a unique
stationary probability measure. The proof will be omitted and can be found
in [41]; an earlier reference is [53] (see Theorem 3.1.1).

Theorem 1.2.3. Consider an irreducible, continuous time QBP with a fi-
nite number of phases and assume that the matrizc A = Ay + Ay + As is
irreducible. The process is positive recurrent if and only if

mApl < A1, (121)

where 1 = (1,...,1)7 € RN*! and © = (mo,...,mN) is the ewisting and
unique solution of the equations TA = 0 and w1l = 1. The process is recurrent
if TAgl = mAs1 and transient if wAgl > wAs1.

The stability condition mAgl < wAs1l states that the phase-averaged
rate for level transitions from [(m) to [(m + 1) must be smaller than the
phase-averaged rate for level transitions from I(m) to I(m — 1) for every
m > 1.



Chapter 2

Overflow to an infinite queue
and customers as servers

2.1 Model overview

In this chapter, we consider a fairly general open queueing network consisting
of two queues having an overflow capability from the first to the second
queue. The arrival and service rates are state-dependent and the customers
in the first queue act as servers for the second queue, i.e., the service rate
in the second queue depends on the state of the first queue.

Consider two queues (1 and (2. Let the total number of customers in
queue Q1 be given by the state of a finite birth and death chain in continuous
time with state space {0,..., N}, reflecting barriers and state-dependent
birth and death rates. Let the birth rate be Ay, > 0 if the chain is in state
n = 0,...,N —1 and the death rate be p;, > 0 if the chain is in state
n =1,...,N. The state of the birth and death chain corresponds to the
total number of customers in the queue @1, i.e., the number of customers in
the waiting room plus the number of customers in service. If this number is
n, then the arrival rate of the queueis Ay, > 0,n =0,...,N—1, and service
rate is 11, > 0, n =1,...,N. Let A\; y > 0 be the potential birth rate in
state N, i.e., the potential arrival rate if ()1 is in state N. Let p10 = 0
and let L; be the (stationary) total number of customers in @y, i.e., the
number of occupied waiting positions plus the number of customers being
served (under stationary conditions). If g is fully occupied, i.e., if L; = N,
then the arrival stream of () is weighted with p € [0, 1] and directed to the
second queue. This procedure is called overflow. Furthermore, the fraction
1 — p of arriving customers is lost in this case. The parameter p can be
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used as a control parameter or to model the customers’ impatience. Assume
that the second queue has no other external arrivals. In other words, the
arrival rate at Q2 is pA1 v in the case L1 = N and 0 otherwise. ()2 has one
server with exponentially distributed service times and a waiting room with
infinite capacity. The service rate is variable and depends on the number
of customers Ly in Q1 and is Ljue, where uo > 0. The customers in each
queue are served in their order of arrival. This basic model is discussed in
the next section.

We further consider two variants of the basic model by allowing cus-
tomers to jockey from the second queue to the first queue. In queueing
theory, jockeying is called the possibility for waiting customers to move
from one queue to another queue. In the first variant, the first customer
or more generally the first k customers, 1 < k < N — 1, from @, if one is
present, are forced to move to ()1 as soon as Q1 empties. These customers
can then act as servers for the second queue. We call this model the model
with limited jockeying because the number of jockeying customers limited
to a fixed value smaller than the capacity of the first queue. Therefore,
some customers might have to stay in ()2 although )1 has not reached its
capacity bound. In the second variant, as soon as J1 empties, it is filled
with the customers of (2 until it reaches its capacity bound or ()5 empties.
This jockeying procedure is called unlimited jockeying. The transferral of
customers does not result in service interruptions, because the service rate
in @2 is 0 at the time points of customer transferrals. See Figure 2.1 for a
schematic overview of the three models.

As indicated in Figure 2.1t is possible to let ()5 have a Poisson arrival
stream being independent of ()1 with intensity Ao > 0, so that the arrival
rate to Qo is Ay for L1 = 0,...,N — 1 and pA1 + Ay for L1 = N. In order to
simplify the presentation of the results, we omit the derivations in this case
and discuss the solution in Section

Our basic model covers for example the case of (1 being an
My /My /1/N — 1-queue with one server and N — 1 waiting positions or
any M) /M) /K/N — K queueing system with K servers and N — K wait-
ing positions, where N > K > 0. The index (n) indicates state-dependent
rates. Following the notation of van Doorn [19], the queueing systems with
one server and N — 1 waiting positions in )1 for example might be labeled

with (M(n)/M(n)/l/N - 1)p—overﬂow/M(n)/1'
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loss
A
n = occupied positions in @1 including server
(L=p)Ain
Q1 M N-K K ——tin
DAL N )

i jockeying

|
Q2 Mo o0 1 np2

waiting room server

Figure 2.1: Model overview: Customers acting as servers, state-dependent
service and arrival rates.

Solution approach

We are interested in the two-dimensional server and waiting room demand
process of this model, embedded at the time instants of arrivals to )1 and
Q2 and departures from ()1 and ()9. This process is a Markov chain with
state space & = {(n,m)|n =0,..., N, m > 0}, where the first and second
component of (n,m) € & correspond to the number of occupied servers
and/or waiting positions in @)1 and @2, respectively.

We solve the system of steady-state equations that describe the systems’
dynamics by exploiting the probability generating functions of the number
of customers in Q9, see for example Avi-Itzhak and Mitrani [6] and Perel
and Yechiali [56]. The solution of these equations is given in terms of only N
unknowns p1.0, ... ,PN,0, Where p, ., is the steady-state probability of having
n customers in ()1 and m customers in (J2. These unknowns can then be
determined by N linear equations in the unknowns given later. The model
presented in [56] is an important special case of our birth and death queueing
system for the case p =10, A1, = A1 >0, pipy1 =p1 >0, n=0,...,N -1
and Ao > 0.

Applications

Our models can be used to analyze for example file sharing or torrent sys-
tems. In these systems, data files are shared, exchanged and spread over
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the internet or a private intranet by letting downloading customers act as
servers for further customers. Due to cost and bandwidth limitations it is
a common case to have a limited number of primary download channels
(i.e., the servers in (1), a limited number of primary queueing positions
for these channels (i.e., the waiting positions in (1) and an unlimited num-
ber of secondary download channels (i.e., the positions in Q). A server
or host provides a data file via the servers in the primary channels. This
file is typically divided into several data portions which are downloaded by
the customers in service in the primary channels. When the primary down-
load and queueing positions are occupied, an incoming customer can decide
whether to join one of the secondary download channels in ()9 or not — the
probability of joining may equal p for all potential secondary customers.
Additionally, the parameter p can be regarded as a control parameter. The
arrival stream of the secondary channels may consist of the overflow from
the primary channels and/or an independent arrival stream. The secondary
download channels are served by the customers that are present in the pri-
mary channels, i.e., the secondary customers can download the requested file
or the data portions of this file from the customers in the primary channels.
These torrent systems make hosting of a file with a potentially unlimited
number of downloaders affordable because the costs of the secondary chan-
nels can be assigned to the primary and secondary customers. The download
speed in the primary and secondary download channels can increase with
the number of customers who are receiving service (in the primary chan-
nel). This is due to the fact that when customers download the same file at
the same time, they can upload portions of the file to each other. In addi-
tion, the data portions of the file can be downloaded in an arbitrary order.
Thus, a secondary customer can finish the service earlier than a primary
customer who arrived earlier and who participated in serving this secondary
customer. The download speed in the primary channel may also decrease
with the number of customers because of a limitation of the bandwidth.

Further applications of our model are to the SETI@home and the GIMPS
project. The SETI@Qhome project (Search for ExtraTerrestrial Intelligence),
initiated by the Space Sciences Laboratory of the University of California,
Berkeley, is described in Perel and Yechiali [56]. This project is searching
for extraterrestrial intelligence by radio telescopes. The GIMPS project
(Great Internet Mersenne Prime Search) launched by the Mersenne Research
Incorporation is a prominent and popular project searching for Mersenne
prime numbers. In both projects, huge amounts of data have to be processed.

This is done by institutions or private persons who install special computer
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programs on their computers. Whenever a computer equipped with this
software is idle, these programs are activated and data can be processed.

Having these examples in mind, it is very natural to assume variable
service and arrival rates due to bandwidth or CPU limitations. The models
presented in this chapter achieve the purpose of having variable arrival and
service rates.

Further related literature

The models presented in this chapter can be represented as quasi birth and
death processes (QBP) presented in Section [[.2] see for example Latouche
and Ramaswami [41]. Consequently, their analysis can be carried out using
a matrix-geometric approach, see Neuts [53]. Furthermore, all models can be
formulated as Markov-modulated queues. For related literature on both the
matrix-geometric approach and Markov-modulated queues see for example
Asmussen [4]. For the latter see Mahabhashyam et al. [43], Muscariello et
al. [50] and Takine [64] and the references therein.

Overflow queueing models are widespread in literature. Van Doorn [19]
and Parthasarathy and Sudhesh [55] study the interoverflow time distribu-
tion of a finite birth and death queue model as presented for ()1. Koury et
al. [39] and Krieger et al. [40] give reviews of iterative numerical methods for
overflow queueing models. A brief discussion of numerical methods for some
two-queue overflow systems and further references are given in Ching and
Ng [10]. While most of these formulations are of primary interest when the
focus is on numerical results, the method used in the following gives deep
insight into the structure of the stability conditions and solutions. Never-
theless, we will use the stability theorem for QBP presented in Section
to derive necessary and sufficient conditions for stability in every model.
Related overflow models are studied in Chapter [B] of this thesis, in van
Doorn [19] and Guérin, Lien [27] and the referenced literature therein using
a variety of different techniques. Further related literature is mentioned in
Chapter [3] Section B.1] of this thesis.

2.2 Customers as servers: Basic model

2.2.1 Model description and steady-state equations

Let the number of customers in ()1 be given by the state of a finite birth
and death chain with state space {0, ..., N}, birth rate A, > 0 if the chain
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is in state n = 0,..., N — 1 and death rate 1, > 0 if the chain is in state
n=1,...,N. Let Ay y > 0 be the potential birth rate if @ is in state N.
Let p1,0 = 0 and let L be the (stationary) total number of customers in
Q1. Let Q)2 have one server with exponentially distributed service times and
a waiting room with infinite capacity. The service rate in Qg is Lyus if Ly
customers are present in (1, where us > 0. Q2 is fed by a portion of the
rejected customers of ()1. If queue one is fully occupied, i.e., if L1 = N, then
the arrival stream of Q)1 is weighted with p € (0, 1] and directed to Q2 while
the fraction 1 — p of arriving customers is lost in this case. The customers
in each queue are served in their order of arrival. The underlying Markov
process is irreducible since there exists a path with positive probability from
the state (0,0) to every other state. Furthermore, the Markov process in
non-explosive by Proposition [LT.Jl The transition rate diagram is given in
Figure 2.2] where A\ = 0 in this section.

Ao Ao A2 A2 p)\l,N

)\1,0 Hi,1 )\1,1 . Hin >\1,n . H1,N—1 )\1,N71 M1, N

H2 (o (N=1pu2  Nps

A2 A2 A2 A2 DAL N
I&o Hi,1 )\1,1 . Hi,n >\1,n . H1,N—1 )\1,N71 M1, N
(0,1)
T H2 (o (N=1pu2  Nps
Ly 4 A2 A2 A2 DALN
lﬁ,}o 11,1 At Pn At HLN-1] ANl M}LI
(0,0) (1,0) (n,0) (N —1,0) (N,0)

Figure 2.2: Basic model: Transition rate diagram.

The first queue is a finite one-dimensional birth and death chain and the
distribution of L; is therefore well known, see for example or Cohen [12].
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Setting p, = M n/t1nt1, n=0,...,N —1, we get

gl PRI
P(L; =n)= % and EL; = % (2.2.1)
1+ > H pi Z:f l;[

Jj=1i=

where the empty product is set to 1. For example, with constant service

rates A1, = A1, arrival rates pq, = p1 and Ay # p; we arrive at the
classical M/M/1/N — 1 queue:
1- 2 A" A (N + 1)ANH
_ _ H1 AL _ 1 _ 1
Pl =m =7 ) (2) =225 - e e
M1

In the case A\; = p1, we have P(L; =n) =1/(N + 1) and EL; = N/2. For
service rates A1, = A and arrival rates p1, = nu1, the first queue is an
Erlang loss system, i.e., the M/M/N/0 queue:

N
g 2 00
P(L; =n)= =~ and EL; = ——F—,
1+ 21%’{ 1+ 3 &
n=

where p = A/ (see Erlang [24]).

It is shown in van Doorn [19] that the overflow process from the first
queue is a renewal process of hyperexponential type. An expression for the
Laplace transform of the interoverflow time, i.e., the time between successive
moments of overflow, can be given. The intensity A of the interoverflow
process is

N—1
p>\1,N H Pn

1+Z sz

n=1 i=
Parthasarathy and Sudhesh [55] express the interoverflow time distribution
as a power series expansion and as a hyperexponential distribution in closed
form. Additionally, a closed-form expression in terms of the system param-

eters for the r-th moment of the overflow process is given.

Let L1 and Ly be the (stationary) total number of customers in @ and
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Q2, respectively, and
pn,m = P(Ll = n7L2 - m)

forn =0,...,N and m > 0. The unknown quantities P(Ly = m), m > 0,
ELy and Cov(Ly, L) are of special interest and will be derived in the next
section.

The bivariate server and waiting room demand distribution
(Pn,m)n=0,...,N,m>1 in the case Ay = 0 is the unique nonnegative and nor-
malized solution (i.e., ZTJLO > m>0Pn,m = 1) of the following steady-state
equations:

()\l,n(l_(an) +p>\1,N5nN + (1 - 5n0),ufl,n + (1 - 5m0)nﬂ2)pn,m
- (1 - 5n0))\1,n—1pn—1,m + (1 - 5nN)M1,n+1pn+1,m

+ (1 - 5m0)6an)‘1,an,mfl + (1 - 6n0(1 - 5m0))n,u2pn,m+1
(2.2.3)

forn =0,...,N and m > 0, where d;; is the Kronecker function, i.e., 6;; =1

for ¢ = j and 0 otherwise.

2.2.2 Necessary and sufficient stability condition

In this section, we derive the necessary and sufficient condition for the ex-
istence of a normalized solution of the steady-state equations (2.2.3]). First,
we give an intuitive argument for the stability condition and the possibility
of reducing the infinite number of unknowns in these equations to only N
unknowns, namely p10,...,Pn,0-

The equations ([2.2.3]) for m =0 and n =0,..., N, i.e.,

A1,0P0,0 = [41,1P1,05 (2.2.4)
(A + B1,0)Pn0 = Mon—1Pn—1,0 + 1,n+1Pn+1,0 + 2P 1,
n=1,...,N —1, (2.2.5)
(PM,N + p1,N)PNO = A, N—1PN-1,0 + Npopn, 1, (2.2.6)
give after summation over n =0,..., N
N
PALNPNO = f12 D Pn.1- (2.2.7)

n=1
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The equations (22.3) for m > 1 and n=0,..., N, ie.,

AL,0P0,m = H1,1P1,m» (2.2.8)
()\l,n + pin + n,u2)pn,m = )\l,nflpnfl,m + U1n+1Pn+1,m + NU2Pn m+1,
n=1,...,N—1, (2.2.9)

(PALN + p1,N + Np2)PNm = M, N—1PN—1,m + PA,NPNm—1 + N 12PN m+1,
(2.2.10)

yield by summing over n =0,..., N

N N
p)‘l,NpN,m + 2 Z Npnm = pAl,NpN,mfl + 2 Z npn,m+1- (2211)

n=1 n=1

From (2Z27) and (22.17]) we obtain

N
PALNDN.m = H2 Y, MPnm i1 (2.2.12)

n=1

for all m > 0 by induction. Summation over m > 0 gives
N N
PALN Z DPN,m = 12 Zn Z Drm — Z npno | - (2.2.13)
m>0 n=1 m2>0 n=1

The equations ([2.212) and (22I3) can (under stationary conditions) be

written as
PAN NPNm = poP(Le = m+ 1)E(Ly|Ly = m + 1)
and
pMNP(L1 = N) = po(ELy — P(Ly = 0)E(L1|Ly = 0)), (2.2.14)
where P(Ly = m)E(L1|Ly = m) = 25:1 nPp,m for m > 0. The only term

in (Z2.14) involving unknowns is the term

N
P(Ly = 0)E(L1|Ly = 0) = > npno.
n=1

This suggests that the set of unknown probabilities in the system of steady-
state equations ([Z23]) can be reduced to pig,...,pno. From equation
(Z214)) one might also predict from the following intuitive argument that
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the system is stable if
pALN < peELy (2.2.15)

holds. Near saturation we have P(L; = N) ~ 1, P(Ly = 0) ~ 0 and
E(Li|L2 = 0) is bounded since the system is stable. Hence by (2.2.14))

p)\l,N ~1— P(L2 = 0)E(L1|L2 = 0) <1

,U,QELl ,U,QELlp(Ll = N) '
Furthermore, the arrival and service rates in (1 have no influence on the
stability of ()1, since it is a loss system, but on the stability of Q2. The arrival
rate in Q2 is pA; n while the average service rate is puoEL;. The fraction
of both should be smaller than 1 since Q2 behaves like an M/M/1 queue in
this case. Once again we arrive at ([22.10)). The stability condition should
in general be weaker because the second queue has a non-zero arrival rate
if and only if the first queue is fully occupied. By regarding the joint queue
length process of ()1 and Q2 as a quasi birth and death process and using the
stability Theorem [[L2.3] of Section [[L.2] we will show that these presumptions
are correct and that the necessary and sufficient stability condition is indeed
the one given in the next proposition, i.e., pA\; NP(L1 = N) < poEL;.

Proposition 2.2.1. The system (2.23)) has a unique nonnegative and nor-
malized solution if and only if pA NP(L1 = N) < ueEL1 or equivalently

N n—1

PALN n§1nil;lopi

< (2.2.16)
[ rn
n=0

holds, where p, = A1 p/p1 41 forn=0,...,N —1.

Proof. By regarding ()1 as the phase and ()5 as the level, the joint queue
length process of Q1 and @) is a quasi birth and death process. The stability
condition (2.2.16]) is then derived from Theorem [[2.3]in the following way.
We assume a more general model for the moment by endowing )2 with an
external arrival stream and service rates controlled by the state of (J1. In
this generalization of our basic model, the exponential arrival rate to Qo is
A2, and the exponential service rate is ps , given L1 =n,n =0,...,N. The
rates for arrivals and service in ()7 remain unchanged. In order to ensure
irreducibility, we assume that there exists an i € {0,..., N} with Ago; > 0
and a j € {0,...,N — 1} with pp ; > 0. With this setting, the matrices Ay,
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Aq and Ay are given by

Ag = diag(ro,..., Ao n), A =diag(u20,...,12.N)

and A1 = A — Ay — Ay, where A is the rate matrix of the phase process
governing (Q1, i.e., the standard birth and death process on {0,..., N} with
reflecting barriers and birth rates A;, in the states n = 0,...,N — 1 and
death rates f11,, in the states n = 1,..., N. The vector 7 is the stationary
probability measure of the phase process in ()1 and therefore 7, = P(L; =
n), n = 0,...,N, is given by (22I). The stability condition (L2.1]) is

equivalent to
N

> (b2 = Ao)mn < 0. (2.2.17)
n=0

Setting Ao, =0 forn =0,...,N —1, Ao y = pA1 ny and pa, = nus > 0 we
get stability if and only if (2:216]) holds. O

We continue this section with a discussion of the stability condition. The
stability condition can be written as

p)\LNP(Ll = N) < weELy (2218)

as one might expect, since (2.2.1]) states

N n—1 N—-1
FEL, P(L, = N)

> nllri=p7—=—g5 =4 1lm=357—0"

= % P(L; =0) o P(L; =0)

The stability condition (22I8]) can in this form be well interpreted: The
system is stable if and only if the expected service rate po E L1 in Q)2 suffices
to handle the average arrival or overflow rate pA; yP(L1 = N) from @ to

Q2.

Remark 2.2.2. The stability condition can be formulated independently of
the arrival rate A1 g in 1. This is explained by the fact that the arrival rate
in Q1 is A1 o only in the case that no customers are present in the first queue.
Therefore, the arrival rate Aj o influences the length of the idle periods of
the system (i.e., the periods in which no customers are served), but not the
busy periods. The idle periods of this queueing system can be classified
by the number of customers in Q5 which are not served due to the lack of

customers in Q.

When the first queue is an M/M/1/N — 1 queue with one server, N — 1
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waiting positions and constant arrival and service rates, the stability condi-
tion simplifies:

Remark 2.2.3. In the case of constant service and arrival rates A, = A
forn = 0,...,N and p1,, = p1 for n = 1,..., N, the first queue is an
M/M/1/N — 1 queue and we get the stability condition

N
pA1 < pap Y nph, (2.2.19)

n=1

where p = A1 /p is the traffic intensity of ;. Observe that

N
> np" N
EL, = ":lN <p N an"
a+sm
n=1

holds in this case.

It follows from the condition ([Z.2.I8]) and (2.2.1]) that a more restrictive

and sufficient but not necessary condition for stability is
pAN < p2EL;.

Observe that the state-dependent rates are involved in EL;. (Z2I8)) yields
that the condition
A < pa,

where A is given by (2.2.2)), is necessary but not sufficient. Both results are
not surprising: On the one hand, the arrival rate in Q5 is only positive if
Ly = N. Therefore pA; y is in general greater than or equal to the actual
mean service rate. On the other hand, the service rate in )2 is in general
greater than or equal to po given that customers arrive to @, i.e., given
Ly = N. Observe that the condition ([Z.2.I8]) complies with A < psEL,.

2.2.3 Generating functions and steady-state distribution

In this section, we exploit the steady-state equations ([2.2.3]) and derive re-
currence equations for the probability generating functions

[e.e]
Gn(z) = Z Pam2 T, |2 <1
m=0
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These relations are then used to reduce the set of unknown steady-state
probabilities to the unknowns p1,...,pn, and to derive equivalent formu-
lations for the stability condition (2.2.16]). The stability condition will be
related to the existence of a certain number of zeros of a function originat-
ing from the recurrence equations for the probability generating functions.
This relation will give a deeper insight into the existence and uniqueness of
a solution of the steady-state equations (2.2.3]) and into the nature of the
unknowns p1 9, ...,PN,0-

We can assume for the moment that the system is stable and that (2.2.16I)
holds. In this case, the generating functions are well defined for |z| < 1.
Exploiting the recurrence relations and using an inductive argument and
Cramer’s rule we derive N independent equations for the N unknowns and
the stability condition.

By multiplying the equations (2.2.4), (22.0), (22.6]), 22.8]), (22.9) and
(2210) by 2™ and summing over m > 0 we get, after simplifying,

M0Go(2) = p1,1Gi(2), (2.2.20)
(()‘l,n + p1,0)z — npo(l — Z))Gn(z) = M n—12Gn—1(2) + p1n412Gns1(2)
—npz(l — 2)pno (2.2.21)

form=1,...,N —1and

(11,52 + (PAinz — Npg)(1 — 2)) G (2)
= )\17N_1ZGN_1(Z) - Nug(l — Z)pN70. (2.2.22)

In order to write these equations in matrix form, we define the vectors

G(Z) = (GO(Z)’ e aGN(Z))T’
p=(0,p1.0,2p2.0,---,NpN§o) "

and the matrix A(z) € Mat(N + 1, N + 1,R) by

ao(z)  —pi1 0 . . 0
—A102 a1(z) —pi22 :
Az =| " vooelm) A : , (2.2.23)

—H1,NZ
0 0 —)\17]\[_12’ OCN(Z)
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where
ao(z) = )\170, (2.2.24)
an(z) = Mn+mip)z—npe(l —2z)forn=1,...,N —1land (2.2.25)
an(z) = pi,nz + (pPAinvz — Npg)(1 — 2). (2.2.26)

In this notation, the equations (2:2.20)), (Z2.21)) and (2:2.22]) are equivalent

to
A(z)G(z) = —pa(1l — 2)p. (2.2.27)

Let A, (z) be the matrix obtained from A(z) by replacing the (n + 1)-th
column by the vector —pus(1 — 2)p for n = 0,..., N. By Cramer’s rule we
may write

det(A(z))Gp(z) = det(An(2)) (2.2.28)

for every n = 0,..., N and all values z such that A(z) is invertible. Since the
functions A, A, and G,, are continuous and bounded with at most finitely
many zeros in the interval [0, 1], equation (2Z2.28]) must hold for all z €
[0,1] and every n = 0,...,N. Hence, the generating functions Go,...,Gy
are uniquely determined by the equations (Z2.28) and p1,...,pn,0, since
these are the only unknowns occurring in these equations (see also (2.2.20])-
2222).

det(A(z)) is a polynomial in z of degree N + 1. We will show in the
following that det(A(z)) has N — 1 zeros in the open interval (0,1) and
one zero at z = 1. Additionally, we will show that det(A(z)) has another
zero in the open interval (1, 00) if and only if the stability condition (2.2.16])
holds. The N — 1 zeros of det(A(z)) in (0,1) will provide us with N —
1 linear homogeneous equations in the unknowns pig,...,pno. Another
linear equation yielding a system of N equations is ([2.2.14]). We are able
to formulate this equation in terms of only p1,...,pn0 and the system
parameters. The result is stated in Proposition 2.2.8]

Let g, (2) be the n-th minor of A(z) forn =1,..., N+1 (the n-th minor
of a matrix is the determinant of the n-th square sub-matrix). We have

q1(2) = ap(2), q2(2) = det <f§\520)z ;ﬁ;) yee oy qN+1(2) = det(A(2)).

(2.2.29)
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By Laplace expansion of the determinants we get

q1(z) = ao(2)qo(2),
@2(2) = a1(2)q1(2) — Arop1,1290(2)  and (2.2.30)
4n(2) = n-1(2)qn-1(2) = Mn—21 n-17>qn—2(2)

forn=3,..., N+ 1, where ¢o(z) = 1.

In order to proceed with investigating the number and the location of
the zeros of det(A) = gn+1, we have to study the system (2.2.30)) in order
to find the algebraic properties and to determine the shape of the functions

qi,---,qn+1- The relevant properties are stated in the next proposition.

Proposition 2.2.4. The function q, is a polynomial in z of degree n—1 for
n=1,...,N and of degree N +1 forn = N+ 1. The functions qqo, ... ,qN+1
and ag, . ..,an have the following properties:

(i) qn and gny1 have no common root in (0,1) forn =0,..., N.
(ii) sgn(ap(0)) =1 and sgn(ay(0)) = —1 form=1,..., N.
(iii) sgn(gn(0)) = (=1)"*! forn=1,...,N + 1.
n—1
() ¢u(1) = [[ A1 forn=0,...,N and gn+1(1) = 0.
=0

(v) Forn=1,...,N the following implication holds: If Z > 0 with q,(2) =

0, then
Sgn(Qn—l(g)Qn—H(g)) =—1L
(vi) qpn has n — 1 pairwise distinct zeros in (0,1) form =1,...,N.
(vii) lim, o0 gn(2) = 00 forn=2,...,N and lim, . qn4+1(2) = —00.

Proof. By the recursive definition ([2.2.29]), g, is a polynomial in z of degree
n—1forn=1,...,N and of degree N + 1 for n = N + 1. We will prove
the remaining properties.

(i) go and g1 have no zero since A; o > 0. Suppose gn(2) = ¢nt1(2) =0
for some z > 0 and some n = 2,...,N. Then ¢g,_1(z) = 0 follows from
22Z30). We get ¢1(z) = 0 by induction which is a contradiction.

(i) sgn(an(0)) = sgn(Ai,0) = 1 since A1 > 0, sgn(ay,(0)) = sgn(—nus) =
—1lforn=1,...,N since us > 0.
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(i)

(iv)

By (@) we have sgn(qi(0)) = sgn(ap(0)) = 1 and
sgn(g2(0)) = sgn(a1(0)q1(0)) = —1.
By induction we get from () that
5g1(¢4(0)) = sgn(an-1(0))sgn(gn-1(1)) = (~=1)"*

for n =0,...,N. The functions «, and therefore the functions ¢, are
continuous in 0.

Clearly, go(1) = 1 and ¢i(1) = Aip. Forn = 2,..., N we get from
(2230) by induction that

an(1) = an—1(1)gn-1(1) = M p—2t1,n—1Gn—2(1)

n—2 n—3 n—1
= (AMn—1+ H1n-1) H A = Man—21,n—1 H A = H Al
i—0 =0 i=0

gn+1(1) = 0 follows from inserting gn_1(1) = Hij\gf A1 and gy (1) =
Hi]\if)l A1, into (Z2.30) and simplifying.

Let n=1,...,N and Z > 0 with ¢,(2) = 0. By (ZZ30) we get

sg0(Gn+1(2)gn—1(2)) = sgn((an(2)gn(2)
- Al,n—lﬂl,n—122Qn—1(2))(]71—1(2))
= sg(— A1 n_2pi1 n172q2_1 (%)) = —1.

In the last line we used A1 ,—2, pt1,n,—1 > 0 and the fact that ¢, and
¢n—1 have no common zero which was shown in ().

Once again we use an inductive argument to show this property. ¢
has no root in (0, 1). g2 has exactly one root in (0, 1) since Ay 1, p2 > 0,

namely z = )\Li‘iw. Let n=3,...,N and

0<z1<...<2zp90<1

be the pairwise distinct zeros of g,_1. We show that (i), (ivl) and (W)
imply that g, has n — 1 pairwise distinct zeros 2, 1, ..., 2pn—1 in (0, 1)
and that these zeros satisfy the interlacing property

20=0< 2,1 <21 <2Zp2<...<2p-2<Zpp-1<1l=2,_1. (2.2.31)
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Let k =1,...,n—2. We obtain from (2.2.30) and (@) inductively that

sgn(qn(2r)) = —sgn(gn-2(zk)) = (—1)* L

By (@) and (iv) this is also true for zp = 0 and z,-; = 1. Thus,
qn changes its sign n — 1 times in the interval (0,1). Therefore, the
n — 1 zeros of g, are real, pairwise distinct and must be located in the
interval (0,1). Furthermore, ¢, has alternating signs on the sequence
of zeros of ¢,_1 since

sgn(gn(z1)) = (—1)FHH1

for k =1,...,n—2. Together with sgn(g,(0)) = —sgn(g,—1(0)), which
follows from (i), this finally yields (Z2Z.3T]).

(vii) Let n = 2,...,N. From (ivl), () and since ¢, is a polynomial in

z of degree n — 1, we obtain immediately that lim, ., ¢,(z) = oo.
For n = N + 1 we get lim,_,, gn4+1(2) = —o0 from equation (2.2.30)
since lim, o an(z) = —o0, lim, oo qn(2) = lim, o qn-1(2) = o0
and since the system parameters are positive. ]

The proof of Proposition [Z24] (i) shows that the n — 2 pairwise dis-
tinct zeros z,—1,1,...,2n—1,n—2 of g,—1 and the n — 1 pairwise distinct zeros
Zn,1y -5 Znn—1 Of g, satisfy the interlacing property

0<zn1 <zn-11<2p2<...<2Zp-1p-—2<2zZpn-1<1 (2.2.32)

for every n = 1,...,N. We can expect a similar behavior for the zeros of
gy and gyy1. In fact, it will turn out that an interlacing property holds
for these zeros and that the sign of the slope of gny1 at the point z = 1
plays an important role for the existence of roots of ¢y41 in combination
with the stability condition (Z2.16]). Note that gy1 has a zero at the point
1 according to Proposition 2.2.4] (ivl). In this context, it seems natural to
determine the function hyi1 with gn41(2) = (1 — 2)hn41(2) for all z > 0.

Choose continuous functions hq,...,hy41 on [0,00) such that

n—1
qn(z) = 271 Mi+ (1 —2)hy(z),n=1,...,N,
g (2.2.33)

qn+1(2) = (1 — 2)hn41(2).

A system of recursive equations for hi(z),...,hny1(z) is given in the
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next proposition.

Proposition 2.2.5. The functions hy,...,hyy1 defined by (2Z233) are
given by hi(z) =0, ha(z) = — 1,042,

n—2
hn(2) = —(n — ugz""2 Mg+ an—1(2)hp_1(z
(2) = —( )i2 g 1, 1(2)hn-1(2) (2.2.3)
— M2 n-122hn—a(2)
form=3,...,N and
N-1
hnt1(z) = (pAi Nz — N,ug)zN_1 H A+ an(2)hn(2)

py (2.2.35)

— M N-1p1 N2 hN-1(2)
for all z € [0, 00).

Proof. Let z > 0 in the following and let the functions ¢,, n =0,..., N+1,
and h,, n =1,...,N + 1, be defined by ([2Z230) and (Z233)), respectively,

i.e.,

(2)
(2) =«

q2(2) = a1(2)q1(2) — Arop112q0(2)  and
(2) =«

n—1 (Z)anl (Z) - Al,n*Q/‘l,nflzZan2(Z)

forn=3,...,N+1 and

n—1
Qn(z) = Zn_l H )\1,i + (1 - Z)hn(Z), n= 17 LRI 7N7
=0

an+1(2) = (1 = 2)hnt1(2)

for all z € [0,00). We will prove ([2.2.34]) by induction over n. We obtain
immediately from the definition of g; and ¢o that hi(z) = 0 and ha(z) =
—A1op2. Now let n=3,..., N and h,_; and h,_2 be given by (2234]). By
replacing a,—1(z) given by (22.25]) we get

4n(2) = n—1(2)qn-1(2) = Mn—2it1n-172qn—2(2)

n—2
= (M1 + pam1)z — (n— Dpa(l — 2)) (w—? I1 )\u)
=0
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+an-1(2)(1 = 2)hn (2 )

- )\1,n72,u1,n71< -1 H AMi+(1—z hn73(2))

— 1 H Ai+(1—=z <an—1(z)h7L—1(Z)

n—2

—(n— 1)z 2 H —)\17n72,u1,n7122hn72(z))
=0

= "1H)\1, (1 = 2)hp(2).

The identity for Any1(z) can be proved by inserting gny—1(z) and gn(z) into

an+1(2) = an(z)an(z) — )\1,N—1M1,NZQQN—1(Z)

and simplifying. O

From Proposition 2.2.4] we obtain the main condition that relates the
number of zeros of the function det(A(z)) for z € (0,1) to hyy1(1). This
condition will be shown to be the link between the number of zeros of det(A)

and the stability condition (Z.2.16).

Theorem 2.2.6. det(A(z)) is a polynomial of degree N + 1 and has N — 1
distinct zeros in the interval (0,1) and one zero at z = 1. Additionally,
det(A(z)) has another zero in the interval (1,00) if and only if hy4+1(1) <0,
where hny1 is defined by det(A(z)) = (1 — 2)hn41(2) for all z > 0.

Proof. By ([22.29) we have to prove that gni1(z) = det(A(z)) has the
claimed properties. Clearly, gy+1 has degree N + 1. Without loss of gener-
ality, let N be odd in the following. The case of an even N can be handled
analogously. By Proposition 224 () the N — 1 zeros z1,...,zn-1 of gy
can be labeled such that

O<zn <...<zy_1 <1
It follows from (2.2.30) and Proposition 2.2.4] (1) by induction that

sgn(gnr1(zr)) = —sgnlgn_1(zx)) = (—1)F N = (=) (2.2.36)
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for k=1,...,N — 1 since N is odd. Hence, by continuity and

sgn(gn+1(0)) = —sgn(gn(0))

(see Proposition 2.2.7] (i) ), there exist N —1 zeros zy411,--., 2N+1,N—1 Of
qn+1 in (0,1) with the interlacing property

0< ZN+1,1 <21 <2n412 < ... <2ZN4I,N-1 <2N-1 < 1

regardless of the value of hy11(1). gn+1(1) = 0 was shown in Proposition
227 (ix). Now we show that gy41 has one zero in (1,00) if and only if
hn+1(1) < 0. By ([2236) and since gy4+1 has at most N + 1 zeros, the
(N + 1)-th zero has to be located in the interval (zy_1,00). By Proposition
224 (vil) every other case would give a set of more than N + 1 zeros which
is impossible since gn4+1 has degree N + 1. Let ¢y 41 be the derivative of
gn+1. Since gn4+1(1) = 0 by Proposition 2.2.4] (ivl)) and

sgn(gn+1(2nv-1)) = —sgu(gn-1(2n-1)) = (1) = -1,

we must have ¢jy_ (1) > 0. Each of the cases ¢y, (1) <0 and ¢ ,(1) =0
would give a set of N +1 pairwise distinct zeros for ¢y 41 which is impossible

since qjy_; is a polynomial of degree N. By hn11(1) = —¢qjy (1) we get
that the (N + 1)-th zero lies in (1, 00) if and only if hyy1(1) < 0. We derive
at the same condition in the case of an even N. U

By Theorem [2.2.6] we have to find hy1(1). Evaluation of (2.2.34]) and
([22.35) at z = 1 gives a recursive system for hy(1),...,hns1(1). We get
hi(1) =0, ha(1) = — A1 012,

n—2
hn(1l) = —(n—1)pe H A+ M1+ pin—1)hn-1(1)
i=0

(2.2.37)
— AMn—2H1,n—1hn—2(1)
forn=3,...,N and
N-1
has1(1) = (PAry — Np2) l_g Avi+ b (1) (2.2.38)

— A No1p, nvhN-1(1).

This system can be solved explicitly in terms of the system parameters. The

solution is stated in the next proposition.
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Proposition 2.2.7. The functions hy,...,hyy1 defined by 2233) satisfy

n—1 1 k ' Boogol oy
hn(1) = —po (H )\1,i> Z ( M;\IH) Zj H lfl
paley : i : :

1 PLE+L \ G2 , o o MLt
(2.2.39)
form=1,...,N and
N N-1 N
hnt1(1) = PH)\M — M2 <H ,ul,i+1> ( n %’Z ) . (2.2.40)
i=0 i=0 el =0 MLi+1

where the empty sum and the empty product are defined to be 0 and 1,
respectively.

Proof. (22Z70)) follows from (2.2:39) by inserting hy (1) and hy_1(1) into
(Z2Z38) and collecting terms. We will show (2:239) by induction over n
using the recursion (2.2.37). Evaluating ([2.2.39]) for n = 1 and n = 2 we get
h1(1) =0 and ho(1) = —p2Ai 0. Let n=3,...,N. We set

j—1

n—1 1 k ) k M\t
-3 () (ST,

=0 =1 im0 HLitl

so that h,(1) = —uagy H?;ol A1, Let hyp—1(1) and hy,—2(1) be given by
(22.39)). Substituting these terms in ([2.2.37) yields

n—2 n—2
hn(1) = —(n — 1)p2 H A — 2(Mp—1 + #1n-1)Gn—1 H AL
i=0 =0
n—3
+ oM 201 n—19n—2 H Al
=0

-1

1 Ln—1 e

= —pi2 <9n—1 t=T)5—+ /;1,71 ~(on—1 = gn—2)> | R
n— n—= i=0

(2.2.41)

Due to the additive structure of g, we have

M1 n—1 1 e 11 w2 Al
(gnfl - gn72) = H )\1i Z] J -

Aln—1 Aln-1
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1 n—1 ) n—2 j—1 s s
:_< _/‘;\v’ﬂ) i1 (242
H1,n =0 1,4 =1 =0 H1,i+1

Writing

1 1 (5 pin T
n—1 =— T n—1 AU
( )Al,nq M0 <Z._ Al ( ) g M1

the equation ([2.2.42]) gives

1 H1n—1

n—1 + —1— gn-2
( ))\1,71—1 An—1 (9n gn-2)
1 nfllu’ n—1 j—1 A
1it1 . 1
p— j —_—
H1,n <g Al ) ; gul,iﬂ

Substituting this in (2.2.41]) and once again exploiting the additive structure
of g, we arrive at (Z.2.39)). O

We can derive hyy1(1) also in closed form in terms of the system pa-

rameters and pjp,...,pno. First we determine Gy (1) for n = 0,...,N in
terms of Go(1). Setting z = 1 in (Z2:20)-2222) gives

)\170G0(1) = ,u,171G1(1), (2.2.43)

A+ 11,0)Gn(1) = A 1Gn1(1) + 101Gy (1) and  (2.2.44)

1, NGN(2) = M N-1GN-1(1), (2.2.45)

where n = 1,...,N — 1 in the second equation. The solution of these

equations in terms of Go(1) is clearly
n—1

Gn(1) = Go(1) [ ] pi for n=0,...,N, (2.2.46)
=0

where we have written p; = A ;/p141 fori =0,...,N — 1. By

N

N
Z Z Pnm = ZGn(l) - 17
n=0

n=0m>0



2.2 Customers as servers: Basic model 29

summation over n =0,..., N yields

(i ﬁ pl> : (2.2.47)

n=0 =0

This can also be deduced directly from (2.21). By (2214]), ([22.46]) and
since P(Ly = N) = Gn(1), EL; = YN nG,(1) and

P(Ly = 0)E(L1|Ly = 0) = > npn

hold, we get

N
pA NGN (1) = po (Go(l) Zn

By (22.40) the latter equation gives

M2Z7”Lpn0 = Gio(1 <Mzz H pi = PALN H m) . (2248)

n=1 =0

After rearranging terms and using (2.2.47) we get

N n—1
I (1 (H um) (Z II m) > nbng (2.2.49)
n=0 =0 n=1

from (2Z240). By setting the right side of equation (2.2.40) and equation

(2:249) equal, we get again the equation (2.2.14) in terms of 25:1 nPn.o
and the system parameters. This equation can also be derived from (2.2.40])
and (2Z.2.48)). The following proposition states the result.

Proposition 2.2.8. Let a solution pp, forn = 0,...,N and m > 0
of the equations (Z2Z3) be given. Then the condition SN | S ppm = 1
implies the equivalence of (Z.2.14) and

N n—1 N-1
N p2 3o n [T pi —pAiw I pi
S nppo= =05, (2.2.50)
n=1 2 Z H Pi
n=0 i=

Proposition Z2.8] provides a useful numerical check for the stationary
probabilities. Now we give equivalent formulations for the stability criterion
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2.2.16).

Proposition 2.2.9. Let p, = A\ ,/pint1 forn =0,...,N —1. The fol-
lowing conditions are equivalent:

(i) The system of equations (Z2.3) has a unique nonnegative and normal-
ized solution.

(i) hnt1(1) <O holds, where hy11(1) is given by (2.2.40).

(iii) pMP(L1 = N) < uaELy holds, where P(Ly = N) and ELy are given
by 2.10).

(iv) The system of equations Z23) has a solution with YN | ppo > 0.

Proof. The equivalence of (fl) and (i) was shown in Proposition [Z2.T] () is
a reformulation of (). Also by Proposition Z2.T] the system is irreducible
and positive recurrent under condition ({il). We obtain immediately that
Pnm > 0forn=0,...,N and m > 0, and hence (ix) follows.

We show now that (iv]) implies (). Let (iv)) hold. Note that it cannot be
assumed that the Markov chain defined by the equations (2.2.3]) is positive
recurrent and hence the stationary measure (the solution of (2.2.3])) can have
an infinite mass. Therefore, we cannot use the equations (2Z.2.13]), (2.2.14))
or (Z2Z50) under condition (ivl) in order to ensure (iill). Let the functions
an(z) and G, (2), n=0,..., N, be defined by (Z2.24)-(2.2.26) and [2.2.28)),
respectively, for |z| < 1. This ensures that (2.2.43])-(2:2:45]) hold and that
the functions ¢, (z) and hy,(z), n =1,..., N 4+ 1, are well defined for |z| < 1.

By 2228), 2229) and [2.2.33) we get
det(Ap(2)) = det(A(2))Go(2) = aw+1(2)Gol2)

(2.2.51)
= (1 - 2)hn+1(1)Go(z)

for all |z| < 1. By writing down a recursive formula for det(Ag(z)) by means
of Cramer’s rule and performing an inductive argument, it can be shown

that
N-1 N
1 = —H2 (H Ni+1> ann,o-
n=0 n=1

The calculations are straightforward but tedious and hence omitted. Using

the above and (2.2.5]1]) yields

det(Ap(2))
1—2

z=

N—-1 N
Go(D)hn1(1) = —pe2 (H Mz’+1> > npno. (2.2.52)
n=0 n=1
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Together with Go(1) > 0 and Zi:[:l Pn,o > 0 this shows that hyyq1(1) <0
and therefore () holds. O

The following consequence of Proposition 2.2.9] and the irreducibility of
the system might be well known but is interesting to notice.

Corollary 2.2.10. The system of equations (2.2.3)) has a unique normalized
solution if and only if it is stable. In this case pypm > 0 holds for all n =
0,...,N and all m > 0. The system is unstable if and only if ppm = 0,
n=20,...,N, m >0, is the only solution.

Setting Any1(1) < 0 in (2240) and simplifying gives the stability con-
dition

N-1 N n—1
pan [ on<w2d n]] e (2.2.53)
n=0

n=1 i=0

The following statement links the number of zeros of det(A) to the sta-
bility condition and is an immediate consequence of Theorem 2.2.6] and
Proposition 2.2.9

Theorem 2.2.11. det(A(z)) is a polynomial of degree N +1 and has N —1
zeros in the interval (0,1) and one zero at z = 1. Additionally, det(A(z))
has another zero in the interval (1,00) if and only if the system ([2.2.3) is
stable, i.e., if and only if

n—1
PALN L Pi
K2

N
>on
n=1
N

< (2.2.54)

7
1

[T pn
n=0
holds, where p, = M\ n/t1 041, n=0,...,N — 1.

Remark 2.2.12. By the condition given in Theorem 2.2.17], when the sys-
tem is stable, meaning (2:2.54)) holds, we can use the N—1 zeros z1,...,2n-1
of det(A(z)) = gn+1(2) in (0,1) to find the N unknown probabilities
P1,0,---,PN,0. This can be done by inserting these values into ([2.2.28) for
n = (0. The N — 1 pairwise distinct zeros then deliver N — 1 equations for
these unknowns, namely

det(AQ(Zl)) =0,... ,det(AQ(ZN_l)) =0.

One more equation relating the unknowns is ([Z.214]) which is equivalent
to (22Z50). This provides us with N (independent) equations in the N
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unknowns pj o, ...,pn,0. Observe that det(Ap(z;)) and det(A,(z;)) for i =
0,..., N differ from each other by ([2.2:28]) only by a multiplicative constant,
ie.,

det((z)) = G225 det(4, ()

fori=0,...,N

A crucial point is to show that these equations are indeed linearly inde-
pendent. For N = 2,3 it is possible to show this analytically. Numerical
calculations support this conjecture for larger values of N. It is conjec-
tured that these equations are indeed independent (see also Avi-Itzhak and
Mitrani [6], Levy and Yechiali [42], Perel and Yechiali [56], Yechiali [66]).

2.2.4 Stationary quantities and numerical aspects

Once p1,0,...,pnN,0 are determined, Go, ..., Gy are given and we can calcu-
late E Ly, the mean number of customers in Q, by (2.2.14), i.e.,

N
ELy =) G(1). (2.2.55)
n=0

Furthermore, Cov(Lq, Ls) is of special interest because of the dependence of

Q2 on Q. By summing (2.2.20)-([2.2.22]) over n =0,..., N we get

N N
pA N2GN (1) — po Z Gn(z) = —2 Z NPn,0- (2.2.56)
n=1 n=1

Differentiating this equation with respect to z at z = 1 leads to

N
PAN(GN (L) + Gy(1) = p2 > nGy(1)
n=1

and thus
poE(L1Le) = pAi n(GN (1) + Gy (1))

since 25:1 nG! (1) = E(L1La). The latter equation is equivalent to
/,LQE(LlLQ) = p)\LN (P(L1 = N) + E(LQ‘Ll = N)P(Ll = N)) (2257)

since Gy(1) = P(L; = N) and G (1) = E(L2|L; = N)P(L; = N). Ob-
serve that P(L; = N) is known.
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Remark 2.2.13. Numerical analysis shows that in general the covariance
of L1 and Lo changes signs when the system parameters are varied. The
numerical analysis rather suggests that Cov(L1, Ls) as a function of p on
the interval [0, 1] is convex or concave and shows that it can be monotone
decreasing, increasing or both with one or two zeros (where one zero is at
p = 0). Furthermore, there exists a threshold parameter p* for the overflow
weight p that separates the case of positive and nonnegative correlation from
each other as one might expect. See Figure 23] for the shape of the function
p = COV(Ll,LQ) for N = 2 with )\170 == )\1,1 == )\1, H1,1 = H1,2 = M1 and
various parameter selections. An interesting case is N = 1, where we can
show that Cov (L1, Le) = 0 for all choices of these system parameters.
and @)y are in general not independent for NV = 1. The analysis of this case
is carried out in the next section.

Further numerical analysis suggests that Cov(Lji, Lg) > 0 for every
choice of the system parameters for which the stability condition ([2:2.54))
holds and for which @) is stable, meaning HnNz_Ol pn < 1 (see Figure 23] and
Table 2T]). This can be explained intuitively. Due to the overflow mecha-
nism, the queue length in Q2 can on the one hand only increase when the
queue length in @7 increases and ) reaches its capacity maximum. On the
other hand, the service rate in ()9 increases and therefore the queue length
in ()2 decreases simultaneously. Suppose that these two effects would overall
lead to a decreasing queue length in Q2. In this case it would be possible
to raise pAy n slightly without leaving the stable regime in Q2 and without
affecting the queue length in Q1. This would lead to a rising queue length in
Q2 and to Cov (L, Ly) > 0, which would contradict the assumption. Conse-
quently, Cov(L1, Ly) must be nonnegative if the system and @ are stable.
Due to the mentioned “stability reserve”, this result will also hold if )7 is
slightly unstable. This intuitive argument can be reversed in the case of a
highly unstable @, i.e., Hg;ol pn >> 1. In this case, the first queue is on
average fully occupied and the probability of overflow is close to 1. There-
fore, the queue length in ()2 has a tendency to shorten if the queue length
in 1 rises because otherwise Qs would become unstable.

In the case that (Z2.54) and HnN;()l pn < 1 hold, equation ([2.2.57)) pro-

vides an upper bound for EL; in terms of the unknowns pig,...,pn0-
@254) and [[Y-) pn < 1 imply that Cov(Li,Ly) > 0 and therefore

E(LlLQ) > ELlELQ Then m yields

p)\l,NP(Ll = N)
poF Ly
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Cov(L1, L2 Cov(L1,L2)

30 030

25 0255

20F 020}

15F 04150

10f 0.10[F

05F 0.05}

Cov(L1,L2) Cov(L1,L2)

0.06 -

0.04

0.02

-0.02+

Cov(L1, L2

Figure 2.3: p = COV(Ll,LQ) for N = 2, )\1’0 = )\1’1 = )\1, H11 =
H12 = H1 and ()\1, M1, [LQ) = (2.5, 4, 0.5), (3.8, 4, 2.5), (5.3, 4, 2.5), (4, 2, 1.2),
(5.4,1,2.5), (5.6,4,2.2) (line by line from left to right, the gray shaded region
is the stability region, i.e., all p that satisfy (Z2.19))).

where P(L; = N) and EL; are known and
E(Ly|Ly = N)P(Ly = N) = Gy (1)

has to be determined. The additional benefit of this bound compared to
formula (2.255)) is that there is only one unknown quantity, namely G’y (1).
In case of heavy traffic for the first queue, i.e., nyz_ol pn — 1, the first queue
is always occupied implying P(L; = N) = 1 and ELy = E(L9|L; = N).
Then ([2.2.58) gives the bound

DPALN

FL, < — 2N
2 Nups — pAin

(2.2.59)
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)\1 MH1 = 0.1 MH1 = 042 M1 = 0.3 Hi1 = 0.4 Hi1 = 0.5 MH1 = 046 Hi1 = 0.7
0.1 0.02 0.056 0.051 0.041 0.033 0.027 0.022
0.2 | —0.061 0.038 0.069 0.074 0.07 0.063 0.056
0.3 | —0.152 —0.013 0.055 0.083 0.092 0.091 0.087
0.4 | —0.259 —0.085 0.018 0.072 0.098 0.109 0.111
0.5 | —0.385 —0.176 —0.04 0.041 0.088 0.113 0.125
0.6 | —0.532 —0.287 —0.118 —0.008 0.062 0.105 0.129
0.7 | —0.705 —0.421 —0.217 —0.075 0.019 0.082 0.122
0.8 | —0.908 —0.58 —0.338 —0.164 —0.041 0.043 0.101
09| —1.148 —0.77 —0.485 —0.274 —0.122 —0.012 0.066
1 —1.436 —0.998 —0.663 —0.412 —0.224 —0.086 0.014
1.1 | —1.787 —1.275 —0.882 —0.581 —0.354 —0.183 —0.055
1.2 | —2.221 —1.617 —1.151 —0.792 —0.517 —0.307 —0.148
1.3 | —2.774 —2.048 —1.488 —1.056 —0.722 —0.465 —0.267
1.4 | —3.498 —2.606 —1.921 —1.392 —0.984 —0.668 —0.422
1.5 | —4.487 —3.353 —2.493 —1.833 —1.325 —0.931 —0.625
1.6 | —5.918 —4.405 —3.28 —2.431 —1.782 —1.281 —0.894
1.7 | —8.171 —5.991 —4.43 —3.281 —2.42 —1.764 —1.261
1.8 | —12.237 —8.655 —6.261 —4.582 —3.366 —2.464 —1.783
1.9 | —21.772 —14.05 —9.622 —6.809 —4.903 —3.556 —2.574
2 | —=70.383 —-30.757 —17.789 —11.477 —7.82 —5.485 —3.899
2.1 —66.638 —27.383 —15.431 —9.77 —6.54
2.2 —84.64 —27.299 —14.299
2.3 —426.843
2.4

Table 2.1: COV(Ll,LQ) for N = 2, )\170 = )\171 = )\1, /“71 = /1,172 = Ui,
p=p =1, A =0.1,02...,24 and pu; = 0.1,0.2...,0.7 (bold numbers
mark the diagonal A\; = p1, the cells are left blank in the cases where the
system is unstable).

which is tight since there are always N customers present in Q1 serving
Q2 with rate Npuo and the arrival rate of QQ2 is pA1 n. In the case N = 1,
equality also holds in (2259]) for arbitrary choice of the system parameters.
This is shown in Section 2.2.6]

2.2.5 Model extension: External arrivals to second queue

The model can be generalized by equipping Qo with an arrival stream hav-
ing exponentially distributed interarrival times with intensity Ao > 0. The
arrival stream is independent of ()1 and the arrival stream of Q2 (see Figure
for the corresponding transition rate diagram). In this case, the generat-

ing functions (2.2.20)-(2.2.22]) and the auxiliary a-functions (2.2.24])- (2.2.26))

are given by

(Ar0 + A2(1 = 2))Go(2) = p1,1G1(2),
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(At + p10)z + A2z — npo)(1 — 2))Gn(2) = An-12Gn1(2)
+11,0412Gnt1(2) — npa(l — 2)pno,
(p,nz + (PAMN + X2)z — Npo)(1 — 2))Gn(2) = M n-12Gn-1(2)
— Np2(1 = 2)pn o,

where the second equation holds forn =1,...,N — 1 and

(XQ(Z) = )\170 + )\2(1 — Z),
an(z) = M+ p1n)z+ Aoz —npg)(l —2z) forn=1,... ,N — 1,
an(z) = pnz + (pPAn + X2)z — Nuz)(1 - 2).

A procedure similar to the one for the basic model can be carried out,
showing that det (A(z)) is a polynomial of degree 2N + 1 with N — 1 zeros
in (0,1), one zero at z = 1 and all other zeros in (1,00) if and only if
hnt1(1) < 0, where

N N-1 N n-1 N n-1
(1) =pHm—<H M) (MzZanz o (1 SO p))
=0 =0 n=1 =0 n=1 =0

with p; = X\ i/p1i41 for i = 0,..., N —1. The stability condition hy1(1) <
0 (see also (LZT)) is equivalent to

N-1
p)\l,N H Pn A
n=0 + 2 <1
Noonl peE Ly
p2 > n [] pi
n=1 =0

or pA\i NP(L1 = N)+ X2 < poELy where P(Ly = N) and EL; are given by
2210). Setting p = 0, the stability condition becomes Ao < psEL; which
corresponds to the result in [56]. By letting p =0, A1, = A1 and p p41 = po
forn=0,..., N — 1 in our model, both models coincide.

Remark 2.2.14. It is possible to further generalize the model by assuming
that the service rate in Q2 is po,, (instead of nug) when @ is in state n
as done in Section and suggested in Perel and Yechiali [56]. It has
to be assumed that p2, > 0 for all n > 0 and ps, > 0 for at least one
value n = 1,..., N. The stability condition in this case is given by (2.2.17]).
This will lead to a modified construction of the generating functions, the
auxiliary functions and the stability condition in this sequel (we omit the
details). In order to proceed and investigate the existence and number of

zeros of det(A(z)), it is necessary to specify pia .
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2.2.6 Closed-form solution in the case of capacity one

For the case N = 1, an analytic solution is available. While the case N = 2 is
also analytically solvable, the solutions are lengthy and we focus on the case
N = 1. Let Ao, 10,02 > 0, pp1,1 = p1 > 0 and p € [0,1]. For simplicity,
we choose Ao g = A0 = A1; by letting p € [0, 00) the adequate choice of the
parameter p can be used to treat the case A\ g # A1 because p € [0,1] is no
necessary condition. The balance equations are

AMPom = 1P1,m for n =0,m >0, (2.2.60)
(PA1 + p1)p1o = A1po,o + pep1,1 for n = 1,m = 0 and
(PA1 + p1 + p2)P1,m = AMPo,m + H2P1,m+1 + pAip1 for n =1 and m > 1.

The equation (2214) yields p\iP(L; = 1) = pa(EL; — p1,) and from

A
(L ) ! A1+
and (Z.2.60) we get
— DA A — DA
P10 = Ho = PA1 EL, = L R27PM g (2.2.61)
2 A1+ 42
p1 M1 M2 — pA1
= — = . . 2.2.62
Po,o )\11?1,0 M+ i 12 ( )

The generating functions Gg and G satisfy
M,0Go(2) = p1Gi(z)  and
(zp1 + (zpA1 — p2) (1 = 2))G1(2) = 2A1Go(2) — pap1o(1 — 2)
for |z] < 1. These equations give

Gi(z) = 2A1Go(2) — popro(l — 2) _ 2 G1(2z) — pop1o(l — 2)
apn+ (2pAr = p2)(L—2) 2+ (2pA1 — pi2)(1 = 2)

which yields

Gh(z) = pepro(l—2)  pe—ph N
(2 —2zpA1)(L—2)  po—2pAi A+

1 H2 — PA1 H1
G =—@ = . .
o(2) A1 1(2) M2 — 2pA1 A1+

and
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Observe that the stability condition is pA\; < uo by Proposition 22T where
A1 = A1,1 if the condition Aj g = Ay 1 = A is dropped. Then, po — 2zpA; # 0
for all |z| < 1. Differentiating and setting z = 1 leads to

A1t
GH(1) = P and
o) (A1 + p1)(p2 — pA1)
)\2
Gi(1) = =

(A1 + p1)(p2 — pA1)

Finally, we can calculate the expected queue length of the second queue:

A1
ELy = G)(1) + G4 (1) = —L2L
2= Go(1) + G1(1) ——
Since E(L1Ly) = G/ (1), we get
B(LyLy) = — 21 PAL_ B BL.

A 41 g2 —ph

Surprisingly on first sight, we get Cov(Lq, L) = 0 although L; and Lo are
in general not independent. The service rate in Q)2 for example equals 0
for L1 = 0 and po for L1 = 1. An explanation for this phenomenon is
the following. Under stationary conditions, @)1 is in state 1 for a fraction
A1/(A1 + p1) of the time. In this case, Q2 is busy for a fraction pA;/us
of the time. Since ()2 is stable and only fed with customers or served if
L1 = 1 and remains unchanged if L1 = 0, the queue length has to stay
essentially the same and is not influenced by the queue length of Q1. As
mentioned in Remark 22.13] Cov(L;, L2) = 0 does not hold in general for
N > 1 because in this case the service rate in ()9 is positive for L; > 1,
whereas the arrival rate in Q9 is positive only if L; = N. The service rate
in (Y2 increases linearly with the queue length in ()1 and the arrival rate of
()2 is zero except in the case L1 = N. Therefore, the queue length in Q9
tends to shorten with increasing L, up to the point L1 = N where customers
arrive to (J2. In this case, the queue length in (5 can increase or decrease or
stay unchanged in equilibrium, depending on the system parameters and the
combination of these factors. This leads to a generally almost unpredictable
behavior of Cov(Lq, L) (see also Remark 2Z2.13]).

2.3 Customers as servers: Models with jockeying

In this section, we discuss two variants of the basic model from Section
We let the assumptions be as for the basic model from Section with the
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following exception. In the first variant, the first customer of ()9, if one
is present, is forced to move to 1 as soon as J; empties. This jockeying
customer can then act as a server for the second queue. The stochastic
processes that describes the queue lengths in this model is a quasi birth and
death process (QBP). This model can be further generalized by letting a
fixed number 1 < k < N —1 jockey from Q2 to Q1 if @1 becomes empty (see
Remark 2:3.9]). In this case, it cannot be represented as a QBP because the
transitions from states in the level process, i.e., the number of customers
in 2, are not restricted to transitions to the states in the two adjacent
levels. In the second variant of the basic model, as soon as ()1 empties, Q1
is filled with the customers from )9 until it reaches its capacity bound or
@2 empties. We called this jockeying procedure unlimited jockeying. The
stochastic processes that describes the queue lengths in this model is again
a QBP.

The approach for reducing the number of unknowns in the first model
can be carried over to these model variations. In turn, the steady-state
probabilities of the vector of the queue lengths are functions of p1,...,pn0
and we can give a set of N (independent) equations for these unknowns.
Steady-state quantities of interest can be computed by means of the gener-
ating functions. For the model with unlimited jockeying a complete analytic
solution is available, since in this case, (1 and ()2 can be regarded as a spe-
cial case of a single queue with infinite capacity and state-dependent service
and arrival rates. The analysis of this model is carried out in Section 2.3.41

2.3.1 Model description and steady-state equations

Let Q1 be as in the basic model and let N > 2. We consider the first
variant of the basic model. In this variant, the first customer of @), if one
is present, is forced to move to Q1 as soon as ()1 empties. The case N =1
is equivalent to the second model variant. Let ()2 be fed by the p-weighted
overflow stream from @1, where p € [0, 1], and let the service rate in Q2 be
npeo if L1 = n where uo > 0. Modify @1 in the following way: If @)1 becomes
empty, then the first customer of Q) is instantly transferred to Q1. Let py, .,
be the steady-state probability of having n customers present in ()1 and m
customers in @2, n = 0,...,N, m > 0. We must have pg,, = 0 for m > 1,
because in this case, one customer from Qo will be transferred instantly to
Q1. Let ¢;; be the Kronecker function. The balance equations for this model
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forn=0,...,N and m =0 are
A1,000,0 = H1,1P1,05 (2.3.1)
(M + 11,0)Pn,0 = Mn—1Pn—1,0 + M1,n+1Pn+1,0 + (N2 + 010 01,1)Pn1
forn=1,...,N —1 and (2.3.2)
(PA,N + p1,N)PNO = A N—1PN—1,0 + Npopn,1- (2.3.3)
The balance equations for n =0,..., N and m > 1 are
po,m = 0, (2.3.4)
(Al,n + Hin + n,U'Q)pn,m = Al,n—lpn—l,m(l - 51,71) + H1n+1Pn+1,m
+ (np2 + 010 11.,1)Pnm+1 (2.3.5)

form=1,...,N —1 and

(PAM,N + pi,N + Np2)DNm = A, N—1PN—1,m + PALNDN,m—1
+ Npopnm+1- (2.3.6)

The Markov chain defined by these balance equations is irreducible if the
state space is restricted to {(0,0)} U {(n,m)|n = 1,...,N, m > 1}; the
states (0,m), m > 1, will not be visited. The transition rate diagram for
this model is depicted in Figure 2.4 where Ao = 0. Observe that the states
(0,m), m > 1, will not be reached in this diagram if Ay = 0.

The main ideas for deriving the stability condition and reducing the
number of unknowns can be carried over from the basic model without jock-
eying. One might predict that the possibility of jockeying influences the
queue length of the first queue and therefore could inhibit the determina-
tion of a closed-form expression for the queue length probabilities in the first
queue without using further unknown quantities. Nevertheless, this compli-

cation can be avoided. The approach is carried out in the next sections.

2.3.2 Necessary and sufficient stability condition

The balance equations for m =0 and n =0,..., N give
N
PALNDN,O = fi2 Z nPp,1 + [1,1P1,1 (2.3.7)

n=1
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Ao Ao A2 A2 p)\l,N

)\1,0 )\1,1 . Hi,n )\1,n . H1,N—-1 )\1,N71 M1, N

S
g

P2+ 1,1 L2 (N=Du2  Npug
Ao Ao A2 A2 p)\l,N
)\1,0 )\1,1 . Hi,n )\1,n . H1,N—-1 )\1,N71 M1, N
(0,1)
i P2+ 1,1 iz (N=Du2  Npug
Ly 4 Mo A2 A2 A2 DALN
Ao M1 Ati Pn Atn PLN-1] ALN—1[1,N
L ——
Figure 2.4: Limited jockeying: Transition rate diagram.
after summation over n = 0,..., N. The balance equations for m > 1 and
n=0,...,N yield
N
pAl,NpN,m + H1,1P1,m + w2 Z NPpn,m
n=1
N
= PALNPNm—1 + H1,1P1,m+1 + M2 Z NPnm+1
n=1
(2.3.8)

by summing over n = 0,...,N. From (Z37) and (238]) we obtain analo-
gously to the derivations for the basic model that

N
pMNP(Ly=N) =11 Y prom + p2(ELL = > npno)- (2.3.9)
m>1 n=1

All terms in the above equation (except the system parameters) are unknown
for this model. Nevertheless, the set of unknown probabilities in the system
of steady-state equations can be reduced to pig,...,pno. This is done in
the next section.
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From Theorem [[L2.3] we get the necessary and sufficient stability condi-
tion.

Proposition 2.3.1. The system of equations (231)-23.6]) has a unique
nonnegative and normalized solution if and only if

N n—1
p2 Y. n ' Pi + 111
phiy < — =S (2.3.10)
Pn
1

S
L1

—_

n

holds, where p, = A n/p1ns1 forn=0,...,N —1.

Proof. The proof is an almost verbatim repetition of the proof of Proposi-
tion 2201 We regard ()1 as the phase and @5 as the level of the underlying
quasi birth and death process with phase and level given by L; and Lo,
respectively. The stability condition (2Z3.10]) is then derived from Theorem
2.3 in the following way. The exponential arrival rate in Qg is pA; y if
L1 =N and 0 if L; < N. The exponential service rate in Q5 is nuo given
Li=n,n=0,...,N. The rates for arrivals in )1 are A\, given L; = n for
n=0andn=2,3,...,N —1and A1 + p1,1 for L1 = 1. Observe that the
arrival stream in (7 consists of the original external arrival stream and the
jockeying customers from Q2. The service rate in Q1 is p1,, given Ly = n for
n=0,...,N, where y119 = 0. Observe that the states (0, m) for m > 1 are
not visited by the quasi birth and death process. Therefore, we can restrict
the state space of the process to {(n,m) |n=1,...,N, m > 1} and conse-
quently, the phase process has the state space {1,..., N}. This ensures the
irreducibility of the whole process. With this setting, the (N x N)-matrices
Agp, A1 and Ay from Theorem [[.2.3] are given by

AO = dlag(o’ s ao’p)‘l,N)a Ay = dia’g(#2’ 2pg, ... aN,U’2)

and A1 = A — Ay — Ao, where A is the rate matrix of the phase process
governing ()1, i.e., the standard birth and death process on {1,..., N} with
birth rate A1 + p2 in state 1, birth rates A1, in the states n =2,..., N —
1 and death rates pi, in the states n = 2,...,N. The vector 7 is the
stationary probability measure of the phase process in @1, i.e., m, = P(L; =
n), n =1,...,N, is given by (Z2ZI]) with a suitable normalization factor.
The stability condition (LZIT]) is then easily computed as ([2:3.10). O
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One might predict from equation 2.3.9 and

P(Ly=1)= Y pim= Y Pim—P10

m>1 m>0

that the system is stable if p; o > 0 or 2521 Pn,o > 0. In this case a stability
condition could be

p)\l,NP(Ll = N) < MI,IP(LI = 1) + o ELy. (2311)

In addition to this condition, the stability condition has an interesting inter-
pretation in view of the results of Section and the proof of Proposition
2311 Let L7 be the stationary queue length of the first queue in the basic
model, i.e., the queue without arrivals from jockeying customers from Qo
and distribution given by (Z21)). By multiplying the inequality (Z3.10)
with HnN;11 pn we can rephrase the stability condition as

PANP(LE = N) < 1 P(L = 1) + o EL, (2.3.12)

where we have used > n[[12) pi = EL;/P(L} = 0), [10=) pn = P(L} =
N)/P(L; = 0) and pg = P(L; = 1)/P(L} = 0). This equation states that
the average arrival rate in ()9 should be smaller than the average departure
rate in ()2 in the case of no jockeying. The average departure rate is the sum
of the average service rate delivered by the servers in ()2 and the average
departure rate of jockeying customers. One might expect that the conditions
2311) and [2312) are equivalent. We will show in the next section that
they differ only by a positive constant and are therefore indeed equivalent.
As for the basic model, one can show that a unique normalized solution of the
steady-state equations (2.3.1])-(2.3.0) exists if and only if an n € {0,..., N}
and an m > 0 exist with p, ,, > 0 (see also Proposition and Corollary

2.2.10).

2.3.3 Generating functions and steady-state distribution

In this section, we derive the recurrence equations for the probability gen-
erating functions

[e.e]
Gn(z) = memzm, |z] < 1.
m=0

As in the basic model, these relations are used to reduce the set of unknown
steady-state probabilities to the unknowns p1,...,pn,0. The stability con-
dition will then be related to the existence of N — 1 pairwise distinct zeros
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of a function originating from the recurrence equations for the probability

generating functions.

We can assume for the moment that the system is stable and that (2310
holds. In this case, the generating functions are well defined on |z| < 1. By
multiplying the equations (2Z.3.1])-(2.3.6]) by 2" and summing over m > 0 we
get, after simplifying,

A0Go(2) = p1ip1,o = Aopo0s  (2.3.13)
()\1,12' — (p1,1 + p2)(1 = z))Gl(z) = p1,22G2(2) (2.3.14)
= (p1,1 + p2)(1 = 2)p1o,
(M + p1n)z — npo(l = 2))Gn(z) = Mpn-12Gn-1(2)

+ 1 n+12Gnt1(2) (2.3.15)

—npi2(1 = 2)pn,o,

(r1,nz + (PA vz = Np2)(1 = 2)) G (2) = An-12GN-1(2)
— Npa(1 — 2)pn o, (2.3.16)

where the third equation holds for n = 2,..., N — 1 and vanishes in the
case N = 2. In order to write these equations in matrix from, we define the

vectors
G(2) = (G1(2),...,Gn(2))T,
p = ((1,1 + p2)p1,0, 212020, - - - , Npapno) "

and the matrix A(z) € Mat(N, N,R) by

ai(z)  —pi2z 0 ... .. 0
—)\1,02 OéQ(Z) —,ung
0
Az) = | as(2) . (2.3.17)
. c. '.. ... '.. 0
—H1,NZ
0 0 —XinN-1z an(z)
where
o1(2) = Apz = (pag + p2)(1 — 2), (2.3.18)

an(z) = M+ pin)z —npa(l —2) forn=2,...,N —1and (2.3.19)
an(z) = pi,Nz + (A Nz — Npg)(1 — 2). (2.3.20)
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For simplicity let ap(z) = 0. The dimension of the matrix is N whereas it
was N + 1 in (2223). We dropped the first line of the matrix in (2.2.23))
because the generating function G does only depend on p1 g which itself is
determined by the functions Gy,...,Gn.

The equations (2.3.14]), (23315]) and (2.3.16)) are equivalent to
A(2)G(z) = —(1 — 2)p. (2.3.21)
By Cramer’s rule we have
det(A(z))Gp(z) = det(An(2)) (2.3.22)

for all values z such that A(z) is invertible, where A, (z) is the matrix ob-
tained from A(z) by replacing the n-th column with the vector —(1 — z)p.
The generating functions Gy, ..., Gy are uniquely determined by the equa-
tions (2.3.22) and p; 0, ..., pn,0, since these are the only unknowns occurring
in these equations.

det(A(z)) is a polynomial in z of degree N + 1. We will show in the
following that det(A(z)) has N — 1 zeros in the open interval (0,1) and
one zero at z = 1. Additionally, we will show that det(A(z)) has another
zero in the open interval (1,00) if and only the stability condition (2.3.10])
holds. The N — 1 zeros of det(A(z)) in (0,1) will provide us with N — 1
linear homogeneous equations in the unknowns p1 g, ..., pn,0. Another linear
equation yielding a system of N linear equations can be derived from (2:3.9))
and (2341) in a similar manner as for the basic model from Section

Observe that (Z3.9) can be written as

N N
pPANGN (L) = p11G1(1) + 2 Y nGr(1) = pap1o — iz Y npno (2.3.23)
n=1 n=1

and does not involve Gy(1). The normalization condition which is

N N
DD Pam=) Gu(l)=1 (2.3.24)
n=0

n=0m>0
in terms of the generating functions is equivalent to

~AL0 — H1,1P10
- N n—-1 '

Ao > T pi

n=1 i=1

G1(1) (2.3.25)
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where p111p1,0 = Mopoo = A1,0Go(1) and where we have written p; =
AMi/p1i41 for ¢ = 0,..., N — 1. This can be shown by solving the equa-
tions (Z3.13)-(Z3.16) for z = 1 in terms of G(1) and G1(1) and using the

normalization condition. These equations are

A,0Go(1) = p1ap10, (2.3.26)

A1G1(1) = p12Ga(1), (2.3.27)

(An + 11,0)Gn(1) = A n-1Gro1(1) + p1,041Gny1(1)  and (2.3.28)

M1 NGN(Z) = 1 N—lGN—l(l), (2.3.29)

where n = 2,..., N — 1 in the third equation. The solution of the equations

2327)-2329) in terms of G1(1) is given by

Gn(1) = G1(1) 1:1 piforn=1,... N. (2.3.30)

By the normalization condition (2.3.:24]), summation of (2.3.26]) and (2.3:30])

over n = 1,..., N yields [23.25). Substituting (2.3.25) and (23.30) in
[2323) and collecting terms finally yields the additional equation

N N—-1
[1,1P1,0 + f2 Y MPno P11+ p2 Z H pi —pMN ] pi
n=1 = i=1 i=1
= (2.3.31)
A1,0 — M1,1P1,0 N on—
> T
that relates the unknowns p1,...,pn,0 to the system parameters.

Let G (1) be the generating function of the phase in the basic model at

z =1, ie., let G§(1) be given by (2.2.47) and let G} (1) be given by (2.2.46])
forn=1,...,N. Equation ([2.3.30) shows that G, (1) and G}, (1) differ only
by a constant independent of n, namely

Gn(1) = G,(1) (%) (2.3.32)

forn=1,..., N. We have shown the following result.

Remark 2.3.2. The equations (Z3.11]) and (2312) are equivalent given
P10 > 0.

The equation (2.3.32]) has another consequence that yields a lower bound
for ELy. A real-valued random variable X is called stochastically larger than
the real-valued random variable Y, if P(X >t) > P(Y > t) for all t € R.
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Proposition 2.3.3. Under stationary conditions, i.e., if [2310) is fulfilled,
the queue length Ly of the first queue with jockeying is stochastically larger
than the queue length LY of the first queue without jockeying. Thus, a lower
bound for ELy is given by

i
L

11 pi
ELy > EL] = o= =

Pi
0

1=
S
—

3|
=

—_
+
=

7

We will not give a formal proof but point out the idea. Under stationary
conditions, the equation (2.3.32]) implies that G,(1) > G} (1) for all n =
1,..., N if this is the case for at least one n € {1,..., N} or if Go(1) < G§(1)
which implies the first condition. Therefore,

N N
ELi =Y nGn(1) =Y nGi(1) = EL;}
n=1 n=1

holds.

Now we turn our attention to the derivation of the auxiliary functions
q, - --,qn and their properties. This leads to the stability theorem concern-
ing the zeros of det(A). Forn=1,...,N + 1 we let

01(2) = 01(2), ax(2) = det ( o (2) ‘“LQZ) e san(2) = det(A(2)).

—)\1712 042(2)

(2.3.33)
By Laplace expansion we get
z) = a1(2)qo(z and
q1(z) 1(2)q0(2) , (2.3.34)
Qn(z) = O‘n(z)anl(Z) - Al,nfl,ul,nz Qn72(2)
formn=2,..., N, where qy(z) = 1.
The crucial properties of the functions ¢q,...,qx and aq,...,ay are

derived in the same manner as in Proposition 2.2.4]

Proposition 2.3.4. The function g, is a polynomial in z of degree n for
n=1,...,N —1 and of degree N +1 for n = N. The functions q, and c,,
n=1,...,N, satisfy the following properties:

(i) ¢n and gn+1 have no common root in (0,1) form =0,...,N — 1.

(71) sgn(ap(0)) =1 and sgn(ay,(0)) = =1 form=1,..., N.
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(iii) sgn(g,(0)) = (=1)"* forn=1,... N.
(iv) qn(1) = nﬁl A forn=0,...,N—1 and gn(1) = 0.
i=0

(v) Forn =1,...,N — 1 the following implication holds: If Z > 0 with
an(2) = 0, then
sgn(gn-1(2)qn+1(2)) = —1.

(vi) qn has n — 1 pairwise distinct zeros in (0,1) forn=1,...,N — 1.

(vii) lim, 00 gn(2) =00 forn=2,...,N —1 and lim,_,, qn(2) = —00.
As for the basic model, we can determine functions hq,...,hyx on [0,00)
satisfying

an(2) = an)‘l,i + (1= 2)hy(z) forn=1,...,N — 1 and
i=1

(2.3.35)
qn(2) = (1 = 2)hn(2)
inductively from (2.3.34]). These functions are given by
hi(z) = =(p1,1 + p2), (2.3.36)
ho(z) = aa(2)hn(2)(1 — 2), (2.3.37)
ho(2) = —npgz"™ "t ”1_[1 M+ o (2)hn—1(2) — )\17n_1,u1,nz2hn_2(z) (2.3.38)
i=1
forn=3,...,N —1 and
N—-1
hn(z) = (phnz — Npg)zV ! il_g Avi +an(2)hn-1(2) (2.3.30)

~ A N-1p N2 hN—a(2)

for all z € [0,00). See Proposition 2.2.5]in the previous section for a similar
derivation for the basic model. From the previous proposition we can derive
the stability condition in terms of hx (1) in the same manner as in Theorem
2.2.6

Theorem 2.3.5. det(A(z)) is a polynomial of degree N + 1 and has N —1
distinct zeros in the interval (0,1) and one zero at z = 1. Additionally,
det(A(z)) has another zero in the interval (1,00) if and only if hy(1) < 0,
where hy is defined by det(A(z)) = (1 — z)hn(z) for all z > 0.
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It remains to determine hy(1). Evaluating (2.3.30)-(2.338]) and (2.3.39])
at z = 1 gives a recursive system of equations for hi(1),...,hx(1). We omit
the details and state the solution:

1 i H1i+1 L AL
i ( HAM Z ISw ¥

i HLE+1 = imn MLl
1 b I
1,041
— 11 A1 ’
(H Z) (Z H1,k41 H Al )

(2.3.40)

forn=1,...,N — 1, where the empty sum and empty product are defined
to be 0 and 1, respectively. Inserting hy_i(1) and hny_2(1) from (2.3.40)
into (Z3.39) and simplifying finally leads to

N N-1 N_onoloy N-1
1
D =p[[ i —ne <H ,Ul,z‘+1> (Z IT-= ) — ] minr-
i=1 i=1 n=l i=1 HLitl i=0
(2.3.41)
Setting hy (1) < 0 and simplifying gives the stability condition from Propo-
sition 2.3l The next theorem combines Proposition 23] Remark 2.3.2]
and Theorem [23.5] and relates the number of zeros of det(A(z)) to this
stability condition.

Theorem 2.3.6. det(A(z)) is a polynomial of degree N + 1 and has N — 1
distinct zeros in the interval (0,1) and one zero at z = 1. Additionally,
det(A(z)) has another zero in the interval (1,00) if and only if the system of
equations (23J)-23.0) has a unique nonnegative and normalized solution,

e., if and only if pAy NP(L1 = N) < p11P(L1 = 1)+psELy or equivalently

N n—1
Z H i 1 H11
phy < —E (2.3.42)

holds, where p, = M\ n/t1 041, n=0,...,N — 1.

Remark 2.3.7. The stability condition is independent of the arrival rate
A1,0 in Q1. This is on the one hand due to the fact that the stability is
derived from the generating functions Gi,...,Gn which are independent
of A1 9. On the other hand, the arrival rate in @1 is A1 only in the case
that no customers are present in both queues. Therefore, the arrival rate
A1,0 influences the length of the idle period of the system, but not the busy



50 Overflow to an infinite queue and customers as servers

period. Due to the jockeying discipline, @)1 is in state 0 if and only if Q5 is
empty.

Remark 2.3.8. By the condition given in Theorem 2.2.1T] when the system
is stable, meaning (Z22.54]) holds, we can use the N — 1 zeros of det(A(z)) =
gn(z) in (0,1) to find the N unknown probabilities p1 g, ...,pno0. The N —1
pairwise distinct zeros deliver N — 1 equations for these unknowns. One
more equation relating the unknowns is (2.337]). This provides us with
N (independent) equations in the N unknowns p;,...,pn,0. For further
comments on the procedure see Remark

Once p1,0,020,---,pN,0 are determined, Go,...,Gn are given and we
can calculate ELy, ELy and Cov(Ly, Ly):

N N N
EL1 =) nGu(1), ELy =Y _G,(1) and E(L1Lg) = Y nG(1).
n=1 n=0 n=1

An equation similar to (22.57)) for the basic model relating these terms is

the equation

MQE(LlLQ) + ,ul,lE(L2|L1 = 1)P(L1 = 1)
= pAiN (P(Ly = N) + E(Lg|Ly = N)(P(L1 = N))),

where E(L1Ly) = SN nGl (1), E(La|Ly = n)P(L1 = n) = Gl(1) for
n=1,...,N and P(L; = N) = Gy(1). The equation is shown by summing
the equations (2.313))-(2.3.16]) and differentiating the result at z = 1.

Remark 2.3.9. It is possible to further generalize the model by:

1. Equipping Q2 with an exponential arrival stream with rate Ao > 0 (see
Figure 2.7)).

2. Assuming that the service rate in Q2 is 2, (instead of nug) when Qg
is in state n (see also Remark 2.2.14]).

3. Letting a fixed number 1 < k < N — 1 jockey to @1 if 1 becomes
empty.

In all cases, this will lead to a modified construction of the generating func-
tions, the auxiliary functions and the stability condition (we omit the de-
tails). In the second case, the stability condition involves additional terms
depending on the system parameters (compare (Z240) with (2341 and
2254) with ([2342)). The steady-state equations simplify substantially

for kK = N. The solution in this case is given in the next section.
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2.3.4 Closed-from solution in the case of unlimited
jockeying

For this model a complete analytic solution is available. In order to simplify
the resulting formulas we assume constant arrival and service rates in ().
Let N > 1 and let Q1 be an M/M/1/N — 1 queue with arrival rate A\; > 0
and service rate py > 0. Let Q2 be fed by the p-weighted overflow stream
from @1, p € [0,1], and let the service rate in Q2 be nus if L1 = n where
po > 0. Modify @ in the following way: If ()1 becomes empty, then the
first customers waiting in (o are instantly transferred to Q1 until @)1 is fully
occupied or )2 empties, whatever happens first. Let p, ,, be the steady-
state probability of having n customers present in )1 and m customers in
Q2,n=0,...,N, m > 0. We must have p, ,, = 0 for m > 1 and n < N,
because in this case, some customers will be transferred instantly from Qo
to Q1. The balance equations for this model are

A1Po,0 = H1P1,0, (2.3.43)
(A1 + 11)Pno = MPn—1,0 + f1Pnt10, n=1,...,N —1, (2.3.44)
(pA1 4+ 1)pNo = MipN—1,0 + (1 + Np2)pn i, n =N, m =0,

(2.3.45)

(PA1 + p1 + Np2)pnm = PAMDPNm—1 + (1 + Np2)pnms1, n =N, m > 1,
(2.3.46)

Pnm =0, m>1,n=0,...,N -1 (2.3.47)

n
Solving (2.3.43) and (2344) yields ppo = (%) poo for n = 0,...,N.

Inserting
ey N—1 ey N
PN-10= | — poo and pyo=(—] popo
H 23

A\ A\ VL

PN = A+ i) <K> —h <K> Po,0 = <ﬁ>N (729)\1 )poo

’ p1 + Npo ’ H1 p1+ Ny .
This and (2.3.46]) lead to

() )
PN;m 1 11+ Npo Poo
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for all m > 0. Thus all non-zero probabilities are expressed in terms of pg g
and we can determine pg from the normalization condition

N oo
Z an,m =1

n=0m=0

Substituting the appropriate terms in the normalization condition and sim-
plifying we get

N-1\ —1

A
I [C TS P
00 1 p1 + Npg — pAr p1— M

The necessary and sufficient stability condition is clearly pA1 < p1 + Npuo
(see also Theorem [[.2.3)).

It is obvious that we can model the two queues as an ordinary single
M) /M) /1 queue, where the subscript (n) stands for state-dependent ser-
vice and arrival rates. The state space of this queue is Ng, where the states
0,..., N correspond to the states (0,0),...,(N,0) and the states m > N +1
correspond to the states (N, m), m > 1. The arrival rate is A; in the states
0,...,N —1 and p); in the states m > N. The service rate is u; in the
states 1,..., N and p1 + Npug in the states m > N 4+ 1. By classical formulas
for the steady-state distribution of infinite birth and death chains (see for

example Cohen [12]) we get the same result.



Chapter 3

Overflow to a finite queue
with waiting room

3.1 Model overview

As in the previous chapter, we consider an open queueing network consisting
of two queues (1 and Q2 with an overflow capability from @7 to Q2. The
main difference between the queueing models presented in the following and
those presented in the first part of this thesis is the finiteness of the capacity
of the second queue. Moreover, customers in the first queue no longer serve
the customers in the second queue and the service and arrival rates are not
variable. The finiteness gives rise to additional boundary conditions. These
boundary conditions and the special structure of the steady-state equations
make it impossible to carry out the approach from the second chapter. Nev-
ertheless, the number of steady-state equations that describe the system’s
behavior can be reduced substantially. The steady-state probabilities and
quantities of interest can be stated in an elegant way that reveals the un-
derlying structure of the solutions. The separation approach used in this
chapter is, due to the terms in the steady-state equations in the previous
chapter that arise from the serving customers, not applicable to the models
presented in the second chapter.

Now we give an overview over the models considered in this chapter
and the methods used for deriving the quantities of interest. Each queue
is equipped with a finite number of servers and a waiting room with fi-
nite capacity. We assume independent Poisson arrivals at each queue and
exponential service times with server-dependent parameters. @Q;, ¢ = 1,2,
possesses n; > 1 servers and ¢; > 0 waiting positions and is fed by a Poisson
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arrival stream with intensity A; > 0. In contrast to the previous chapter,
we use lower case letters for the capacities of the queues in order to simplify
the resulting formulas. The service requirement of a customer at Q; is ex-
ponentially distributed with mean 1/u;, where pu; > 0 for i = 1,2. A server
serves exactly one customer at a time, in case one is present. Within the
queues, customers are served in their order of arrival.

Since there is a limited number of servers and the waiting rooms are
finite in each queue, arriving customers may be blocked at one of the queues
depending on whether all servers and/or waiting positions are occupied.
Moreover, blocked customers may overflow to the other queue if its capacity
is exhausted. Since blocked customers may be allowed to overflow to the
second queue, it seems appropriate to also allow waiting ()1-customers to
jockey to the second queue if there is capacity available. We will consider
a variety of different models by combining different blocking, overflow and
jockeying rules. These rules are explained in the following.

Blocking rules

We consider two blocking models for arriving (i-customers. In the first
model, an arriving @Qi-customer is blocked if all ny servers are busy. In
the second model, blocking takes place if all nqy servers and all ¢; waiting
positions are occupied.

A customer who arrives at Q9 is served in @5 if less than no servers are
busy in ()2 at the time of his arrival. The customer is queued in one of
the waiting positions in @2 if all servers are busy and at least one waiting
position is available in )9, otherwise the customer is blocked and cleared
from the system.

Overflow rules

Blocked customers from ()4 are treated with respect to two different routines,
which will be called overflow rules. In the first routine, a blocked customer
is served by one of the servers in Qo if at least one is available. If no server
is available in ()9, then the blocked customer is rejected and queued at Q1
if a waiting position is available. The customer leaves the system otherwise.
In the second routine, the blocked stream from @ is directed to the waiting
room in (). If no waiting position is available in (2, then a blocked customer
is rejected at Q2 and queued in @ if a waiting position is available. The
blocked Q1-customers are lost if the waiting rooms are fully occupied in both
@1 and Q2. Note that the blocked traffic and the overflow traffic from Q4
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are in general not identical, because blocked customers are allowed to join
Q1 if they are rejected at Q)s.

The overflow stream is the fraction of those arriving ()1-customers who
are blocked at ()1 and who can potentially join Q2. This overflow stream
will additionally be weighted with a parameter p € [0, 1], i.e., an arriving
customer who is blocked at ()1 and overflows to Q2 according to the blocking
and overflow rules, joins Q2 with probability p and leaves the system with
probability 1 — p. This overflow model with parameter p will be called p-
overflow model or weighted overflow model in the following. The model with
p =1 will be called deterministic overflow model. Observe, that the queue
sizes at ()1 and Q9 are in general not independent for every choice of the
model configurations, not even for p = 0.

Jockeying rules

The possibility of waiting customers to move to another queue is called
jockeying. Jockeying will be restricted to the customers of the first queue
and therefore, (Qo-customers are not allowed to leave the second queue in
order to receive service in the first queue. The treatment of waiting ()1-
customers can be classified according to three different cases. In the first
case, a waiting (Ji-customer is placed in service in the second queue if at
least one server and all waiting positions are available in (J5. In the second
case, waiting (Q1-customers must wait for a server in Q1 to become free, i.e.,
jockeying is not allowed. In the third case, waiting )1 customers are placed
in s if at least one waiting position or one server is available in @s.

Basic model notation

In order to distinguish between the different models and rules for blocking,
overflow and jockeying, we denote an overflow system with this characteris-
tics by a string

a/B/v

similar to Kendell’s notation. In our notation, « refers to the blocking rule,
0 to the treatment of overflowing customers and +y is the indicator for the
jockeying rule. The blocking rule indicator « is either S or W, where S
indicates that arriving ()i-customers are blocked if all servers in @) are
busy and W indicates that the customers are blocked if all servers and all
waiting positions in 1 are occupied. The second indicator 3 is S or W, if the
blocked customers overflow to the servers or the waiting rooms, respectively,
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in Q2. Finally, ~, the jockeying rule indicator, is S or W if the waiting Q1-
customers are allowed to jockey to the servers or to the waiting room in
Q2, respectively. 7 is N if no jockeying is allowed. The models S/S/v and
W/S/~ for vy = S, W, N are depicted in Figure Bl A schematic overview
of the models S/W /vy and W/W /~ for v = S, W, N is shown in Figure B2

loss
waiting room server
(1-p)\
A q ni 231
| jockeying W AN
1 p)\l N jockeying S jockeying N: no jockeying
| \
| A
A2 q2 ng M2
loss

Figure 3.1: One-way p-overflow, p € [0,1]: Overflow to the servers in Q2
(routine S)

Solution approach

We are interested in the two-dimensional server and waiting room demand
process of the one-way p-overflow model, embedded at the time instants
of arrivals to ()1 and )2 and departures from ()1 and )2. This process
is a Markov chain with state space & = {0,...,k1} x {0,...,ka}, where
k; = n; + q; for i = 1,2 and where we have labeled the servers and waiting
rooms in Q; with 1,...,n; and n; + 1,...,k;, respectively, for i = 1, 2.

Remark 3.1.1. For every choice of A1, Ao, 1, po > 0 in each model de-
scribed above, the state space is finite and the fact that there exists a path
from any state to (0,0) (and vice versa) having positive probability, yields
irreducibility. Thus, the Markov chain is stationary with unique stationary
distribution.

In some models it is possible to allow q; = oco. In these cases we give
a necessary condition for stability. The stationary distribution is uniquely
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Figure 3.2: One-way p-overflow, p € [0, 1]: Overflow to the waiting room in
Q2 (routine W)

determined by the (k; 4+ 1)(k2 + 1) balance equations and the normaliza-
tion condition. To the best of our knowledge, no closed-form expression for
the stationary distribution is known. By using a technique due to Morri-
son [461[48], we will reduce the problem of solving these (k1 +1)(ko +1) +1
equations to the problem of solving a substantially smaller number of ho-
mogeneous linear equations in two sets of unknowns. With this approach,
explicit formulas depending on these unknowns can be given for various
steady-state quantities. Morrison considers the deterministic models S/S/S,
S/S/N, W/S/N and W/W/N with p = 1 and service rates u; = po and
reduces the number of equations and unknowns by a separation method.
The basic technique is to partition the state space into certain regions and
boundaries and to separate the stationary probabilities within these regions.
In every model, the separation leads to a set of eigenvalue problems for the
separation constants. The eigenvalues are given by the roots of polynomial
equations and are the pairwise distinct eigenvalues of real tridiagonal sym-
metric matrices as well. They possess an interlacing property, called the
“Sturm sequence property”, which reduces the computational complexity
considerably. The desired probabilities are expressed as sums of eigenfunc-
tions in terms of the eigenvalues. The number of eigenfunctions and there-
fore the number of coefficients to be determined in these representations is
in general substantially smaller than the number of stationary probabilities.
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The coefficients are determined by the normalization condition and a set
of linear equations that stems from the boundary conditions. The desired
probabilities and steady-state quantities can be numerically determined once
the coefficients and eigenvalues are numerically calculated.

We will extend the results of Morrison in three directions. Firstly, we
allow different service rates at the two queues, i.e., customers at @; have
service rate u;, ¢ = 1,2, with arbitrary pq,us > 0. Secondly, the overflow
process is weighted with a parameter p € [0, 1]. In one model it is also possi-
ble to weight the stream of jockeying customers with the same parameter p.
Thirdly, we consider several variations of the blocking and overflow routines
as described above. It should be mentioned that the resulting formulas do
not scale in the system parameters in general, i.e., for example the case of
arbitrary service rates cannot be reduced to the case u; = ps = 1 by an
adequate choice of the remaining parameters and the separation constants.
Only the case u1 = uo can be reduced to 1 = ps = 1 by dividing the arrival
rates and the separation constants by the service rate.

Stationary quantities

Once the stationary probabilities are specified in terms of the eigenvalues, it
is possible to derive formulas for various steady-state quantities depending
on the unknowns, like the loss probabilities, i.e., the probability that an
arriving (Q;-customer is lost, ¢ = 1,2, the overflow and jockeying probability,
the probability that an arriving customer is queued upon arrival, the mean
departure rate from the waiting rooms to the servers, the average number of
customers waiting and in service, the average waiting times and many more.
These formulas have the advantage that the desired stationary quantities
can be calculated directly in terms of the unknowns without computing the
steady-state probabilities. We will display this possibility for the two basic
models described in Section and Section 3.3l It is immediately seen
from Figure Bl that @ in isolation is an Erlang loss system in the models
without waiting room in 1, i.e., ¢ = 0. In these cases, the overflow stream
from Q1 to Q2 consists of the p-fraction of blocked customers at Q1. Let
O12 be the expected (stationary) number of demands per unit time, which
flow over from @7 to Q2 (see Figure BI). With p; = \1/u1, we must have
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This is of course the loss probability for the famous Erlang loss system with
capacity ny (see Erlang [24] and ([2:2.1])). In general, the loss probabilities
for 1 and @3, the blocking probabilities for customers at ()2 and therefore
the expected number of demands per unit time that flow over from Q1 to
(2 are unknown.

It is known from Cohen [I1], Hordijk and Ridder [30] and van Marion [44]
that the loss probabilities are in general sensitive with respect to the service-
time distribution. In the literature, probabilistic and numerical bounds for
the loss probabilities are known in some special cases. Van Dijk [15] derives
upper and lower bounds for the loss probabilities by approximating the
one-way overflow model by models with modified input and interconnection
characteristics. Hordijk and Ridder [30,31] and Ridder [57,/58] derive up-
per and lower bounds for weighted stationary probabilities by constructing
approximating reversible Markov chains. These bounds are insensitive with
respect to the service time distributions and are used to derive upper and
lower bounds for the loss probabilities.

Applications

The most apparent application of this type of overflow queueing models
is of course to telecommunication systems. As an example for a feasible
application, the models presented in this chapter might be used to model
call centers. In a specific call center telecommunication system, incoming
telephone calls are answered by a limited number of operators (i.e., the
servers). An incoming call is put on hold if all operators are busy. The
number of calls on hold are in most practical situations finite and the on hold
positions correspond to the waiting rooms in our queueing systems. Consider
two incoming lines for calls. The first and second line are the queues Q)
and @2, respectively. It may be permitted that customers from the first
line have a certain type of priority, i.e., they may be allowed to overflow
to the second line under one of the overflow rules specified earlier. The
different rules for blocking, overflow and jockeying can be used to represent
a certain constellation given in practice. Furthermore, the parameter p can
be viewed as a control parameter or can be used to model the impatience
rate of the overflowing calls. In another considerable application, one could
assign costs or a premium to the parameter p that has to be paid by the
priority customers from the first queue in order to receive service at the
second queue. An increase of p results in a higher probability of acceptance
at the second queue and a higher premium should be paid in order to receive
a higher value for p. Thus, a customer or a system designer has to find a
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cost optimal value for p depending on his point of view.

Another application that can be slightly generalized to match our models
is described in Altman et al. [2] and Hassin [28]. Consider two gas stations
located at the same main road. Every gas station has a finite number of
gas pumps and waiting positions. The two gas stations are located one after
another, where the first and second station correspond to ()1 and ()2, respec-
tively. Consider that some customers prefer the first and some customers
prefer the second station. Additionally, if we consider one-way traffic, which
is for example the case on an highway, then we get an arrival stream for each
station that is independent from the other one. In the one-way setting, cus-
tomers that find the first station occupied, can drive by in order to be served
at the second station. Some of these overflowing customers might also reject
service at the second station and drive by to another station they prefer.
In this case, the overflow parameter p reflects this behavior. It should be
noted, that some of the blocking, overflow and jockeying rules are unnatural
in this context. Nevertheless, due to the diversity of the models presented in
the following, many applications for example to communication, computer
or traffic control systems are conceivable.

Further related literature

Some of the results developed in the following sections where published by
the author in [59]. In the literature, numerical computations for some of the
deterministic overflow models, i.e., with p = 1, are available. Kaufman [35]
(model W/W/S and W/W /N) uses block iterative techniques and successive
overrelaxation techniques for the numerical derivation of the steady-state
probabilities. Chan [8/9] (model W/W /N and W/W/S) uses block iterative
techniques and preconditioned conjugate gradient methods for the numerical
computation of the steady-state probabilities. The deterministic model with
arbitrary service rates is treated in [9] in the context of overflow queueing
networks with an arbitrary but finite number of queues. For some models
considered in Chan [§], Kaufman [35] and Morrison [46], i.e., S/S/S, S/S/N
and W/W/N, numerical results are presented in Kaufman et al. [34]. The
overflow model with deterministic overflow and without waiting rooms is
known as the one-way overflow queueing model (van Dijk [I5]16], Doremalen
[18], Hordijk and Ridder [30]). In telecommunication theory, it is a special
type of an asymmetric grading (Kosten [36], van Marion [44] and Syski [63]).

Overflow queueing models are widespread in literature. We already men-
tioned Disney and Konig [I7] for a broad overview and Koury et al. [39]
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and Krieger et al. [40] for reviews of iterative numerical methods for over-
flow queueing models. A brief discussion of numerical methods for some
two-queue overflow systems and further references are given in Ching and
Ng [10]. Related overflow models are studied in van Doorn [19], El-Taha and
Heath [20], Parthasarathy and Sudhesh [55] and the referenced literature
therein using a variety of different techniques (for some comments on [19]
and [55] see page [3)). An overflow model with multiple primary queues,
finite waiting rooms and a shared secondary overflow queue is numerically
studied in Guérin and Lien [27] and related models are reviewed. Early refer-
ences are given in van Marion [44], Morrison [46] and Morisson [47]. Further
related literature is mentioned in Chapter 2] Section [2.1] of this thesis.

3.2 Overflow without waiting rooms

3.2.1 Steady-state equations and separation approach

In this section, we consider the basic p-overflow model without waiting
rooms, that is, the capacity ¢; of the waiting room in @); is 0 and the total
capacity of Q; is k; = n; for i« = 1,2. In this case, all model variations
coincide. This basic model and the derivation of the steady-state probabili-
ties will be the starting point for the derivations in the more sophisticated
models. Their analysis is a generalization of this basic approach.

Let Q;, i = 1,2, be fed by a Poisson arrival stream with intensity A; > 0
and let the service times at @; be independently identically and exponen-
tially distributed with mean 1/p; > 0. The arrival stream from ) is blocked
and directed to Qs if all servers in the first queue are busy. Overflowing )1-
customers and arriving (Qo-customers are lost if all servers in Q3 are busy.
The bivariate server and waiting room demand distribution is the unique
nonnegative and normalized solution of the following equilibrium equations:

(AL (1=0in, ) + pA10ing (1 = Gjny) + Aa(1 = Gjny) + i1 + Ju2)pi
= A1 (1 = 8io)pi-1,5 + (1 = 6iny ) (i + D papis1 5 (3.2.1)
+ (1 = 650) (PA10iny + A2)pij—1 + (1 — djny ) (5 + 1) p2pi j11

for i = 0,...,n1 and j = 0,...,n9, where 0;; is the Kronecker symbol,
ie., 6; = 1if i = j and J;; = 0 otherwise. Equation [B2T]) for i # ny
characterizes the flow into and out of states which is not due to an overflow
of customers. In contrast to that, equation [B2Z1]) for i = n; characterizes
the flow which is caused by the overflow mechanism.
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For i # ny the equations ([B.2.I]) are given by

(A1 4+ X2(1 = 0jny) +ipn + ju2)pij = M(1 = dio)pi—1,; + (i + 1)pipiva

+ (1= dj0) Mapij—1 + (1 = 0jny) (J + 1) p2piji1
(3.2.2)

for it =0,...,ny —1and j = 0,...,ny. From these equation one might
predict that the queue lengths of ()1 and ()2 behave independent from each
other given that @) is not fully occupied. In fact, it turns out that the
variables in (3.2.2]) can be separated, in the sense that there are solutions of
the form p; ; = ;8 for i = 0,...,n1 and j = 0,...,n2 as we will show in
the following.

Setting p;; = a;f; for i = 0,...,ny and j = 0,...,n2 in B22) and
evaluating the result in 7 = 0 results in the equations

()\1 +iu1 + C)Oéi = )\1(1 — 52‘0)041'_1 + (Z + 1)/“04@'4_1 (3.2.3)

for ¢ = 0,...,n1 — 1 with the separation constant ¢ = Ay — ,ug%. On the
other hand, the evaluation of the result in ¢ = 0 leads to

(A2(1=0yjn,) +ip2 —)B; = Aa(1=650) Bj—1+ (1= jny) (G + D p2Bjs1 (3.2.4)

for j =0,...,n9 with the separation constant ¢ = —\; + ,ulg—(l). Note that
Q
c= Ay — ,ugé =—)\ + ,u1—1, (3.2.5)
Bo g

which follows from (8.2.2)) with ¢ = j = 0. By comparing (8.2.3) and (3.2.4])

we get the following Lemma.

Lemma 3.2.1. If oa; = si(c,\1, 1), i = 0,...,n1, is a solution of (B.2.3))
fori=0,...,n1 —1, then a solution of B24) for j =0,...,n2—1 is given
by /8] = Sj(_c7 )\27M2)7 ] = 07' ..o, N,

By this lemma it is only necessary to find a solution of the equations
B23) for A\j,u1 > 0 and ¢ € R. Their solution instantaneously yields a
solution of the equations ([B.2.4]). In fact, the solution can be given in closed
form in terms of the system parameters as a polynomial in the separation
variable ¢. We will prove this fact and state the solution and some useful
properties of these polynomials in the next section.
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3.2.2 Solution for the separation variables

We derive the solution and some useful properties of the solutions of the
basic recurrence equation (3.2.3]) in this section. Let ¢ € R and A, u > 0 be
arbitrary and define oy; = s;(¢) = s;(e, A\, ), @ > 0, recursively by so(c) =1

and (323), i.e

()\ + i+ c)si(c) = )\(1 — 5i0)3i—1(0) + (Z + 1)MSZ‘+1(C), 1> 0. (3.2.6)

Multiplying this recurrence relation by 2%, z € R, and summing over
1 > 0 yields the differential equation

u(l = 2)fe(z) = (M1 = 2) + c) fe(2), (3.2.7)

where f. is the generating function of the sequence (s;(c, A, it))i>0, that is,
(o]

Zsl CyA )2 (3.2.8)
=0

for z € R with |z| < 1. The condition sg(c, A, u) = 1 yields the boundary
condition f.(0) = 1 for the differential equation (3.2.7)). The solution of

B21) with f.(0) =1 is given by
folz) = (1= 2) 70, (3.2.9)

Using the power series expansions

e¥ = Z %z" and
n=0
b G b n_n
(-2 =3 (V)
n=0

where ( ) W for b € R is the generalized binomial coefficient,
we get a closed-form expression for the coefficients s;(c, A\, u), ¢ > 0, by the

identity theorem for power series:

Proposition 3.2.2. Let c € R, A > 0 and p > 0 be arbitrary, then the
solution of [B.2.6]) with so(c, A\, ) =1 is given by

si(e, A\ p) = % <%) Z< > ’“H ju+c) (3.2.10)

k=0
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W),

fori > 1, where (a)g = 1 and (), HJ 0(]+Oé) k > 1, is the Pochhammer
symbol.

Note that we have assumed that the sequence (s;(c, A, 11))i>0 is indeed
absolutely summable. This is immediately clear if we define f. for |z| < 1 by
(BZ9) and develop f. into the power series ([B.2.8]). The functions s;(c, A, ),
1 > 0, are known as the Poisson-Charlier polynomials in a more general
setting (see Abramowitz and Stegun [1]) and are connected to a family
of special functions, the confluent hypergeometric functions of the second
kind. For a,b,z € C with b # 0,—1,—2,... and |arg(z)| < 7 the confluent
hypergeometric function of the second kind U(a,b, z) is a solution of the

Kummer differential equation
2y +(b—2)y —ay=0

with boundary conditions y(a,b,0) = 1 and Zy(a,b,2)|.—o = a/b. For
Re(a) > 0 and Re(z) > 0, it has the integral representation

1 oo
U(a,b,z) = m/o e P (1 + )b Lt

(see Abramowitz and Stegun [I], Chapter 13 and Srivastava and Kashyap
[60], Chapter I1.3). The following proposition shows the connection between
the functions s;(c, A\, 1), @ > 0, the confluent hypergeometric function and

the signless Stirling numbers of the first kind.

Proposition 3.2.3. Let c € R, A > 0 and p > 0 be arbitrary and s;(c, \, p),
i >0, be defined by (B2.10).

a) For every ¢ ¢ {u(n+1—1) | n € No} it holds

1 A
si(c,)\,,u):,—'U< 1—2—£—>
i! W

b) For 0 <n <k leto(k,n) equal the number of permutations of k elements

which contain exactly n permutation cycles. Then

(e 1) = = Z( ) Z () <%>i_ka(k¢,n) (3.2.12)

k=n
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holds. The numbers o(k,n), 0 < n < k, are called the signless Stirling
number of the first kind.

Proof. For (@) see Abramowitz and Stegun [I], Chapter 13. To show (b))
we use (3.2I0) and H] 0(j —b) = Zﬁ:o o(k,n)b", b € R, (see Abramowitz
and Stegun [1I], Chapter 24.1.3) O

The next Proposition states some properties of the functions s;(c, A, i)
for ¢ > 0. These properties will be useful in the sequel.

Proposition 3.2.4. Let \,u > 0 and ¢ € R. The solution s;(c, A\, 1), i > 0,
of the equations [B.2.0) satisfies the recurrence relations

w(i+1)siy1(c) = Asi(c) + esi(c+p)  and (3.2.13)
si(e) = si(c+ p) — si—1(c+ p)(1 — di0) (3.2.14)

for i > 0. Moreover, for every n > 0, the equations

n

Z si(c) = splc+ ), (3.2.15)

=0
(n—1)si(c) = (1 — 0no)sn—1(c+2u) and (3.2.16)
=0
Z isi(c) = nsp(c+ p) — (1 — 6n0)Sn_1(c + 2p) (3.2.17)

1

7

hold.
Proof. Rewriting the differential equation (B.2.7) using (3:2.9)) yields
A c
felz) = ;fc(Z) + ;fcw(z)-

The power series expansions of f. and f.y, imply
o0 A o0 (e e]
DGR NSNS S MRUS

i=0 i=0

i=1
for all |z| < 1. Therefore, by multiplying this equation with x4 and using the

t
tlm

identity theorem for power series, we conclude that

p(i+1)si41(c) = Asi(c) + esi(c+p), >0,
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i.e., that (B.2.I3)) holds. In the same manner, ([B.2.14]) follows from
fe(2) = (1 = 2) feru(2).

Summing (214 over i = 0,...,n gives immediately B.2I5). B.2I6])
follows easily from ([B.2.I3)) by summing over i = 0, ..., n and using (3.2.15]).

Finally, 3217 follows from ([B.2I3]) together with (B.2.16). O

3.2.3 Boundary condition and separation constants

We have shown in the previous section in Lemma[3.2.T] and Proposition B.2.2]
that a solution of (B.23]) for i =0,...,n; and (324) for j =0,...,na — 1
with ag = By = 1 is given by «; = s;(e, A1, 1) for ¢ = 0,...,n; and
Bj = sj(—¢c, A2, o) for j = 0,...,n9. Consequently, a natural candidate
for the solution of the steady-state equations (B.2.1]) is

Pij = a’l/B] = S’i(ca )‘17 ,LLl)Sj(—C, )\27 /’LQ)

fori=0,...,npand 5 =0,...,n9.

It still remains to determine the separation constant ¢, which can in view

of (B2.3) be reformulated as

c= Ay — p2s1(—c, A2, pi2) = — A1 + p1si(e, A1, pa).

This equation is a tautology as one could expect and therefore gives no
additional information about c¢. In the previous sections, all steady-state
equations despite the equation for j = ny have been utilized to find «; and
Bj. By taking the boundary equation for j = ny into account, we will derive
the crucial condition in the following lemma that will be used to determine
the separation constant ¢ — or more precisely as we will see — the feasible
separation constants ci,...,cp,.

Lemma 3.2.5. Let 3; = sj(—c, Aa, p2) for j >0 and Xy, 2 >0 and c € R
be given by B2ZI0). Then the equation B.2Z4) for j = ng is equivalent to

CSny (b2 — ¢, A2, p2) = 0. (3.2.18)

Proof. Setting 3; = sj(—c, Ao, pu2) for j = ng — 1 and j = ny in (32.4),
A = A9, = po and substituting ¢ with —c immediately yields

(napa — €)sny(—¢, A2, p2) = Aaspy—1(—¢, A2, pi2). (3.2.19)
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Additionally, setting ¢ = ng in (3.2.13]) gives
N2 1280, (—C; A2, f12) = A2Sny—1(—¢, A, p2) — €Sny—1(pt2 — ¢, A2, fi2).

Substituting nopasn,(—c, A2, p2) from the latter equation on the right side
of equation ([B.2.19) yields

¢ (Sny(—¢y Aay p12) + Spy—1(pi2 — ¢, Aa, p2)) = 0.

Together with (3.2.14]) this finally shows ([3:2.I8]). The argument can simply
be reversed to show the other direction of the equivalence. U

Equation (3:2.I8]) provides a condition from which the feasible candidates
for the separation constant ¢ can be derived. In fact, it is immediately seen
from Proposition that sy, (p2 — ¢, A2, u2) is a polynomial of degree ngy
in ¢ for every ny > 1. Furthermore, it follows from Proposition that
Sno (2 — €, A2, 12) has ng negative and pairwise distinct roots ¢y, ..., ¢y, for
every no > 1, as we will show in the following. For the moment we will
suppress the indexes of the system parameters \;, p; and n; for ¢ = 1,2 and
substitute ps — ¢ with c.

As before let s;(c, A\, ) for i@ > 0 be given by so(c, A, ) = 1 and the
recurrence relations ([B.2.6]). Now we investigate the connection between the
zeros of s;(c, A, 1) and those of s;11(c, A, ) as functions of ¢ for i > 1. We
will show that these two sets of zeros satisfy an interlacing property similar
to the one observed in the previous chapter in (2.2.32) and the proof of
Theorem [L2.3l Although the two sets of zeros satisfy a similar interlacing
property, the proof of this property has to be carried out in a different way.
This can be done by using the so called Sturm sequence property or roots
separation theorem. For the sake of completeness, we will state the theorem
with a short proof (see Theorem 8.4.1 in Golub and Loan [26] and Chapter
5, §37 in Wilkinson [65]).

Theorem 3.2.6 (Sturm sequence property). For every n > 1 let
Ay = (ai)ij=1,..n

be an n X n symmetric tridiagonal matriz with real entries. Further suppose
that A, is unreduced, i.e., A, has nonnegative elements on the secondary
diagonals. Then A, has n pairwise distinct real eigenvalues. Let the eigen-
values
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of A, be ordered in increasing order, then the eigenvalues of A, strictly

separate the eigenvalues of Apy1:

)\1(An+1) < )\1(An) < )\Q(An+1) <...< )\n(An—I—l) < )\n(An) < )\n—l—l(An—f—l)-
(3.2.20)

This relation is called the strict interlacing property.

Proof. By Chapter 2, §47 in Wilkinson [65], the eigenvalues of A,, separate
the eigenvalues of A, 41 at least in the weak sense, meaning

M(Aps1) S AMi(4n) < Ma(4p) <.

. S )\n(An—f—l) S )\n(An) S )\n—l—l(An—l—l)-
(3.2.21)

Let x,, be the characteristic polynomial of A4, i.e.,
Xn(t) = det(tE, — Ap)

for t € R and set b, = appnt1 = ant1,n for n > 1. By Laplace expansion of
Xn We get the recursive equations

Xn(t) = (t = ann)xn—1(t) = by xn—2(1) (3.2.22)

for n > 2, where we have set xo(t) = 1. Suppose that x,,(to) = xn-1(to) =0
for some tp € R and n > 2. Then it follows from ([3.2.21]) and the assumption
that Ay is unreduced, i.e., by # 0 for all £ > 1, by induction that

xo(to) = x1(to) = ... = xn(to) = 0.

This is a contradiction to xo(tg) = 1 and thus we must have strict inequalities

in (3.2.21]). O

By the roots separation theorem, the goal is to describe the recurrence
relations ([B.2.0]) by a symmetric tridiagonal matrix. Therefore, we start with
symmetrizing these relations.

Lemma 3.2.7. Set

i+1

u;i(c) = ui(e, A\, p) = <i! K )2 si(e, A\, ) (3.2.23)

)\i

for i > 0. Then so(c,\,u) = 1 and the equations [B2Z0)) are equivalent to
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up(c) = ,u% and the symmetrized equations

=

(1=Gi0)i%u;_1(c)— <z 42 : c> <%>_ i (O)+ (1) usr () = 0 (3.2.24)

fori>0.

In order to write the symmetrized recurrence relations (3.2.24]) from the
previous Lemma in matrix form, we introduce the matrices

My = Mu(A, 1) = (Mij)ij=1,..n

for n > 1 defined by

A\ 2
mi;=—(i—1) <—> fori=1,...,n,
o
Mgl = Mip1 = 02 fori=1,...,n—1and (3.2.25)
m;; =0 for |i — j] > 1.
M, is given in matrix form by
0 1 0 0
1
A\ 2
t-(2) vz
RCIEE
m
: . . 0
1
—(n—2) (ﬁ) ? vn—1
_1
e e

for n > 1. M, is a real symmetric matrix. Thus M, is diagonalizable
and possesses only real eigenvalues. Furthermore, M, is tridiagonal, that
is m;; = 0 for |[i — j| > 1, and has nonzero elements on the secondary
diagonals, i.e., m; 11, mit1,; # 0 for ¢ = 1,...,n — 1. Then it follows from
Theorem that M, has n pairwise distinct eigenvalues.

Let u(c)" = (uo(e), ..., un_1(c))" € R™ be given by (223 and con-

sider the following system of linear equations:

(Mn _Ae <5>é En> u(e) =0, (3.2.26)

o \p
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where E,, is the identity matrix in Mat(n,n,R). From (3.2.24)) and (3.2.26])
we immediately obtain the following result.

Lemma 3.2.8. Let u(c)' = (up(c),...,un_1(c))" € R and u,(c) = 0.
Then the following statements are equivalent:

(i) u(c) is a nontrivial solution of (3.2.20)).

(i) up(c),...,un(c) is a solution of [B224)) fori=0,...,n—1 with up #
0.

From the roots separation theorem and Lemma [B.2.8 we get the desired
statement about the zeros of s, (c, A, 1):

Theorem 3.2.9. Forn > 1, c € R, A > 0 and p > 0 let sp(c, A\, p) be
defined by B.2I0). Then the equation

sn(e,Apu) =0
has n negative and distinct solutions c1,...,c, in the variable ¢ given by
= () Ze; — A (3.2.27)
fori=1,...,n, where ey, ...,e, are the pairwise distinct eigenvalues of the

matriz M, (A, w).

Proof. Let n > 1. The matrix M, satisfies the assumptions of the roots

reparation theorem and therefore has n real distinct eigenvalues €1,...,¢&,.

_1
Mn—A“(é) ‘B, u=0
no\u

with ¢ € R and v = (ug,...,un—1)' € R" has n real and linearly inde-

Thus, the equation

pendent solutions. The solutions are of the form (cj,uj ) for j =1,...,n,
where
= (\)Zej — A

and v/ = (u%,... uﬁl 1) is an eigenvector of M, to the eigenvalue €; for
j=1,...,n. We define v, = 0. By Remark B.2.8 @ uo is nonzero for all j.
Thus, we can normalize the elgenvector u’ such that uo = ,u2 We further
obtain from Lemma B2 that c;,u),...,uF is a solution of ([F.224)) for all
Jj =1,...,n. If we define s;(c;, A\, n) by BZ23) with wo,...,u, replaced
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by ué, ..., u}, then so(cj, A, ;) = 1 and the equations (B.2.6]) are fulfilled.
Then Proposition B.22] yields that s;(c;, A, 1) is of the form (B210) for
i=1,...,n. In particular s,(c;j, A\, p) is of the form ([B.2I0]), a polynomial

of degree n and wh =0 gives sp(cj, A, u) =0 for j =1,...,n. It follows from
(B210) that s,(c, A, ;) > 0 for ¢ > 0 so that the numbers ¢y, ..., c, must
be negative. O

Using the Sturm sequence property one can show another result that
reduces the computational requirements for the derivation of the eigenvalues
of a symmetric tridiagonal matrix with nonzero elements on the secondary
diagonals substantially: Consider the conditions of Theorem and let
s(t) be the number of sign changes of the sequence x¢(t), ..., xn(t), where
Xk(t) is defined by (B.222]) with the additional convention that the sign
of xx(t) is —sgn(xx—1(t)) if xx(t) = 0. Then s(t) equals the number of
eigenvalues of A, that are less than ¢t. Based on this observation, fast and
accurate algorithms - like bisection, multisection, polysection or Godunov-
inverse iteration - for the numerical computation of the eigenvalues have
been developed. A huge literature is available for real symmetric tridiagonal
eigenvalue problems (see Cullum [I4], Chapter 3, Section 3.5, Golub and
Loan [26], §8.4, Matsekh [45] and Swarztrauber [62]).

We summarize the results for the number and location of the separa-
tion constants described by equation (3.2.18]) in the following conclusion of
Theorem 3291

Corollary 3.2.10. Forng >0, A2 > 0 and pz > 0 let sp, (12 — ¢, A2, pu2) be
defined by B.2I0). Then the equation

CSny (2 — €, A2, p12) =0

has na +1 and distinct solutions cy, . .., cn, in the variable ¢ given by cg =0
and
1
C; = Ao + g — ()\2/,1/2)28i (3.2.28)
fori=1,...,n, whereey,...,cn, are the pairwise distinct eigenvalues of the

matriz M, (A2, p2) defined by (B.225]). Moreover, ci,...,cpn, are positive.

3.2.4 Steady-state probabilities

We have shown in Corollary B2I0] that s,,(u2 — ¢, A2, 2) is a polynomial
in ¢ of degree ny with nsy positive and distinct zeros which can be found by
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solving the eigenvalue problem (3.2.26)), i.e.,

1
A A2\ 2
(Mn()‘%,uQ) -2 e <_2) En) u=0.
M2 w2

By denoting the zeros by ¢y, ..., ¢y, as in Corollary B.2.10] we have

CmSnz (K2 — Cm, A2, t12) = 0 (3.2.29)

for m =0,...,ny. For every m =0,...,n9, we get a solution of the steady-
state equations ([B.2.1]) by setting

Pij = Si(Cmy A1, 1) 85 (—Cms A2, p12) (3.2.30)

for ¢ = 0,...,n1 and j = 0,...,ny. Therefore, we can represent the ex-
isting and unique stationary probabilities p; ; as linear combinations of the
solutions (B:Z30) of the separation approach in the form

n2
Pij =Y amsi(Cm, M, 11)85(—Cm, A2, 112) (3.2.31)

m=0

for : =0,...,n; and j = 0,...,ny. The constants ag,...,a,,, have to be
chosen such that the boundary conditions in ([8.2.1]) corresponding to i = n
and the normalization condition are satisfied.

The boundary conditions for i =nq, j =0,...,ny — 1 are

(PA1 + A2+ napin + ju2)pn,
= MPni-1,5 + (1 = o) (PA1 + A2)pnyj—1 + (G + Dpopn, 1. (3.2.32)

The boundary condition for ¢ = nq and j = no is
(nl:ul + n2/‘2)pn1,n2 = Alpnl*L”Q + (p)‘l + )‘2)pn17n2*1' (3'2'33)

Inserting (3:237)) into (3:232)) and (B.:233]) and simplifying with the help of
the recurrence relations (3:22.13)) and (3ZT14]) leads to

Z A (CmSny (Em + 101)8(—Cm) + DA15p, (Em)sj(—cm — p2)) =0 (3.2.34)

m=0
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fori=mn1,57=0,...,n5— 1 and

n2
> am (Cmsn (Cm + 111)Sny—1(—Cm + 12) + PA15n, (€m)Sny—1(—Cm)) =0

m=0
(3.2.35)
with the abbreviated notation s, (-) = sp, (-, A1, 1) and s;(-) = s;(-, A2, p2)
for j =0,...,ny. Together with the normalization condition there are ng+2
linear equations for the unknowns ag, ...,a,,. Summing B2Z34) over j =

0,...,n2 — 1 and using (3.2.15) yields the redundancy of (8.2.30]). Further-
more, inserting (3.2.31)) into the normalization condition Y 371 > 72, pi; = 1
and using (3.2.29)) and ([B.2.15) leads to an explicit expression for ag:

a0 = (Sny (101, A1y 11) Sy (fi2, Ao, 1)) (3.2.36)

Remark 3.2.11. It is seen from (B2Z31)) and [B:234) that the probabil-
ities p; ; depend on the parameter p € [0,1] only through the coefficients
ag, - -+, 0n,. This is due to the fact that the stationary probabilities have
been calculated from the nonoverflow balance equations, i.e., (B2 for
i # ny, which are independent of p. Whereas the equations for the coef-
ficients ay, . . ., ap, arise from the overflow balance equations, i.e., (B.2.1]) for
i = n1, which depend on p.

We summarize the results in the following theorem.

Theorem 3.2.12. The unique nonnegative and normalized solution of the
steady-state equations [B.2.1]) is given by

n2
Pij = Z amSi(Cmy A1, 111)85(—Cm, A2, p2) (3.2.37)
m=0
fori =0,....,n1 and j = 0,...,ny if the coefficients ag,...,an, are de-

termined by (B3.234) and ([B2Z36), where ¢g = 0 and c1,...,cn, are the
by Corollary [3.2.10 positive and pairwise distinct solutions of the equation

Sny (2 — Cmy A2, pi2) =0, m =1,...,na.

The problem of determining the (n; + 1)(n2 + 1) unknowns p; ;, ¢ =
0,...,n1,7 =0,...,ns, has now been reduced to the problem of determining
ngy eigenvalues from ([B.2.29]) and ny 4+ 1 unknowns from the homogeneous

linear equations (3:2.34) and (3:2:30]).

The separation approach is displayed in Figure B3l The single line char-
acterizes the boundary conditions, the unfilled endpoint characterizes the
redundant boundary condition at (i,j) = (n1, ne).
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no (0]
Pij = ®if;
T
J
°
0 7 — n1

Figure 3.3: Separation scheme: Overflow without waiting rooms

Remark 3.2.13. By setting no = 0, we can include the case that the
second queue has no servers, i.e., the Erlang loss system. In this case, we
obtain from ([B2Z36]) and (B2ZI0) the standard formula for the stationary
probabilities of the number of busy servers in the Erlang loss system with
ny servers and traffic intensity p = Ay /p:

p'/i!

’iZO,...,nl.

Remark 3.2.14. For ny > 0 the steady-state probability that ¢ customers

are served at Q1 is > 720 p;j, i = 0,...,n1. Using (3.2.29), B.2.36), (3.2.10)

and (3:215]) we obtain again the standard Erlang loss formula

ng 7 4
, p' /il ,
Plez:E Dij = , 1=0,...,n1.
( ) 7=0 " 1+p++p"1/n1'

3.2.5 Stationary quantities and numerical results

At the end of this section, we show how the results from the separation
approach can be used to derive steady-state quantities of interest. The main
characteristics of a queueing network with loss and overflow are, amongst
others, the average blocking and loss probabilities for arriving customers, the
overflow probability and the average number of customers in service. These
quantities can be given in closed form in terms of the system parameters
and the unknowns described in Theorem

Let B;, ¢ = 1,2, be the probability that an arriving @Q;-customer is
blocked at @; and let O12 be the expected stationary number of customers
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per unit time, which flow over from )1 to ()1, then

no ny  no
Bi=> pui=Y_ Y amsn(Cms A1, 111)85(—Cm, Ao, f12),
ni ni  ne
By = Zpi,ng = Z Z amsi(cma Alaﬂl)sng(_cma )‘2”“/2),
=0 1=0 m=0
no—1 na—1 neo
Or2=" Dniy= D D amSny (Cm; A1, 11)85(—Cmy Aa, i)
=0 =0 m=0
By (B215]) we get
na
Bl — Z AmSn, (Cma )‘1, ,U’l)sng (//JQ — Cm, >‘2a M?)a
m=0

n2
B2 - Z AmSn, (/’Ll + Cm, )‘17 Ml)STLQ(_cma )‘27 /’L2)7

m=0

na
Or2 = Z A Sny (Cms ALs 1) Sny—1(H2 — Cm, A2, 12).

m=0

The loss probability FPi,ess,1 for arriving ()i-customers is then given by
PLoss,l - pnl,ng + (1 - p)012 == Bl - P0127

the loss probability F,oss 2 for arriving (Q2-customers is equal to Bs.

E'L; is the expected average queue length of Q); for i = 1,2. A closed-form
expression for EL; can be deduced directly from Remark 322174l Moreover,
FE L, is given by

n2 ni na ni n2
ELy =Y ) pij= Y am Y 5i(Cm; A1, 1) Y _ j85(—Cm, Ao, ).
j=1 =0 m=0 =0 j=1

In order to derive ELg, we can use (B.2I5]) and (3.2.I7) and get
n2
ELy = Z Am Snq (Ml — Cm, )‘17 ,ul) (n23n2 (MZ — Cm, )\27 MZ)
m=0
— Snp—1(2p2 — iy A2, p12))

na
=ng — Z AmSny (01 — Cms AL, 101)Sno—1 (22 — Cm, A2, 2),
m=0
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where we have used Corollary B.2.10]and equation (8.2.36]) for the last equal-
ity. However, by Little’s law (see for example Asmussen [5], Theorem 4.1),
the expected number of customers in the second queue is equal to the ex-
pected arrival rate to that queue multiplied with the average time spent in
the queue. Therefore, we have

B, = POt (1= Ba) (3.2.38)

K2

Note that the numerical efforts for deriving one of the quantities By, Ba,
O12, ELy and ELs is the same as deriving one of the stationary probabilities
(3237)). Furthermore, these quantities can be calculated directly without
computing the stationary probabilities.

These results can for example be used to minimize the total average
costs of lost customers subject to the overflow parameter p: The expected
number of lost Q- and Q2-customers is given by A\ Pposs.1 = A1(B1 — pO12)
and Pposs,1 = A2Ba, respectively. The total average costs of lost customers
C(p) is then given by

C(p) = CiA1(B1 — pO12) + Co Ao Bo,

where C; € R, ¢ = 1, 2, are cost parameters. It is evident that an increase of
p results on the one hand in a decrease of the number of lost 1-customers
because more of these customers will join J2. On the other hand, these
overflowing ()1-customers increase the occupation rate of (3 and thus, more
(QQ2-customers will be lost. In this view, the total costs C(p) of lost customers
should be a convex function of p and a cost-minimal overflow parameter p*
should exist. A numerical example is displayed in Figure B4l The cost
minimizing values p* in this example are p* = 0.9887, 0.4838, 0.1899 and
0 (line by line from left to right) with associated minimal costs of C'(p*) =
1.3714, 1.4288, 1.4775 and 1.52. Thus, by inspecting the maxima of the cost
functions, it is seen that the optimal choice of the overflow parameter p can
reduce the costs in a considerable amount.

The mean queue length F Lo of the second queue can also be determined
numerically from (3.238]). Some numerical examples are given in Tables
For p = 0, both queues are independent and F L, is given by the
Erlang loss formula:
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1.400 | 1.440

1.395+ 1438+

1.390 1436+

1385 1434+

1.380 - 1432

I 1 I I I
0.2 0.4 2 0.8 10 014 0‘.6 0‘.8 1j0

1561

1.495 -
1551

1.490 -
154+

1485
1531
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I I I I I
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Figure 3.4: p — C(p) for (n1,n2, A1, p1, A2, 2, C1) = (2,2,3,3,1,1,1.2) and
Cy = 3.4, 3.6, 3.8 and 4 (line by line from left to right)

where ps = A\o/pa. The first row of each of the Tables reflects this
observation. By inspecting the numerical results displayed in Tables B.I}
[B.6] one finds that E'Ls is increasing in g, ny and p and decreasing in po.
Furthermore, ELs is increasing for p > 0 in A\; and decreasing for p > 0 in
ny and pq. This is on the one hand explained by the fact that letting all
other values fixed, the mean queue length must increase if the capacity ns
or the offered workload Ay increase and decreases if the service rate s is
raised. Besides the usual influence of the arrival and service rates and the
capacity on the queue length, on the other hand, an overflow is more likely
if A1 or p increase or ni decreases. Thus, F L9 increases in these cases.

P no=2 mno=4 ng=6 no=8 ng=10 nyo =12
0 1.71004 3.27076 4.59956 5.60233 6.22761 6.52748
0.2 | 1.73063 3.33039 4.72756 5.83362 6.58125 6.98453
0.4 | 1.74819 3.38066 4.83522 6.03102 6.89379 7.40765
0.6 | 1.76333 3.42349 4.92648 6.19970 7.16787 7.79408
0.8 | 1.77652 3.46035 5.00446 6.34428 7.40718 8.14308
1 1.78810 3.49235 5.07162 6.46874 7.61572 8.45559

Table 3.1: Table of ELy for ny = 2 and (A1, g1, A2, p2) = (1,0.1,2,0.3)
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P Nno=2 mno=4 nNg=6 no=8 nog=10 no =12
0 1.71004 3.27076 4.59956 5.60233 6.22761 6.52748
0.2 | 1.72637 3.31814 4.70143 5.78646 6.50874 6.88981
0.4 | 1.74043 3.35861 4.78854 5.94651 6.76133 7.22921
0.6 | 1.75265 3.39350 4.86349 6.08565 6.98673 7.54366
0.8 | 1.76337 3.42382 4.92838 6.20682 7.18698 7.83228
1 1.77285 3.45038 4.98490 6.31267 7.36445 8.09517

Table 3.2: Table of ELy for ny =4 and (A1, p1, A2, u2) = (1,0.1,2,0.3)

P Nno=2 ngo=4 ng=6 no=8 ng=10 nyg =12
0 1.71004 3.27076 4.59956 5.60233 6.22761 6.52748
0.2 | 1.72233 3.30649 4.67649 5.74141 6.43967 6.80011
0.4 | 1.73301 3.33738 4.74327 5.86430 6.63303 7.05812
0.6 | 1.74236 3.36429 4.80151 5.97283 6.80826 7.30014
0.8 | 1.75063 3.38790 4.85256 6.06875 6.96642 7.52542
1 1.75798 3.40876 4.89753 6.15369 7.10878 7.73374

Table 3.3: Table of ELy for ny = 6 and (A1, g1, A2, p2) = (1,0.1,2,0.3)

P No=2 no=4 nNog=6 no=8 nog=10 no =12
0 1.71004 3.27076 4.59956 5.60233 6.22761 6.52748
0.2 | 1.71866 3.29586 4.65365 5.70014 6.37656 6.71854
0.4 ]1.72621 3.31779 4.70124 5.78782 6.51411 6.90094
0.6 | 1.73287 3.33708 4.74327 5.86635 6.64047 7.07384
0.8 | 1.73879 3.35416 4.78052 5.93670 6.75611 7.23671
1 1.74409 3.36936 4.81367 5.99978 6.86166 7.38927

Table 3.4: Table of ELy for ny = 8 and (A1, p1, A2, 2) = (1,0.1,2,0.3)

P Nno=2 no=4 nNog=6 no=8 ng=10 no =12
0 1.71004 3.27076 4.59956 5.60233 6.22761 6.52748
0.2 | 1.71553 3.28676 4.63408 5.66475 6.32256 6.64904
0.4 | 1.72037 3.30088 4.66481 5.72141 6.41119 6.76592
0.6 | 1.72467 3.31342 4.69226 5.77279 6.49357 6.87769
0.8 | 1.72852 3.32460 4.71683 5.81937 6.56988 6.98402
1 1.73198 3.33463 4.73891 5.86162 6.64037 7.08470

Table 3.5: Table of ELy for ny = 10 and (A1, g1, A2, pe) = (1,0.1,2,0.3)
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A2 | A1=05 N=1 M=15 M\N=2 MN=25 A=3
0.5 | 4.94770 5.74973 6.94810 7.83830 8.40927 8.77512
1 7.86791 8.13140 8.51837 8.82503 9.04536 9.20428
1.5 | 8.84975 8.94551 9.09722 9.23094 9.33734 9.42111
2 9.24300 9.28876 9.36491 9.43657 9.49736 9.54799
2.5 9.44250 9.46869 9.51365 9.55769 9.59659 9.63022
3 9.56073 9.57756 9.60704 9.63670 9.66362 9.68750

Table 3.6: Table of ELy for ny = no = 10 and (u1, pe2,p) = (0.1,0.1,0.5)

3.3 Overflow with waiting rooms: From

servers to servers

3.3.1 Jockeying to servers

3.3.1.1 Steady-state equations and separation approach

Now we consider the p-overflow model S/S/S with waiting rooms. The
waiting room at @; has capacity ¢; > 0 for ¢ = 1,2. In this model, an
arriving (1-customer is blocked and directed to @5 if all n; servers are busy
in Q1. Blocked customers are served by one of the servers in Qs if at least
one is available, are queued in @) if all servers in (05 are busy and a waiting
position is available in ()1 and are lost otherwise. The jockeying discipline
ascertains that waiting (Q1-customers will be served at (1 if a (Q1-server
becomes available or at Qo if a (Qo-server becomes available, all ()1-servers
are busy and no customers are waiting at (J2, whatever happens first. With

k; = q; +n; for i = 1,2, the balance equations are

(A (L = iy ) (L = Xy (1 = Xj—na)) + PAIXi—ny (1 = Xj—ns))
+ A2(1 = djk,) + (i Ana)pa + (3 A n2)p2)pi;
= (1 = Xi—n1—~1Xno—j—1) (3.3.1)
X (M1 =6i0)pi—1 + (1 = Gjry) (5 + 1) A n2) popi jr1)
+ (1 = 650) (PA18iny Xna—j + A2(1 = Ximny—1Xna—j) ) Pij—1
+ (1= 0ik,) (1 = Ximna Xno—1-5) (6 + 1) Ana) gy + n2028jns Xi—ny ) Pit 1,5
for i = 0,...,k; and j = 0,...,ky, where i A j = min{i,j} and x;—, =
1ip,00) (@) for i, 5,n € N.
Fori=mn1+1,...,kand j = 0,...,n2—1 these equations imply p; ; = 0,
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since it is impossible that customers are waiting at ()1 while there is at least

one server available at Qs.

It will turn out that a similar but more complex separation approach
than the one for the model without waiting rooms can be carried out for
this model. This separation approach is depicted in Figure The single
lines correspond to the resulting boundary conditions and the unfilled circle
highlights a redundant boundary condition at (i,j) = (n1, na).

ko .
Dij = Q;P; Pij = i
no [ 2 . J
Dij = o pi; =0
1
J
[ ]
0 17— ni k1

Figure 3.5: Separation scheme: Model S/S/S

For i =0,...,m —1 and j = 0,..., ks the balance equations take the

form

(A1 + A2(1 = 0jk,) +ip + (G An2)p)pi; = A(1 — 6i0)pi-1,;
+ (i + Dpapitrj + (1 = o) Aepij—1 + (1 — 05k, ) ((F + 1) A na)papi j+

(3.3.2)
for i =0,...,n; and j = 0,...,ks. By the results of Section B2 there are
solutions of the form p; ; = «;3; in the regioni = 0,...,nyand 7 =0, ..., ka,
where «; satisfies (B.2.3]) for i« = 0,...,n1 and is given by «; = s;(¢, A1, 1)
fori =0,...,n1. For j =0,...,n2, §; is given by or at least proportional
to B; = sj(—c, A2, p2). c is the separation constant for this region and
will be determined in the next section. Moreover, for ¢ = 0,...,n; and

Jj = na,..., ks, the approach p; ; = ;3; gives a; = s;(c, A1, 1) and G
satisfies

(A2(1 = Gjky) + nopo — €)B5 = Aafj1 + nopa(l = 6jky) B4 (3.3.3)
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for j = no,...,ks. We assume g; > 1 for the moment. In the region
t=mn1+1,...,k and j =ng +1,..., ko, the steady-state probabilities p; ;
can be separated into the form p; ; = ~;6;. This leads to the equations

(M1 =6k, ) +napn +d)y = Mivier + (1 — digy )naprvi1 and

(3.34)
(A2(1 = Gjk,) + mopz — d)dj = Aodj—1 + (1 — Gjk, )nop26j41
fori=n;+1,...,k and j =ns+1,..., ks with the separation constant
B Oky—1 Vhr—1
d = mnagpuz — A2 5 + A1 .
kQ 7k1

We will derive the solution of (83.3) and ([B.3.4]) and determine the separa-

tion constants in the next sections.

3.3.1.2 Solution of the separation approach

We have already shown that there are solutions of the form p; ; = «;3; for
i =0,...,n1 and 7 = 0,...,n9. «; equals s;(c,\1,p1) for i = 0,...,n
and (; is proportional to s;(—c, Ao, p2) for j = 0,...,n2. ¢ is a separation
constant. Moreover, [3; has to satisfy (B8:3.3]) for j = no, ..., k. In the region
i=mn1+1,...,k and j = no+1,..., ko, the separation approach p; ; = 7;0;
led to the equations ([B3.4]). We now show that the solutions of equations
B33) and B34 can be expressed in terms of the Chebyshev polynomials
of the second kind. First, we give a formal definition of these polynomials
(see for example Abramowitz and Stegun [I]).

Definition 3.3.1. The Chebyshev polynomials of the second kind are defined
by the recurrence relation

20U(x) = U1 (2) + Ui (@), 120, (3.3.5)

with the boundary conditions U_; = 0 and Uy = 1.

It is well known (see Abramowitz and Stegun [1]) that

l
1 1 %k 1
U, (5 (z + ;>> => =z (3.3.6)
k=0
for z # 0. The following proposition states the solution of (3.3.3]).

Proposition 3.3.2. A solution of B33) is given by B; = ¢;(c) for j =
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ng — 1,..., ko, where the function ¢;(c) is defined by

(ﬁj(C) = \I/kQ,j(C) - \Ile,];l(C), j =Ny — 1, .. .,kz, (3.3.7)
with
l
nopa \ 2 )\2+n2,u2—c)
Uy(c) = Uy(e, ho, i) = ( 22H2) " g (221 012k2 — € 3.3.8
() = Wile i) = ("22) 0 (P2 (33.5)

forl=—1,...,q2. Moreover, V_1(c) =0, ¥o(c) =1 and
()\2 + Ny — C)\I’Z(C) = )\2\111+1(c) + ’I’LQ,MQ\I/l_l(C) (3.3.9)

holds for every l > 0

Proof. ¥_i(c) =0, Yy(c) = 1 and (B39 follow directly from (B3.5]). With
¢;(c) defined by B3T) for j =ny —1,..., ko, we obtain (33.3), i.e.,

(A2(1 = Gjky) 4+ n2p2 — €)@ (c) = Aadpj—1(c) + napa(l — bk, )Pj41(c)

for j =no,..., ko from (B.3.9). O

It is immediately seen by comparing the equations ([B.3.3]) and (B.3.4])
that a solution of (3.3.3]) yields a solution of ([3.3.4]). For convenience, it is
reasonable to set 3; = ¢;(c) for j = na, ..., ka. The solution of the equations
B34 can be deduced directly from Proposition B.3.2}

Corollary 3.3.3. A solution of B34 is given by v; = 0;(d) for i =
ni,..., k1 and 6; = ¢;(d) for j = na,..., ks and every d € R, where the
function ¢;(d) is defined by B3.1) and 6;(d) is similarly to ¢;(c) defined by

0:(d) = Qp,i(d) — Quyi1(d), i=0,... k1, (3.3.10)
with
S (M A +d
nip 1T N1
Q(d) = Q(d, ) = U | ——— 3.3.11
1((d) = Qu(d, A1, pa) ( N ) z( SNAXTEVT > ( )

forl=—-1,....q1.

The solution of the steady-state equations can be deduced from Propo-
sition [B.3.2] and Corollary B.3.2] by taking the specific values of the solutions
of the separation approach at the borders of the boundary region into ac-
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count. This is done in the next section. We conclude this section with a
note concerning ¢r,_1(c) and a helpful relation between 6,,, and 6, 1.

Lemma 3.3.4. (i) The function ¢y,—1 defined by (B3.7) satisfies

n —C
Bry1(c) = % (3.3.12)
2

for every c € R.

(ii) The functions 6,, and 0,,11 defined by B3I0) satisfy
)\1(9n1 (d) — n1M10n1+1(d) = qul—l(d) (3.3.13)

for every d € R.

Proof. Uy(x) = 2x follows from (B.3.5) and that shows

Pry—1(c) 1(¢) = Yo(¢) < Ao ) ! < 2/ Aanapz )

Nafy — C
Ao

Now we show (iii). It follows analogously to the proof of Proposition (3.3.2)
that 6;(d), [ > 0, defined by (B:310) and [B3.11]) satisfies

()\1(1 — 5@k1) +nip1 + d)@z(d) = )\1(92‘_1(61) + 7”L1,u,1(1 — 5ik1)6i+1(d) (3.3.14)

for i =mnq,...,k;. Then, (3313) follows from [B311]) and B.314). O

3.3.1.3 Boundary condition and separation constants

By Proposition .32 (; must by proportional to s;(—c, A2, p2) for j =
0,...,n2 and to ¢;(c) for j =mng —1,...,ky so that we can choose

ﬂ_] _ {Sj(—c7 )\2=M2)¢n2(0)7 j = 07 .., N (3315)

S"Q(_Ca )\2,M2)¢j(6), ] =nN9 — 1, ceey ]{,‘2.

The separation constant ¢ has to be chosen such that the definitions of 3,,,_1
and (3, match, i.e.,

Sna—1(—C; A2, U2) Py (€) = Sy (—C, A2, p2)Pry—1(c) (3.3.16)
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has to be fulfilled. The following lemma gives an equivalent formulation of

this condition.

Lemma 3.3.5. Let s;(p2 — ¢, Ao, p2) for j =ng —1,n9 be given by (B.211)
and let U;(c) for j = g2 — 1,q2 be given by B38). Then the equation

(B3.16) s equivalent to
c[sng (12 = €, X2, 112) W go (€) — Snp—1(p2 — €, A2, 112) T g1 (c)] = 0. (3.3.17)

Proof. We write s,(c) for s,(c, A2, p2) in the following. From the definition

B30 of ¢n,—1(c) and B39) we get

Pna-1(¢) = Wgp41(¢) = Wgo(c)

A2 +nopg —c nafio
= \I/q2 (C) - \Ilq2_1(c) - \Ilq2 (C)
)\2 )\2
Nally — C na 2

= T‘I’qg(c) - )\—Q‘I’qu(c)-

Inserting this and ¢n,(c) = Vg, (c) — Vg,—1(c) in B3I0) gives after simpli-
fying

W, (¢) (A28ny-1(—€) = (napiz — €)sny(—0))

3.3.18
= Uy, 1(¢) (A2Sny—1(—¢) — napiasn,(—c)). ( :

With B213) and (3214 we get expressions for the terms in the brackets

in the equation above, namely

Nasna—1(—¢) — (nafz — )3y (—¢) = Csuy(uz — ¢) and

A28py—1(—€) = ngpiasn, (—¢) = cspy—1(p2 — ©).
Hence, (3.3.18]) is equivalent to

CSny (12 — C)\Iltm (¢) = cspy—1(p2 — C)\Iqu,l(C)
and therefore equivalent to (B.3.17), too. O

The function in the square brackets in equation (B.3.17) is a polyno-
mial of degree ko in ¢ with ko positive and distinct zeros. These zeros are
given by an eigenvalue problem for a tridiagonal real symmetric matrix (see
Theorem in the following). In order to prove this fact, it is neces-
sary to symmetrize the recurrence equations (3.2.6) that define s;(c, p2, A2)
in a suitable way. We did this in a similar way in Section B.2:3] for the
basic model without waiting rooms. The corresponding result was stated
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in Lemma B.27 We will start by symmetrizing the equations (3.2.6]) and
define the corresponding tridiagonal matrix.

We suppress the indexes of Ao, po, ng and go for the moment. Let
AMpup>0,ceRandn>1, g >0 and set

u;(p — c), 1=0,...,n,
vi(c) = A+nu—c .
' Un—l—q—l(C)Un-i-q—j—l (ﬁ) y J=N— 17 co,ntg,

(3.3.19)
where u;(c), i > 0, is given by (B.2.23)). It follows immediately from the defi-
nition of u;(c), i > 0, that v,44—1(c) # 0 and furthermore v, 4(c) = 0 follows
from U_; = 0. By considering the equations for v,(c) and v,_1(c) and the

definition of ¥, and ¥,_; it is seen that the existence of vy(c), ..., vn4q(c)
fulfilling (8:3.19) is equivalent to

s — e, N ) Wq(e) = sn—1(pt — ¢, A, 1) ¥y_1(c) = 0.

We get from (B.2.24) and [B.3.35]) the symmetrized set of equations

(1= 630)i% w1 () — <z 42 - C> (%) 0 ()4 (i+1) b vsa1(c) = 0 (3.3.20)

fori=0,...,n—1 and

N

nhui1(c) — <n + A; C) (%) vi(e) + nduia(€) =0 (3.3.21)

fori =n,...,n+q—1. Define the matrix R, ; = Ry, (A, i) = (73,j)ij=1,..n+q
for \,u >0 by r;j =m;j fori,j =1,...,n (see (3.2.25)) and

=

NS
T’i,i:—(n—l)(;) fori=mn,...,n+gq,

Tiitl = Titli = n2 fori=mn,...,n+q¢—1and (3.3.22)
ri; =0 for |i — j| > 1.

R, 4 is a real symmetric tridiagonal matrix and has therefore n + ¢ real and
pairwise distinct eigenvalues. We get the following result concerning the
solutions of ([B.3.I7) by generalizing Theorem [3.2.9] where the latter follows
itself from Theorem with ¢ = 0 and ¢ replaced by p — c.

Theorem 3.3.6. Forn >1,q>0,c € R, A >0 and u > 0. Then the
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equation
st — e, A, (1) We(e) = sp—1(p — ¢, A, 1) ¥g-1(c) = 0
has n + q positive and distinct solutions ci, ..., cniq in the variable c given
by
1

G=A+p—Ap)zn, i=1,...,n+gq, (3.3.23)
where N1, ..., Mg are the pairwise distinct eigenvalues of the matriz
R g\ p).

Proof. The first part of the proof is essentially the same as the proof of
Theorem 3291 Let

Pr,g(€) = Pngle, A 1) = sp(p— e, A 1) Wq(c) — sn—1(p — ¢, A, p)¥g1(c).

It remains to show that the zeros of p, 4(c, A, #) = 0 are positive for ¢ > 0.
We show py, q(c, A\, 1) # 0 for ¢ < 0. Let ¢ < 0. For ¢ =0, ¥_1(c) =0
and Vo(c) = 1 yield ppo(c) = sn(p — ¢, A, p). From @F2I0) it follows
sp( — ¢, A\, 1) > 0 and s,(—c, A, ) > 0. The latter yields together with
(B:214)) that
st = ¢, A\, )

Sn—1(p — ¢, A, 1)

holds. Now let ¢ > 1. With

>1 (3.3.24)

1
A—c+np A—c+nu 2 :
_ AT ATCTRE) 1) s, 3.3.25
0 2/ dnp * << 2/ dnp ) ( )
we get from ([B.3.8) and (3.3.6]) that
npN s 1 1 NS ok
I - il _ (=2 2k—
‘I’l(c)_(A) Ul<2 <Z0+zo>> <)\> ;ZO >0
for [ = ¢ —1,q. This yields
1 L k—
Ty(e) _ (%)% Uq (2 <zo + ZO>> . <n,u)% oz
Vy-1(c) A Ug—1 <% (zo + %)) A Z:l gqu
1
> 2 (%) 21 (3.3.26)

by B325). Now [B324) and [B326) give p, q(c, A, 1) # 0 for ¢ < 0 and
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n,q > 1. ]

3.3.1.4 Steady-state probabilities

By Theorem [B:3.6] the separation equation ([33.17) has ko + 1 distinct so-

lutions ¢y = 0,¢1,...,ck,, Where cq,...,cg, are positive. We can represent
the stationary probabilities p; ; for ¢ = 0,...,n7 and j = 0,..., ky as linear
combinations of all feasible solutions of the separation approach p; ; = «;03;
where «; is given by si(cm, A1, 1) for m = 0,..., ko and 3; is given by
(B315). We get
ko
Z b;nsi(cma )‘la :U’I)Sj(_cma )‘Qa :U’2)¢n2 (Cm)’ ] =0,... , 2.
.. — ) m=0
Dbij = ko
Z b 8i (Crms My 111) 8o (—Cimy A2y 12) 5 (Cm), = 2, ..., ko
m=0
(3.3.27)

The constants b/, m = 0,..., ks, have to be chosen such that the bound-

mo
ary conditions in (3] corresponding to i = ny, 7 = 0,...,ky and the
normalization condition are satisfied.

For i = ny,..., k1 and j = no,..., ks, we examined the approach p; ; =
7:0; and showed in Corollary B.3.3] that 7; must be proportional to 6;(d)
defined by B.3.10) for ¢ = n4,...,k and that ¢; must be proportional to
¢;(d) defined by (B.3.7) for j = na, ..., ka. Furthermore, p; ; = 7;0; has to be
chosen such that it matches (B.3.27) on the boundary i = ny, j = na, ..., ka.
For this reason we must ensure 6,,(d) = 0. The equation 6,,(d) = 0 on
its part has ¢; negative and distinct zeros as the following theorem shows.
Once again, we drop the indexes of A1, u1, n1 and ¢ for the moment.

Theorem 3.3.7. Forn>1,¢>0,de R, A\>0 and p > 0 let 0,(d, \, p)
be defined by [3.3.29]). Then the equation

On(d, A, p) =0

has q negative and distinct solutions in the variable d given by the eigenvalues
of the matriz Ty, ¢(\, 1) = (ti j)ij=1,...q, where

tii = —((1=di)A + np) fori=1,....q,
tiit1 = Tit1, = V Anp fori=1,....,q—1 and (3.3.28)

ti,jzo for |’L—j|>1
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Proof. For A\, u > 0 and n,q > 1 recall the definitions (83.10) and (B.3.11)):
Hl(d) = Hl(d, A, M) = Qn+q_i(d) — Qn+q_i_1(d), 1=0,....,n4+q, (3.3.29)

and

O(d) = Qu(d, A, p) = (”—A")é U ( (3.3.30)

for Il = —1,...,q. Define

1
Adnu+d A2 A+nu+d
wi(d) = wi(da )\,N) =U; (ﬁ) - (n_ﬂ) Ui1 <7M>

for i > 0. Obviously, 6,(d) = 0 is equivalent to wy(d) = 0 by (B3.3.29).
Additionally, (3:3.3]) yields

A+ np+ d>
2v/Anp

(1 — 520) )\’I’L,U/wzfl(d) — ((1 — 510))\ +nu + d) U}Z(d) + )\nuwZJrl(d)

for i > 0. T5,4 = T q(A, 1) is defined such that the solutions of 6,(d) = 0
are exactly the eigenvalues of T}, ;. T}, 4 itself is a real symmetric tridiagonal
matrix of rank g and has therefore ¢ real and pairwise distinct eigenvalues by
Theorem In remains to show that the eigenvalues of T;, , are negative.
Using the equivalence of 6,,(d) = 0 and w,(d) = 0, (8.3.31)) and B.3.20]) it is
seen analogously to the proof of the positivity argument in Theorem
that 6,,(d) # 0 for d > 0. O

We denote the solutions of ,,(d) =0 by di,...,ds,. By Theorem B.3.7]
these solutions are negative and distinct. The roots of ([33.17) are non-

negative and distinct so that co,...,ck,,d1,...,dq are distinct. Thus, the
probabilities p; ; for i = ny,...,k; and j = no,..., ko are given by
ko
Pij = Z bmsm(cm,Alaﬂl)snz(_cma)\2,N2)9i(cm)¢j(cm)
m=0 (3.3.32)

q1
+ Y abi(d)o;(d)
=1

for arbitrary ¢; > 0. In order to match (3:3.27)) and ([3:3.32) it is convenient
to choose b, = b0, (¢m), m = 0,..., ko, so that (B3.27)) can be restated
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as
ko
Z binSi(Cmy A1, 11)S5(—Cms A2, 112) 00, (Em ) Ono(Cm), 7 =0,...,n9,
R m=0
bij = ko
Z bmSi(Cma A1, Nl)sng(_cm, A2, M?)Hnl (Cm)gbj(cm)a J=mna,..., ko,
m=0
(3.3.33)
fori=0,...,n1.

The constants by, ..., by, and ey, ..., e, in (33.32) and B.333) have to
be chosen such that the boundary conditions in [B.21]) for 1) ¢ = ny and

j=0,....,kp and 2) i = ny + 1,...,k; and j = ne and the normalization
condition are satisfied. The boundary conditions are

(PA1 + A2+ napin + jp2)pny g = MPni—1,5
+ (1 = 6;0)(PA1 + A2)Pny j—1
+ (7 + Dp2pny j+1,
i=n1,j=0,....n2—1, (3.3.34)
(A1 + A2+ nipn + n2p2)Pnine = MPni—1ms + (PA1 + X2) Pyt mo—1
+ N242Png no+1
+ (n1p1 + n2p12)Pny +1,ms)
i=n1,j=ng, (3.3.35)
(A1 + A2(1 = Gjky) + napa + nopia)Ppj = AMPny—1,
+ (1 = Gjky )n2p12Pn, 41
+ AoPnyj—1 + N11PR 41,5
i=ny,,j=no+1,... ko,
(3.3.36)
(A (1 = dig,) + A2+ napir + Nop2)Piny = AMDi—1ny + N242Diny+1
+ (1 = ik ) (napi1 + n2pi2)Pist1 o

i=n1+1,...,k1,7 =no.
(3.3.37)

The equations ([3.3.34) are identical to (8:Z32) so that (3:3:33]), (3:334) and
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B2 yield

ko
Z bin (Cm3n1 (Cm + :U'l)sj(_cm)

m=0

+ A1, (em)sj(—cm — N2))9n1 (cm)Png(cm) =0 (3.3.38)

for i =ny and j = 0,...,n9 — 1. By substituting [3.3.32) and ([3.3.33)) into
(3:336) and (3.3.37)) and using (3.3.13)) and the recurrence relations ([3.2.13])
and (3.2.14) we get

k2
Z bmcmsng (_Cm) (snl (Cm + M1)0n1 (Cm) + Snl (Cm)Q(h—l (Cm)) ¢j (Cm)
m=0

=n1 Y efn+1(d)d;(dy) (3.3.39)

=1
fori=mn1,j=mng+1,...,ko and
k2
Z binSn, (Cm)sm(_cm)()‘QHi(Cm)¢n2—1(Cm)_n2(1_5ik1)0i+1(cm)¢n2 (Cm))
m=0

q1

= er(na(l = 63k, )0i41(dr) by (dr) — Nabi(dr)pny—1(dy))  (3.3.40)
=1

fori =mn;+1,...,k; and j = ny. By summing (3:337)), (3:3:39) and (3:3:20)
and once again using the recurrence relations (3.2.13]) and (32.I4]) it is seen
that equation (3.3:3%]) is redundant.

Together with the normalization condition, we have ko + g1 + 1 linear
equations for the unknowns by, ... by, and eq,..., e, . Inserting (B.3.32)
and ([B.3.33)) into the normalization condition Zf;o ?2:0 pi; = 1 and using
(B2.16)) results in an equation for by:

bOSnl (M)Hm (0) (sm (MZ)\IIQ (O) — Snay—1 (/1'2)\1]@—1 (O))

ko
+ Z bimSni (Cm)Sns (—cm)Qq1—1(cm) Vg, (€m) (3.3.41)
m=0
T
+ > a1 (d) Vg, (d) = 1.
=1

Remark 3.3.8. It is seen that the probabilities p; ; depend on the parameter
p € [0,1] only through the coefficients by, ..., b, and eq, ..., e, . Thisis due
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to the fact that the stationary probabilities have been calculated from the
non-overflow balance equations, i.e., (331 for i = ny, j = 0,...,ky and
t=mn1+1,...,k1, j = no, which are independent of p, whereas the equations
for the coefficients arise from the p-dependent balance equations in (3.3.1]).

We summarize the result in the following theorem.

Theorem 3.3.9. The unique nonnegative and normalized solution of the
steady-state equations [B3.1]) is given by

ko
Z bmSi(Cm, >‘1’ Ml)Sj(—Cm, >‘2’ 1UJ2)9711 (Cm)¢n2 (Cm)’ .] = 0’ ceey N2,
R m=0
bij = ks
Z binSi(Cmy A1y 1) Sno (—Cms A2, 112) 00, (Em) 0 (Cm), J = N2, ..., ko,
m=0
fori=20,...,n1 and
ko Q
Pig =D bmsny (Cms Ay 111)8ns (—Cm, Az, 12)0i ()b (cm) + > 18i(dy) 5 (d)
m=0 =1

for i = ni,... k1, 7 = na,...,ke and every q1 > 0 if the coefficients
bo, ..., by, and eq,. .., eq are determined by (B.3.38)-B.3.40) and B341).
Cly. .., Cky are the by Theorem [3.3.8 positive and pairwise distinct solutions
of B3I1), co = 0 and di,...,dq are the by Theorem [3.3.7 negative and
pairwise distinct solutions of 0,,(d;) =0,1=1,...,q1.

The problem of determining the (k; + 1)(k2 + 1) unknowns p;j, i =
0,...,k1,j5=0,..., ko, has now been reduced to the problem of determining
ko + ¢q1 eigenvalues from (B3.17) and the equation 6,,(d) = 0 and ko +
¢1 + 1 unknowns from the linear equations (B3.38)-(B3.40) and B341).
Alternative separation approaches for the case pu; = s and p = 1 can be
found in Morrison [47] and Morrison and Wright [49]. The approach in [47]
is preferable, when ¢y is large compared to ¢gi,n1 and no or infinite. The
approach in [49)] is preferable, when ¢; is large compared to g2 and ng or
infinite. Both approaches can be generalized to the case of arbitrary service
rates and weighted overflow traffic, too.

Remark 3.3.10. In the case g2 = 0, (8317) reduces to (B2ZI8]) because
of ¥_; =0 and ¥g = 1. If in addition ¢; = 0, then (3327) and (3.3.32)
reduce to (3.231]). Moreover, equation (3.3.38]) reduces to ([8.2.34) because

of 0, = ¢n, = 1, while equations ([B.339) and (B.3.40) vanish. Finally,
B341)) reduces to (B:2.36]) because of Vg =Qp=1and V1 =Q_; =0.
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3.3.1.5 Stationary quantities

The results of the separation approach can be used to derive steady-state
quantities of interest. The characteristics of this queueing network can be
calculated in a similar manner as for the model without waiting rooms. Most
of these characteristics can be derived conformably to the results in Morrison
[46]; therefore, we omit the details. The average blocking probabilities B;
and By for arriving customers, the loss probabilities FPposs,1 and Ppogs,2 for
arriving customers and the overflow probability Oq5 are given by

ng k‘l
Bl :anl,j? B2:Zpi,k25
j=0 1=0

ko
-PlOSS,l = Z DPky,5 + (1 - p)012) PIOSS,Q = BQ,
Jj=na2

no—1

O12 = Z Pny,j-
=0

Additionally, let Pyueue,1 be the probability that an arriving @;-customer is
queued in the waiting room in Q;, i = 1,2, then

k1—1 ko k1—1ko—1
Pqueue,l = § E Dbi 5 and Pqueue,2 = § E DPij-.
i=n1 j=0 =0 j—no

The mean departure rates Ry1, Ri2 and Ry from the waiting room in Q4
to the servers in ()1 and ()9, respectively, and from the servers in Q3 to Q2
are given by

k‘l k‘z kl
Ry =nmim Z Z bij, Rig = nopo Z Ping,s
i=n1+1 j=n2 i=ni1+1
k1 ko
Ras = nopus Z Z Pny,j-
1=0 j=no+1

The mean number EL; of customers in Q;, i = 1,2, is given by

n1 ks k1 ko k1 ko

ST 5 SUNREID 515 SR i ST BTN
=0 j=0 i=n1+1j=n2 i=n1+1j=n2
ny no—1 k1 ko k1 ko

ELy = Z Z Jpij + n2 Z Z Dij + Z Z (J — n2)pi ;.

i=0 j=0 i=0 j=na i=0 j=na-+1



3.3 Overflow with waiting rooms: From servers to servers 93

By B215), 33.7) and (33.10) we get

ko
By = Z bmsnl (Cma A1, Ml)sng (N2 — Cm, )\2, ,Uf2)9n1 (Cm)¢n2 (Cm)a
m=0
ko
By = Z bmsng(_cma A2, MQ) (Snl (Cm + pi1, A1, Ml)anl (Cm)
m=0
q1
+ Snq (Cm, >‘15 Ml)qufl(Cm)) + Z equ1*1(dl)a
=1
ko
Ploss,l = Z bmsnl (Cma A1, Ml)SHQ (Cm’ A2, MQ)\IIQQ (Cm)
m=0
q1
+ Z elWy,(d) + (1 —p)On2,
=1
ko
012 = Z bmsnl (Cma >‘1a Ml)sngfl(,UQ — Cm, >\2a M2)9n1 (Cm)¢n2 (Cm)a
m=0
ko
R = nlMl( > by (Cmy A1 111) S0 (=€ A2, 112) 29, —1(Cm) Wy ()
m=0
q1
+ D et -1(d) i (d)).
=1
ko
Ry = n2,u2< Z bmSny (Cms AL, 1) Sy (—Cms A2, 112) g, —1(Cm ) Py (Cm)
m=0

q1

+ Z ei€dq,—1(d1) Pn, (d1)> and

=1

e napis \ "7
R22:n2/‘2 Z < )\2 > PLoss,2-

J=n241

where we have used ¢y, = 05, = 1. For the last equality, we exploited the
sum of (B3] over i = 0,...,n;. It is also possible to give an expression for
EL; and ELy. We omit the details and refer to [46].

3.3.1.6 Alternative approach without waiting room in second
queue

In the special case that the second queue has no waiting room, i.e., in the
case qo = 0, another approach is feasible to derive the stationary proba-
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bilities as functions of only 2ns + 1 unknowns (see [46] for the case p = 1
and p1 = pz). The approach from the previous section gives the probabil-
ities as functions of 2(ng + ¢1) + 1 unknowns in this case. The approach
is sketched in Figure Compared with Figure B.5] it is seen that the
balance equations on the boundary line at ¢ = ny + 1,...,k; and j = no,
are no longer required to determine the separation constants in the region
above the boundary line. Actually, these equations lead to a recursive for-
mula for the stationary probabilities on the boundary line. The redundant
boundary condition corresponds to the state (n1,n2), which is represented
by an unfilled circle in Figure

Ping = f(ivpn1,n2)

U (@]
pij = i pij =0
!
J
[ )
0 i — ni k1

Figure 3.6: Separation scheme: Model S/S/S with g2 =0

Let g2 = 0 in the following. The balance equations are given by (B.3.1])
with ko replaced by no, i.e.,

(A (1 =0k, ) (X = Xy (1 = Gjns)) + PA1Xi—ny (1 = Gjny))
+ A2(1 = 8jn,) + (0 Ana)pr + (J A n2)po)pi
= (1 = Xi—n—1(1 = &jny)) (3.3.42)
X (Ar(1 = dio)pi—1,5 + (1 = 8jny) (( + 1) A na) papiji1)
+ (1= 80) (PALOin; Xno—j + A2(1 = Xini—1Xna—j) ) Pij—1
+ (1= ik ) (1 = Xi—ny Xna—1—5) (3 + 1) A ma) pin + nopiadjng, Xi—ny ) Pit1,j

fori=0,...,kyand j = 0,...,n9. Observe that d;,, = Xj—n, and 1 =0;,, =
Xns—j—1 and note that p; ; = 0 for ¢ > ny and j < na because it is impossible
for customers to wait at ()1 while there is at least one server available at

Q2.

Fori=0,...,n1—1and 5 =0,...,ny the balance equations are identical
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to (B3.2) with kg replaced by ng so that we establish from (B.2.31]) that

n2
Pij = Z AmSi(Cms A1y 1) 85 (—Cm, A2, f12) (3.3.43)

m=0

fori =0,...,n1 and j = 0,...,n9, where cg,...,cy, are given by (3.2.29]).
It remains to determine p; 5, for ¢ = ny,..., k1. Let ¢ > 1 in the following.
The balance equations

(AL(1 = dix, ) + naps + n2p2)Piny = MPi-1,ny
+ (1= Oiky ) (n1p1 + n2pi2)pitin,  (3.3.44)

fori=mn14+1,...,k and j = ny yield

MDPi—1ms = (111 + N2/42)Pi ny

fori=n;+1,...,k. It follows

)\1 ifn1
P A 3.3.45
e e (3:3.45)
for i = ny,..., ki, where p,, n, is given by (B.3.43).
It remains to satisfy the boundary conditions at ¢ = nj and j =0,...,n9
and the normalization condition. For ¢ = n; and j = 0,...,n9 — 1 these

boundary conditions are given by (3.2.32]). We deduce from (3.3.43]), (3.2.31))
and (32.34) that

Z A (CmSny (Em + 11)Sj(—CEm) + PA18n, (Em)Sj(—cm — p2)) =0 (3.3.46)

m=0

must hold for ¢ =ny and j =0,...,n9 — 1. The boundary condition

(A1 4+ nipn + n2p2)Prine = MPry—1ms
+ (n1M1 + n?ﬂ?)pnl-i—lﬂlg + (p)\l + )\2)pn1,n2—1 (3347)

for i = ny and j = ngy reduces with the help of (3345) to
(n1pn + n2p2)Pnyny = APri—1mz + (PA1 + A2)Pnimo—1,

which was shown to be equivalent to (8.2.35]). The latter equation was seen
to be redundant. Substituting ([3.3.43)) and (3.3.45)) into the normalization
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condition yields after simplification

aJOSnl(,UllyAlaMI)SnQ(,UQa)‘?’:UQ)
no q1 )\1 l
+ A Snq (Crmy Ay 1) Sng (—Cimy A2, — ) =1
(mbz:o m nl( my N1 ,Ul) n2( my N2 MZ)) IZ; <nlﬂl+n2ﬂ2>
(3.3.48)

In summary, we can record the following result.

Theorem 3.3.11. The unique nonnegative and normalized solution of the
steady-state equations ([3.3.42) is given by

n2
Pij = Z amsi(cm’)\17/’L1)8j(_cm7)‘27/’t2)

m=0

fori=0,...,n1 and 7 =0,...,n9 and

)\1 —n1
DPing = (m) Pni,ne

for i = mny,... k1 if the coefficients ag,...,an, are determined by (3.3.40])
and ([B.348), where co = 0 and c1, ..., cn, are the by Corollary [3.2.10 posi-
tive and pairwise distinct solutions of the equation Sp,(pa — Cm, A2, ) =0,
m = 1, ey, NY.

The number of unknowns has now been reduced from (ny+1)(n2+1)+¢1
to 2ng + 1.

Remark 3.3.12. For ¢; = 0 the results reduce to those from Section

Remark 3.3.13. By (3.3.45]) and (8.3.48) the results even hold in the case
q1 = oo as long as the stability condition

A< nip1 + nof2 (3.3.49)
is fulfilled.

The stability condition (B.3.49]) states that the servers of 1 and Q2
must together be able to handle the arrival stream of Q1. Moreover, the
stability condition is independent of p. This can be explained analytically
by the fact that the stationary probabilities have been calculated from the
p-independent balance equations, which led to the stationary probabilities

(B343) and [B345). These probabilities and therefore equation (3.3.48])
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are independent of p. Heuristically, this is due to the fact that on the one
hand in the case ¢ = 0o, the capacity of Q9 is still limited by ny so that
in the long-run average, the queue size of ()2 is negligible and the arrival
stream of ()2 has no influence on the stability of the system. On the other
hand, queued ()1-customers overflow to the servers in Q2 as soon as one is
available. But once again in the long-run average, the queue size of )9 is
negligible so that queued ()1-customers must be handled by the servers of
both @1 and ()2 to guarantee stability. Furthermore, near saturation, there
are always customers waiting in ()1, who move to ()9 if a server becomes
available so that near saturation, the overflow stream is negligible, too.

3.3.2 No jockeying

We investigate the structure of the steady-state equations for the model
S/S/N in this section. This model differs from the model S/S/S of Section
[B.3.1] with jockeying only in the fact that waiting Q;-customers are served
exclusively by the Qi-servers, i.e., no jockeying is allowed (see Figure B).
Recall that an arriving Q1-customer is blocked and directed to Q) if all ny
servers are busy in 1. Blocked customers are served by one of the servers
in )9 if at least one is available, are queued in @ if all servers in Q5 are
busy and a waiting position is available in @)1 and are lost otherwise. We
suppose that the number of waiting positions in ()1 and @), is positive, i.e.
¢1 > 1 and g2 > 1. This model is also treated in Morrison [46] for the case
p = 1 and p; = pe and numerically in Kaufman et al. [34] for arbitrary
service rates and p = 1. In our case of arbitrary uq, uo > 0 and p-weighted
overflow traffic the balance equations are given by

(A (L = Giky Xj—na) (1 = Xi—n1 (1 = Xj=ny)) + PA1Xi—n1 (1 = Xj—n,))
+ A2l = djky) + (E Ana)pa + (5 A n2)p2)pi g

= (1 = Xi—n1—1Xna—j—1) (A1 (L = dio)pi—1,5) (3.3.50)
+ (1= 6iry ) (0 + 1) A1) papig
+ (1 = 650) (PAM1Ximn1 Xna—j + A2)Pij—1 + (1 — 8k,) ((J + 1) Ang)papij+1

for i =0,...,k and j = 0,...,ky. It is seen that the term pA\jx;_n,(1 —
Xj—no) on the left side of [B350) and pAiXxi—n, Xno—; on the right side of
(B3.50) do not vanish in the regions ¢ = ny,..., k1, j =0,...,n9 — 1 and
1 =mn1,...,k1, j =0,...,n9, respectively. Consequently, in contrast to the
previous models, the probabilities in these regions depend on the parameter p
not only through the coefficients determined by the boundary conditions (see
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also (3:353) and ([B.3.54])). The separation approach for model S/S/S (see
Figure B.5]) can be extended for this model to the region i = n; +1,...,ky,
j=0,...,n9 — 1. The extended approach is illustrated in Figure B.7 and
leads to a reduction of the number of probabilities to be calculated in this
region.

ko °

Dij = QiQ; Pig = 7i0;
no [ 2 . J

bij =

Dij = o k
T Zrlzi pr,OHrj
J

) :

0 PN ny Pi0 k/’l

Figure 3.7: Separation scheme: Model S/S/N

Analogously to the model with jockeying of Section B.3.1] the balance
equations lead to

ko
Z b Si(Cm, A1, 11) S5 (—Cms A2, 142) 00, (Em) Py (), 7 =0,...,n2,
.. — ) m=0
bij = ko
Z bmsi(cm, >\la Ml)sng(_cma )‘2’ :U’2)9n1 (Cm)qu(cm), .] =TnNng,... >k25
m=0
(3.3.51)
fori =0,...,n1 and
ka2 q1
Pig =D bmny (Cms Ay 1) 85 (—Cm, Az, 12)0i ()05 (cm) + > e18i(di) ;i (dr)
m=0 =1
(3.3.52)
for i = ny,...,k and j = ng, ..., ky. Again, cg,...,cp, and di,...,dg are

the roots of B3.17) and 6,,(d;) =0,1=1,...,q, respectively.
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Fori=mny+1,...,ky and j =0,...,ny (B350) yields

k1
pij =Y prollij, (3.3.53)
r=t

where Il ;, » = 0,..., k1, 5 = 0,...,ng, are the solutions of the p-dependent
equations

(PA1 + A2 + nypn + Gpo)Il,

= (pA1 + X2)(1 = 850)y -1+ napr (1 — 6p0) 15 + (5 + DIL 511
(3.3.54)

with boundary conditions Il,g = &9 for r = 0,...,k;, where §,¢ is the
Kronecker function. It is shown in Morrison [46] that further investiga-
tions of these quantities lead successively to formulas for py,4+1.0,...,D%0
depending on by, ..., by, and eq,..., ¢4, while these coefficients can be cal-
culated from the boundary conditions in [B.3.50). In particular by, ..., b,,
e1,...,eq and the probabilities p,,+10,...,pr 0 are uniquely determined
up to a multiplicative constant by the equations

ko Q1 k1
Z binSny (€m) Sy (—m)0i(Cm) dn, (Cm)+z et (di)fn, (di) = Zpr,onrfi,nz
m=0 =1 r=t
(3.3.55)
fori=mn1+1,...,k,
ko
Z b (Cm5n1 (N1+Cm)5j(_cm)+p)‘15m(Cm)sj(_,“2_cm))9n1 (Cm) Py (Cm)
m=0

k1
=n Z pr,OHrfnl—l,j (3.3.56)

r=ni1+1
for j=0,...,n9 — 1,
ko
Z bmCmSny (—Cm) (Sm (p1 + cm)Ony (em) + Sny (Cm)qul(Cm))QSj(cm)
m=0

q1

=n1 Y eibn, 11(d))d;(dy) (3.3.57)

=1

for j=ng+1,..., ks and
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ko
)\2 Z bmsnl (Cm)8n2 (_cm)ei (Cm)¢n2—1 (cm)
m=0
q1 k1
+ A2 Z e10;(di) pny—1(d;) = (pA1 + A2) Zpr,OHr—i,ng—l (3.3.58)
=1 r=i
fori =ni1+1,...,k1. It can be shown that the boundary equation for ¢ = nq

and j = ng is redundant. The normalization condition yields
bOSnl (:U’)am (0) (SHQ (MQ)\IIQQ (0) — Sna—1 (MQ)\IIQQfl (0))

ko
+ 2—1 > by (Cm)ns (—em) (s (em) — 1) T4, () (3.3.59)

A
+ n_i > er(Qg, (dy) = )W, (dy) = 1.
=1

The result is outlined in the following theorem.

Theorem 3.3.14. The unique nonnegative and normalized solution of the
steady-state equations [B.3.50) is given by

ko
Z bmsi(cma A1, ,U,l)Sj(—Cm, A2, ,U/2)9n1 (Cm)gbng (Cm)a J=0,...,n2,
R m=0
bij = ks
Z b Si(Crmy A1y 101)Sno (—Cms A2, 12) 00, ()0 (Cm), J =na2,..., k2,
m=0
fori=20,...,n1,
ko Q
Pig =D bmSny (Cms Ay 11)8ns (—Cm, Az, 12)0i ()05 (cm) + > e18i(dy) ¢ (dr)
m=0 =1
fori=mnq,...,k1, j =mno,..., ks and

k1
Dij = § proll—; ;
r=t

fori=mny+1,....k and j = 0,...,na if the coefficients by, ..., b, and
e1,...,eq and the probabilities py,4+1,0,---,Pk 0 are determined by the kg +
21 + 1 equations (B3.550)-B358) and B359). I, ;, r =0,...,k1, j =
0,...,n9, are the solutions of B354). ci1,...,ck, are the by Theorem [3.3.0
positive and pairwise distinct solutions of B3IT), co =0 anddy,...,dq, are
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the by Theorem [3.3.7 negative and pairwise distinct solutions of 0y, (d;) = 0,
= 1, NN

The problem of determining the (k; + 1)(k2 4+ 1) unknowns p;j, i =
0,...,k1,5=0,...,ko, has now been reduced to the problem of determining
ka2~ q1 eigenvalues from ([B.3.17) and the equation 6, (d) = 0 and ko +2¢; +1
unknowns from the linear equations ([3.3.55) to (B.3.59). An alternative
separation approach for the case 1 = po and p = 1 that is preferable when ¢
is infinite or large compared to ¢i,n1 and ng, can be found in Morrison [47].
This approach allows for a generalization to the case of arbitrary service
rates and weighted overflow traffic.

3.3.3 Jockeying to the waiting room

Now we consider model S/S/W. In this model, waiting customers from @
move to ()2 as soon as there is a position in the waiting room or a server
available. An arriving Q1-customer is blocked and directed to @)o if all ny
servers are busy in 1. Blocked customers are served by one of the servers in
Q- if at least one is available. They are queued in @ if all servers in Q5 are
busy and a waiting position is available in ()1 and are lost otherwise. Thus,
pi,j = 0 fori>mny and j =0,...,ky, because it is impossible for customers
to wait at )1 while there is at least one waiting position or server available
at (J2. The balance equations for this model are

(AL = Gk, ) (L = Xi—ny (1 = Xj—nz)) + PAXi—ny (1 = Xj-n2))
+ X2(1 = jk,) + (i Ana)pn + (J A n2)p2)pi
= (1 = Xi—n—1(1 = 0j,))
X (Ar(1 = dio)pi—15 + (1 = Gjry)((7 + 1) Ana)papiji1)
+ (1= 3j0) (PAM8ing Xna—j + M0y (1= Xng—5) + A2(1 = Xi—ny—1))Pij—1
+ (1= 8t ) (1 = Xy (1 = 1)) (0 + 1) Ama) i
+ 2200y Xiony ) Pit1,j (3.3.60)

fori=0,...,k;yand 5 =0,...,ke. The balance equations are constructed so
as to imply p; ; = 0 for i > ny and j =0,...,kp. The term X104, (1 — Xno—j)
in the second last line indicates that arriving Q1-customers, who find all
waiting positions in )7 unoccupied and all ny servers busy in )1, move
instantaneously to Qs if there is a waiting position or server available. Hence,
A1 is not weighted by p since the customers are jockeying immediately to
Q- after their arrival to ) instead of overflowing. By definition, overflow
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takes places in model-type S/S/~ if and only if all ny servers in @1 are busy
and there is at least one server available in (5.

Remark 3.3.15. It might be useful in applications to weight the traffic that
is due to jockeying with p. This is done by replacing the terms in the first
line of B3Z.60) by A1(1— ik, ) (1 — Xizny (1 = Gjky)) + PA1Xi—ni (1 — 0jk,) and
the term A10, (1 — Xny—;) on the right side by pA1din, (1 — xn,—;). However,
in this case, the model S/S/W is equivalent to model S/W /W from Section
0.4.2]

Although the balance equations (3:3.60)) are intricate at first glance, they
are easily solved with an analog of the procedure of the alternative approach
in Section[3.3.1.61 The separation approach for this model is shown in Figure
B.8

DPi ks = f(ivpnhlw)

kQ Q

Dij = Qid;
"2 pij =0

pij = i
1
J

[ ]

0 1 — m kq

Figure 3.8: Separation scheme: Model S/S/W

Fori=0,...,n1—1and j =0,..., ks the balance equations are identical
to (3.3.2). It then follows from (B3.27) that
k2
Z amSi(Cm, )\17 Ml)Sj(—Cm, )‘27 M2)¢n2 (Cm)7 j = 07 -, N2,
.. — ) m=0
Dij = ko
Z amSi(Cm, >‘15 Ml)sng(_cma )‘2, ,U’2)¢_](Cm)a .] =MN2y..., k??
m=0
(3.3.61)

for i =0,...,n; with co, ..., ¢, such that B3I7) is fulfilled. It remains to
determine p; ; for j = ko and 7 = ny + 1,...,k; because the other proba-
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bilities vanish. The balance equations for i = nq +1,...,k; and j = ko are
identical to ([B.3.44) with p. ,, replaced by p.x,. We obtain

)\1 ’i—nl
= —2  i=ng,...k, 3.3.62
pl,kg <n1/1/1+n2,u2> pnl,kg 1 ni 1 ( )

as in (33.45), where py, , is given by (B3.61). As usual, the constants

ag, . ..,a, can be determined from the normalization condition and the

boundary conditions at ¢ = nq, i.e.,

(P + A2+ napn + jp2)pny,j = MPny—1,5 + (1= o) (PA1 + A2)pny j—1
+ (G + Dpapn, j+1, J=0,...,n0—1,
(3.3.63)
(A1 + A2+ napin + n2p2)Pny ny = MPny—1,ns + N2M2Pny no+1
+ (PA1 + X2)Pnymo—1,  J = N2, (3.3.64)
(A1 + X2+ napn + n2p2)Ppy j = AMPny—1,5 + N2fi2Pny j+1
+ (M +X2)pnyj—1, J=no+1,.. ke —1,
(3.3.65)
(A1 + np1 4 n2p2)Pny ke = MPryi—1me + (11 + N2p02) Py 41 ks
+ (A4 A2) Py g1, G = k. (3.3.66)

Inserting (B.3.61]) and ([B.3.62) into (B.3.63) to (B3.66) and using (B.3.16)
and the recurrence relations (3.2.13]), (3.2.14) and additionally ¢, = 1 and

B312) for the last equation gives the conditions for ag,...,ax,. These
conditions are

ko
Y am(cmsn (em + m)sj(—cm) + PAisny (em)sj(—cm — p12)) $na(m) = 0
" (3.3.67)
for j =0,...,n9 — 1 which follow from B3.63]) and
ko
%am (cmsnl(cm + 1) Sny (—m) — PALSH, (Cm)Sna—1(—Cm) (3.3.68)

+ )‘lsm(cm)snz(_cm))gbm (em) =0
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which follows from ([B3.64]). The equations (B.3.65]) yield

k2

Z Am (CmSm (Cm + MI)SHQ (_Cm)¢j (Cm)

m=0

(3.3.69)
+ My (€m) Sno (—Cm ) (D (€m) — ¢j—1(cm))) =0

for j =mno+1,...,ky — 1 and finally ([B.3.66]) gives

ko
Z Am (Cmsnl (Cm + Ml)SnQ(_cm) - )‘13711 (Cm)sn2(_cm)¢k2*1(6m)) =0.

m=0

(3.3.70)

Summing B367) over j = 0,...,ne—1 and B369) over j = na+1,... , ka—
1 using (B377) and (BZI5) gives

ko

Z Qm (Cmsnl (Cm + Ml)sngfl(_cm + ,Uf2)
m=0

+p)\lsnl(cm)sm_l(—cm))gbm(cm) =0 (3.3.71)
and

k2

Z am (Cmsm (cm + 111)8ns (—¢m) (Ygo—1(cm) — Wolcm))
m=0

+ >‘18n1 (Cm)5n2(_cm)(¢k2—1(cm) - ¢n2 (Cm))) =0. (3.3.72)

Finally, adding B.3.68]), (33.71)) and (3:3.72)) and simplifying by once again
using (B3I7) and the recurrence relations B.213]) and BZI4) results in
B310). Consequently, condition (3.3.70) is redundant and ay,...,ay, are
determined by B.3.67), (3.3.68]), (33.69) and the normalization condition.
The normalization condition can be expressed in terms of ag,...,ar, and
gives after substituting (8.3.61]) and ([3.3.62]) and reduction with the help of

B3I7) and B2I5)

aoSny (1, A1, 101) (Sng (B2, A2, 112) Way (0) — Spy—1 (12, Az, p12) ¥gp—1(0))

ko q1 Al l
+ Z AmSn, (Cm,Al,,Uq)SnQ(—Cm,)\Q,,UQ) Z <7> =1

m=0 =7 \Tp1 + Nafi
(3.3.73)

The separation approach and the derivations of this section lead to the
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following theorem that summarizes the results of this section.

Theorem 3.3.16. The unique nonnegative and normalized solution of the
steady-state equations [B360) is given by

ko
> amsi(Cm, M, 11)85(—Cmy A, 12)Gns (), 5 =0, ma,

.. — ) m=0
bij = ko

> amsi(em, My 1) Sny (—Cms Aoy p2) @5 (), § = o, ..k,

m=0

fori=0,...,n1 and

)\1 —ni
Piko =\ — Pn1,k
i (711#1 —|—n2,u2> e

fori=mnq,..., k1 if the coefficients ag,...,ay, are determined by the ko + 1

equations B3.67), 3.363), B3.69) and B373). ¢ =0 and c1, ..., ¢k, are

the by Theorem [3.3.0 positive and pairwise distinct solutions of B3IT).

Remark 3.3.17. As in Section B.3.1.6] the results remain valid even if q; =

oo as long as the stability condition
A < nip1 + Nofo

is fulfilled. The stability condition is again independent of p.

The problem of determining the (ny + 1)(k2 4+ 1) + ¢1 nonzero unknowns
pij, @ = 0,...,k1, 7 = 0,..., ko, has now been reduced to the problem of

determining k9 + 1 eigenvalues and ko 4+ 1 unknowns.

3.4 Overflow with waiting rooms: From
servers to waiting room

3.4.1 Jockeying to servers and no jockeying

In this section, we consider the deterministic overflow models S/W/S and
S/W/N, i.e., we choose p = 1, and show exemplarily for model S/W /N that
the technique used throughout the previous sections does not succeed for
this models. However, it is possible to treat the case S/W/W because in
this case certain stationary probabilities vanish. This is done in the next
section.
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The number of servers and the waiting room capacity of @; is n; and
q; > 1, respectively, for i = 1,2. In these models with blocking rule S,
an arriving @QQ1-customer is blocked if all n; servers are busy. Blocked Q-
customers are treated with respect to overflow routine W. They are served
by one of the servers in Q5 if at least one is available and are queued in
Q- if all QQ9-servers are busy and at least one waiting position is available.
The blocked (1-customers who find ()5 fully occupied are redirected to the
waiting room in )1 and are lost if )1 is fully occupied. Hence, the overflow
stream from ()q follows the same route through ()9 as the Q2-customers do.
The jockeying discipline N ascertains that waiting ()1-customers are served
solely in 1. The balance equations for model S/W /N are given by

(AL(L = Giky Ojky) + A2(1 = Gjy) + (i Ana)py + (5 A n2)p2)pi
= (1= 6i0) (1 = Xi—ny—10jky ) M1Pi-1,5 + (1 = ik, )((0 + 1) Ani)ppita
+ (1= 3j0) (MXimny + A2)pij—1+ (1= k) (5 + 1) Ana)papijrr (3.4.1)

fori =0,...,ky and j =0,...,ky. Fori =mny+1,...,k and j = ns +
1,..., kg these equation reduce to

(A1(1 = 0iky Ojky) + A2(1 = Gjy) + Mapin + napio)pi
= OjkaMPi-1,j + (1 = Oiy N1 p01Pi 11,
+ (M1 + )\Q)pi,j_l +(1- 5jk2)ngugpi7j+1. (3.4.2)

Using the separation idea in this region, i.e., trying again p; ; = a;/3;, gives
the equations

Bro—1

By

(A (1 =64k, ) +n1p1 +nopz — (A1+A2))a; = (1 =0k, )nipcir (3.4.3)

fori =mn;+1,...,k and

Oy —
(M + A2) (1 = 8jky) 4+ naper + nope — (1 — j,) 2; 1)‘1)@’
1

= (M1 +X2)Bj—1 + (1 = Gjiy ) 2p2Bjt1 (3.4.4)

for j = no + 1,...,ke. It is seen that the separation approach leads to
different separation constants in (3.4.3]) and (8.4.4]). Furthermore, a solution
of (B43]) cannot be expressed in terms of a solution of (3.4.4]). Instead
of solving these equations simultaneously, equation (3.4.3]) can be solved
recursively, while ([B.4.4]) leads to another eigenproblem and consequently
additional coefficients arise from the boundary conditions. Furthermore, it is
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necessary to piece together the solutions at the boundaries of the separation
regions. This results in additional conditions for the sets of eigenvalues.
Moreover, a sequential approach as in Section is not possible in this
region and in the region i =ny+1,...,k1, j =0,...,no. Similar statements
hold for the models W/W/S and W/W /W (see Section B.6.T]).

3.4.2 Jockeying to the waiting room

Now we consider the p-overflow model S/W/W. The number of servers and
the waiting room capacity of @Q; is n; and ¢; > 1, respectively, for ¢ =
1,2. In this model with blocking rule S an arriving @);-customer is blocked
and directed to @5 if all ny servers are busy in ();. Furthermore, blocked
QQ1-customers are treated with respect to overflow routine W. Hence, the
overflow stream from ; follows the same route through the waiting room
and servers in )2 as the Qo-customers do. The jockeying discipline W
ascertains that waiting (1-customers skip to Q2 as soon as a waiting position
or server is available in (5.

The balance equations are

(AL(1 = 0k, ) (1 = Ximny (L = Gk ) + PALXi—ny (1 — Gk,
+ X2l = djky) + (E Ana)pn + (5 A n2)p2)pi g
= (1= Xi—n—1(1 = &ji,))
X (M1 = 8i0)pi—1,j + (1 = 8k ) (G + 1) Ang)popijr1)  (3.4.5)
+ (1 = 650) (PA10in, + A2(1 = Xi—ni—1))Pij—1
+ (1= 0k, ) (1 = Ximny (1 = 0jk,)) (0 + 1) Ana)p
+ N220ky Ximny ) Pit 1,5

for i =0,...,k and j = 0,...,ks. Once again, these equations are con-
structed such that p; ; = 0 for i« = ny +1,...,k; and j # ko since it is
impossible for customers to wait at ()1 while there is at least one waiting
position available in Qs.

The separation approach for this model is identical to the one for model
S/S/W depicted in Figure B8 For i =0,...,n; —1 and j = 0,..., ko the
balance equations are identical to those in (3:3.2) so that p; ; fori =0,...,n4
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and 7 =0,..., ks can be chosen as in (3.3.27)):

k2
Z bmSi(Cm, >‘1, ,U,l)Sj(—Cm, >‘2, :U’2)¢n2 (Cm)’ .] = 0’ <oy N2,
. — ) m=0
Pij = ko
> bnsi(Cms Aty 1) 80y (—Cmy A2, 12)05(em), 5 =12, .-, ko,
m=0
(3.4.6)
fori =0,...,n1, where by, ..., b, have to be determined from the boundary
conditions in (3.4.5]) and the normalization condition and cy, ..., ¢, are the

solutions of ([B.3I7). The balance equations for i = n;+1,...,k; and j = ko
are

(A (L =64y ) +naper +n2p2)Pi ks = MPie1,ky + (1 — Gigy ) (101 + N2p02) Pit 1 ks -
(3.4.7)

These equations are equivalent to ([B.3.44]) with p. ,,, replaced by p.,. We

get from (B.3.45]) that

)\1 ifn1
ey = | — 22— . i=na,...k, 3.4.8
Di ko <TLLU,1—|—TL2,M2> Pni,ks 1 1 ( )

where py,, r, is given by ([B.4.6]) (see also Section B33]). Now we turn to
the determination of the constants by, ..., by, with the help of the boundary
conditions for ¢ = nyq, i.e.,

(PAM + X2 + g + Jp2)Pny g = MPry—1,5 + (1 = 350) (PA1 + A2)Pny,j—1

+ (+ Dpopn, j+1, J=0,...,n0—1,

(3.4.9)
(PA1 + A2 + napn + nap2)Pny ny = MPny—1ms + N202Pn1 no+1
+ (pA1 + >\2)pn1,n271, Jj = na, (3.4.10)
(PA1 + A2 + napin + nop2)Pny j = MiPni—1,5 + N2poDn, j+1
+ (PA1+ Xo)pny -1, J=na+ 1, ko — 1,
(3.4.11)
(A1 + nap1 4 nop2)Pny ke = MPri—1,ns + (141 + N2p02) Py +1,ks

+ (pA1 + )\Q)pnth,l, 7 = ko. (3.4.12)

Using (3.4.6]) and (3:48) and paralleling the simplifications that lead from
B363) - (3:360) to (B3367) - (B3.70) it is seen that (3.49) - (B4I2) are
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equivalent to the following set of equations:

ko
Z bm (cmsm(cm + p1)sj(—cm) + pA1sp, (em)s;(—cm — MZ))¢n2 (cm) =0

m=0

(3.4.13)
for j=0,...,n9 — 1,
k2
b (Cmsn (Cm + f11)8n (—Cm)(ﬁj(cm)
mZ:O ! ? (3.4.14)

+p>\15n1(Cm)snz(_cm)(¢j(cm) - @bjfl(cm))) =0
for j =mno,..., ko — 1 and

ko
Z b (Cm5n1 (cm + p1) Sy (—cm) — p>‘13n1(Cm)snz(_cm)¢kz—1(cm)) =0.

m=0

(3.4.15)

Note that both ([B:410]) and (3411 reduce to the form of (B4I4]). Summing
B413) over j = 0,...,n2 — 1 and (B4I4]) over j = na,..., ko — 1 and
adding the resulting equations yields the redundancy of (B.4.15]). Finally,
the normalization condition, (3.4.6]) and ([B.4.8)) lead to

bosnl (:U’la )‘1, Nl) (5712 (MQ’ )‘2’ :U’2)\II(I2 (O) - Sn2*1(lu’2’ >‘2a /‘2)\1](12*1(0))

ko q1 l
A
+ Z bmSnl(Cma)\lyﬂl)sng(_cm,A%M?)Z <71> — 1 (3416)

n n
m=0 =\ nofi

as in model S/S/W. The calculations of this section are summarized in the
next theorem.

Theorem 3.4.1. The unique nonnegative and normalized solution of the
steady-state equations [BAD) is given by

ko
> bnsi(Cms vy 111)85(=Cms Mg, p12) by (em), § =0, g,

.. — J m=0
bij = ko

Z bmSi(Cm, >‘15 Ml)sng(_cma )‘2, ,U’2)¢_](Cm)a .] =MN2y..., k??

m=0

fori=0,...,n1 and

)\1 —ni
Dify = | ————— Py k
i <n1u1+n2u2> o
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fori=mny,... ki if the coefficients by, ..., by, are determined by the ky + 1

equations B413), B4I4) and BAIE). co =0 and c1,...,cy, are the by
Theorem [3.3.0 positive and pairwise distinct solutions of [B.3.17T).

The problem of determining the (n; +1)(k2 + 1) + ¢1 nonzero unknowns
has now been reduced to the problem of determining ko 4+ 1 eigenvalues and
ko + 1 unknowns.

Remark 3.4.2. The results remain valid even if ¢ = oo as long as the
stability condition A1 < nijuy + nops is fulfilled.

3.5 Overflow with waiting rooms: From waiting
room to server

In the following two sections, we consider p-overflow models with blocking
rule W and overflow routine S. In these models, arriving ()1-customers are
blocked if all Q)1-servers are busy and the (Q1-waiting room is fully occupied,
i.e., no overflow is allowed as long as the waiting room in ()7 is not fully
occupied. The blocked customers overflow to Q2 and are served by a server
in Q2 if at least one is idle. In these models the (unweighted) overflow stream
is identical to the stream of blocked customers.

3.5.1 Jockeying to servers and to waiting room

At first, it should be mentioned that the configurations W/S/S and W/S/W
make sense only if the capacity of the waiting room in )1 is set to zero. This
can be explained exemplarily for model W/S/S by the following observa-
tions. On the one hand, in model W/S/S with ¢; > 1, waiting Q;-customers
swap to (2 as soon as a (Jo-server becomes available so that p; ; = 0 for
t=n1+1,...,k1 and j =0,...,n9 — 1. On the other hand, arriving Q1-
customers overflow to ()9 if all (Q1-servers are busy, the (Q1-waiting room is
fully occupied and a server is available in Q9, i.e., i =k and j = 0,...,ny—1,
but in these cases p; ; = 0. Consequently, no overflow occurs in W/S/S for
q1 > 1. The same observations can be made for jockeying discipline W, since
it is a generalization of jockeying discipline S. Therefore, no overflow takes
place in model W/S/W for the case ¢; > 1. However, with ¢; = 0, model
W/S/S and W/S/W correspond to model S/S/S and S/S/W, respectively,
which were treated in Section B.3.1] and Section [3.3.3]
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3.5.2 No jockeying

We examine model W/S/N by generalizing the results in Morrison [48] to
the case of p-overflow, p € [0, 1], and arbitrary service rates p1, u2 > 0 (see
also Kaufman et al. [34] for a numerical treatment for the case of arbitrary
service rates and p = 1). In this model, overflow is allowed if and only if
Q1 is fully occupied. The blocked customers overflow to Qo and are served
by a server in Qo if at least one is idle. Waiting @Qi-customers are served
exclusively at Q1. The balance equations are given by

(A(1 =03k ) (1 = Oikey (1 = Xj—ns)) 4+ PA10ik, (1 — Xj—nn) 4+ A2(1 — &g,
+ (i An)pa + (5 A n2)us)pi
= A (1 = dio)pi-1,; + (1 — 0k, )((i + 1) Ama)papisa,
+ (1 = 650) (PA1Oiky Xng—j + A2)Pij—1
+ (1= 0jr ) (G + 1) Am2)pzpi i (3.5.1)

for ¢« = 0,...,k; and j = 0,...,ks. Figure B9l displays the separation
approach used for this model.

ko .

pij = @idj  |pij = ai(c)o;

N2
Pij =i |pij = a;(c)B;
1
J
[ ]
0 P — ni kl

Figure 3.9: Separation scheme: Model W/S/N

Separating the variables into p; ; = a;3; for i # ky and j = 0,..., ko
leads analogously to Section [3.3.1] to

/3] _ {Sj(—c, AQaMZ)(bng(c)a ] :0,...,712, (352)

SnQ(—C,)\Q,,U,Q)QSj(C), .] :n2_1a"'ak2,
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where ¢ is a solution of sy,_1(—¢, A2, f12)Pn, (€) = Sny(—c, A2, 12)Pny—1(c) or
equivalently (3.3.17). For i =0,...,n; we get

a; = si(e, A1, ). (3.5.3)

For i =nq,..., k1, the equations
(A +nip + )y = Mai—1 + i agg (3.5.4)
must be satisfied with the boundary conditions «,, = s,, (¢, A1, 1) and

Qny—1 = Spy—1(¢, A1, p1). It follows from [B311)) and (B3.5) that the func-

tions Q;(c), i > —1, solve
(M +napn +0)Q = M Qg1 + Qi

for ¢ > 0. Thus, a solution of ([B.5.4]) is given by

)\ n17i
Q= <n1;1 > (5711 (C’ )‘1 ) Ml)Qi*m (C) - Sm*l(c’ >‘1, :U’I)Qi*nlfl(c)) .
(3.5.5)
Plugging (8.5.3)) and (3.5.4]) together by an appropriate normalization yields
the solutions for the first separation variable «y:

)\1 q1
()" st
nipy

a;(c) = ( M )kli (Sny (€ A1y 1) Qi ()

nip1

—Sn1—1(¢, A1, 1) Qi —1(0)), i=n1,... k1.
(3.5.6)
Finally, together with (8.5.2]), a solution of the balance equations (.51 is

given by

ko
Z amai(cm)‘sj(_cm’ )‘2,N2)¢n2 (Cm)’ .] = 0’ ceey N2,

pij=13"5" (3.5.7)

> mi(cm)sny (—Cm, Mg, 12)di(em),  § =2, ko,

m=0

for i = 0,...,k. The boundary conditions at i = k; in (351 are

(DAL + Ao+ nap1 + Jp2)Prj = MPry—1,
+ (1 = 60)(pA1 + X2)pky j—1
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+ (J + Dpapry jr1, 3=0,...,m2 =1,
(3.5.8)
(A2(1 = 0gq0) + M1 + M2042)Pky iy = APy —1mp + (1 = 0g00) 242Dk, mpt+1
+ (PA1 4+ X2)Pky mo—1,  J =mn2, (3.5.9)
(A2(1 = Gjky) + mapr + n2p2)Pry j = MPry—1,5 + (1 = Gjky )n2p02Pky j+1
+ Aopky -1, J=mno+1,... ko

(3.5.10)
Substituting (B.5.7)) into (B.5.8) and B.5.10) gives
ko
Z am [Cmsj(_cm)(sm (em =+ 11)Qq, (€m) — Sny—1(cm + Nl)qul(Cm))
m=0
+ pAisj(—cm — p2) (5n, (Cm) Qg (em) — Snl—l(cm)qul(Cm))} Pny(cm) =0
(3.5.11)
for j=0,...,n9 — 1 and
ko
Z AmCmSny (—Cm) (Sm (em +111)q, (Cm) — Sy —1(Cm +M1)Qq1—1(cm))¢j(cm)
m=0
(3.5.12)

for j = na+1,...,ka. By summing (3.5.11) and B.5.12) it is seen that
B59) is redundant. The coefficients ag,...,a, are uniquely determined
by B5.11), (B512) and the normalization condition. This condition yields
— after substituting [5.7) and simplifying — an explicit formula for ag in
terms of the auxiliary functions. We arrive at the closed-form expression

ao = <(8n1 (Mlv At :U'l)ch (0) - 5711—1(/1'17 A1, ﬂl)qu—l(O))
X (SHQ (MQ’ >‘2a MQ)\I’qz (0) - Sngfl(,UQa )\2a ,U/2)\I]qul(0))>i . (3.5.13)

Theorem 3.5.1. The unique nonnegative and normalized solution of the
steady-state equations [B5J) is given by

ko
Z amai(cm)sj(_cma )‘27 M2)¢n2 (Cm)7 ] = 07 <.y N,

.. — ) m=0
Dij = ko

Z amai(cm)sng(_cm, A2, M2)¢j(cm)a J=na,..., ko,

m=0

for i =0,... k1 if the coefficients ao,...,ax, are determined by B.5.11]),
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B5I2) and BEIZ). ¢ = 0 and c1,...,ck, are the by Theorem [F.3.06
positive and pairwise distinct solutions of (B.3.17).

The number of unknowns has now been reduced from (k1 +1)(k2 +1) to
2k + 1.

3.6 Overflow with waiting rooms: From and to
waiting room

3.6.1 Jockeying to servers and to waiting room

In this section, we consider the deterministic overflow models W/W/S and
W/W/W, ie., we choose p = 1, and show exemplarily for model W/W/S
that the technique used throughout the previous sections does not succeed
for these models. Similar observations were made in Section B.4.1] for models
S/W/S and S/W/N. However, it is possible to treat the case W/W/N,
because in this case certain stationary probabilities and inconsistencies at
the boundaries of the balance equations vanish. This is done in the next
section. Numerical methods can be found in Chan [9] and Kaufman [35] for
model W/W/S and in Chan [§] and Kaufman [35] for model W/W /N

The number of servers and the waiting room capacity of @Q; is n; and
q; > 1, respectively, for ¢ = 1,2. In these models with blocking rule W,
an arriving (Q1-customer is blocked and directed to Q5 if all ny servers are
busy and all waiting positions in ()1 are occupied. Blocked @Q1-customers
are treated with respect to overflow routine W, i.e., they are served by one
of the servers in @ if at least one is available, are queued in Q) if all QQo-
servers are busy and at least one waiting position is available and are lost
otherwise. According to jockeying discipline S, waiting ()1-customers are
forced to move to Q2 as soon as a server becomes available in (). The
balance equations for model W/W/S are given by

(A (L = 0k, Ojy) + A2(1 = Gjky) + (1 Ana)pa + (F A nz)pz)pi
= (1 = Xi—n1—1Xna—1—5) (A1 (1 — di0)pi—1,5)
+ (1 = 0jiy )((J 4+ 1) A ma)popi ja (3.6.1)
+ (1 = 850) (A1 (Giny Xno—j =+ Oiky Xj—no—1)
+ X2 (1 = Xi—n1—1Xna—j) ) Pi,j—1
+ (1= 0k, ) (1 = Ximny Xng—j—1) (8 + 1) Ama)
+ N220 0y Xi—ny ) Pit1,j
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fori=20,...,ky and j =0,...,ko. Note that p; ; =0fori=ny; +1,...,k
and j =0,...,ng—1. Fori =n;+1,...,k; and j = ng + 1,..., ko these
equation reduce to

(A1(1 = Giky Gjky) + A2(1 = Gjky) + n1p1 + nop2)pij
= Mpi—1,j + (1 = Sk, )n22pi j+1
+ (Mdiky + A2)pij—1 + (1 = diy )n1papivrj- (3.6.2)

Separating the probabilities in this region into p; ; = o;3; gives the equations

(A1 (1 = 8iky) + napn + nopo — 5;11 (A10ik, + X))
2

= Moj—1 + (1 — 5ik1 )nlulai_ﬂ (3.6.3)

fori=mn1+1,...,k and

akl

1 M) B;

akl
= (A +22)B5-1 + (1 = bk, )napeBir (3.6.4)

(M 4+ A2) (1 = Gjy) + napur + nopg —

for j =no+1,...,ke. As in Section B.4T] it is seen that the separation ap-
proach leads to different separation constants in ([3.6.3]) and (3.6.4]) so that a
solution of (B.6.3)) cannot be expressed in terms of a solution of ([B.6.4]). In-
stead of solving these equations simultaneously, different eigenproblems have

to be solved and consequently additional coefficients arise from the bound-
ary conditions. Furthermore, it is necessary to match the solutions at the
boundaries of the separation regions. This results in additional conditions
for the sets of eigenvalues.

3.6.2 No jockeying

We apply a separation approach to determine the equations for the reduced
system of balance equations for model W/W /N with p-overflow, p € [0, 1],
and arbitrary service rates 1, o > 0 in this section. In this model, overflow
is allowed if and only if all servers and waiting positions in )1 are occupied.
The blocked customers overflow to Q2 and are queued in the waiting room
or served by a server in () if at least one is available. Waiting Q1-customers
have to wait for service at Q1. The deterministic model, i.e., the case p = 1,
with arbitrary service rates is also treated in Chan [8] and Kaufman [35]
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with numerical methods. The balance equations for model W/W/N are

(AL (1=6ik, ) + P16k, (1 = k) + A2 (1 = i, )
+ (@A) + (G Ang)pz)pi,
= M (1= dio)pi-15 + (L = ik, )((E + 1) Ana)papivaj (3.6.5)
+ (1 = 6j0) (PA10ik, + A2)pijj—1 + (1 — 65k, )((J + 1) Ang)papij+i

or it = 0,...,k and 7 = 0,...,ks. The separation approach for model
W/S/N can be used for this model. A schematic overview of this approach
is given in Figure[39 For model W/W /N the redundant boundary equation
is located at the state (ki, ko).

Separating the variables into p; ; = a;8; for ¢ # ki and j = 0,..., ks
leads analogously to the derivations in Section to

ko
Z amai(cm)‘sj(_cm’ )‘Q,N2)¢n2 (Cm)’ .] = 0’ ceey N2,

Pij =14 "0 (3.6.6)

> mi(cm)sny (—Cm, Mg, 12) b5 (em),  § =12, ko,

m=0
fori =0,...,k; with

A « .
< : > Si(C,)\l,,LLl), 1:07'--7n17
nipw

lc) = < M >’“ (5 (0 Ao 1) (€)

nip1

—snl_l(c, )\hﬂl)Qi—nl—l(C))a 1= N,y kl,
(3.6.7)

for ¢ € R. The boundary conditions at ¢ = ky are

(PA 4+ A2 + napi + Gp2)Pky ;= MPri—1,5 + (7 + 1) podr, j+1
+ (1 = dj0) (PA1 + A2)Pky i1,
7=0,...,n0—1, (3.6.8)
((PA1 4 X2) (1 = 8gy0) + n1ft1 + N2fi2) Pk ng = MPhi—1,n
+ (1 = 0go0)N2t2Pky o +1
+ (PA1 + A2)Pky o —15
Jj = na, (3.6.9)
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(PA1 + A2 + napin + nopi2)Pry j = MPri—1,5 + N2p2Dk j+1
+ (pA1 + A)pry i1, (3.6.10)
jJ=mno+1,...,ky—1,
(n1pe1 + M2402) Py ke = MDPhy—1 ks
+ (PA1 + A2)Pky k15
= k. (3.6.11)

Substituting (3.6.6]) into (3.6.8)), (3.6.9) and B.6.10) yield

ko
Z am {cmsj(_cm)(sm (em + 111)Qq, (m) = Sny—1(cm + 1) Qg -1(cm))
m=0
+P>\15j(—cm - N2)(5n1(cm)9q1(cm) - Snrl(cm)qul(Cm))} Pny(em) =0

(3.6.12)

for j =0,...,n2 — 1 (see also (B.5.11])) and

k2
D am s (=) (sy (e + 12) 0, (em)

m=0

— 8py—1(cm + Nl)qul(Cm))ﬁbj(Cm) + p)\lsm(—cm)(sm(cm)ﬁql (em)
- Sm—l(cm)Qq1—1(Cm)) (¢j(cm) - (ﬁj—l(cm))} =0 (3.6.13)

for j = no,..., ke — 1. By summing (3.6.12) and (3.6.13]) it is seen that
(B6.I0) is redundant. E6.I12), (B:6.I3) and the normalization condition
determine the coefficients ay, .. ., a,. Substituting (3.6.6]) into the normal-
ization condition and simplifying gives an explicit formula for ag in terms of
the auxiliary functions. We arrive at the closed-form expression

ao = <(3n1 (11, AL, 101)24, (0) = Sy —1(p1, A,y 1), -1(0))

X (8n (12, A2, 12) W g5 (0) — Sng—1(pi2, >\27M2)‘I’q2—1(0))) (3.6.14)

as in (B.5.13).

By the approach above, the number of unknowns reduces from (k; +
1)(ke + 1) to 2k + 1. The results in the case of blocking if all waiting
positions are occupied, no jockeying and overflow to the waiting rooms of
the second queue is summarized in the following theorem.

Theorem 3.6.1. The unique nonnegative and normalized solution of the
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steady-state equations [B.6.5]) is given by

ko
Z (ZmOél'(Cm)Sj(—Cm, )‘27 1u’2)¢n2 (Cm)’ ] = 05 -y N2,

.. — ) m=0
pl,]_ ko

Z amai(cm)sng(_cn’w )‘27M2)¢j(cm)7 ] =n2,... 7k27

m=0

for i = 0,...,ky if the coefficients ag, . ..,ay, are determined by (B.6.12),
B613) and B6I4). ¢ = 0 and cy,...,cx, are the by Theorem [3.3.0

positive and pairwise distinct solutions of (B3.1T).
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I(m) =1{0,...,N} x {m}, level of a quasi birth and death chain
Mat(n,n,C) (n x n)-matrix with entries in the set C'

M, = M,(\, u), matrix defined in (3.2.25])

41 service rate for (1

p1,,  service rate for Qq if @1 is in state n

42 service rate for Qo

N capacity of @1 in Chapter

ING) set of the nonnegative integers
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N in a/3/N: indicator for “no jockeying”, only in Chapter Bl
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to Q2
Q defined in (B3.17))
oh defined in (B:3.7))
II,;  defined in (B3:54))
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room in @;, 1 = 1,2

v, defined in (3:3.8)

Q = (¢ij)i jes, infinitesimal generator, rate matrix
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Q2 second queue

qi number of waiting positions in Q;, i = 1,2

R set of the real numbers
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S

S
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to servers”

state space of a Markov chain

defined in (3:3.10)

u;i(e, A\, ) = u;i(c), defined in (B:223))

U

vi(c)
W

I-th Chebyshev polynomial of the second kind

defined in (3:3:19)

in W/(3/~: indicator for “blocking if waiting room occupied”, in
a/W /~: indicator for “overflow to waiting room”, in «/3/W: indi-
cator for “jockeying to waiting room”
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